Algebra and Geometry

Lecture 2
Matrices and systems of linear equations
A matrix 1s a rectangular array of numbers

/0»11 aiz2 ... &m\

The values a1, a4,, ... are called the elements or entries of the matrix.
A matrix with m rows and n columns 1s called an m X n matrix, or m-by-n
matrix, m and n are called its dimensions.

The 1 X 1 matrix is identified with its single entry.



a; Qa2 ... Qip ap a2 ... Qip
as; Q29 ... QAgp as; Qo9 ... QAgp
i Uml Am2 .. Am;mp | Aml1 Am2 ... Amn
1 2
a b c
3 4 d e f
5 6 -

A matrix with the same number of rows and columns, say n, 1s called a
square matrix of order n.



/(111 a2 ... flln\
a1 a2 ... d2p
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Diagonal: @11, @929, A33, ..., Qup

Secondary diagonal: @1n, @2 n—1, A3n—2, - - -, Qnl



/ﬂn a2 ... ﬂlln\

A — a1 d22 ... d2p
\ Am1 Am2 ... Omn /
A = (ai;)

Matrices with a single row are called row vectors, and those with a single
column are called column vectors.

a1

a9 .
a4 = sizem X 1

G’?H

b:(bl by ... bﬂ) size 1 X n



Two matrices A = (ai j) and B = (ai j) of the same size are called equal 1f
a;; = b;j forall i and j.

Addition
The sum of the matrices of the same sizes A = (ai j) and B = (bi j) 1s de-
fined by the formula A + B = (aij + bl-j):

/ app aiz2 ... QAip \ / 511 ‘512 blﬂ, \
A= | @1 422 ... d2n B — bar b2 ... Do
\ Am1l Gm2 ... Omn ) \ b:rnl | me | .- .- '- | 'é):r'n;'z, /
/ aj; +b11 aip+bi2 ... ay, + by, \
A+ B = a1 + b1 age +ba ... ag, + by,

\ a1 + bml Am2 + me coo Qmn + bﬂm /




Z.ero matrix

00 ... 0)
Om-’n: VU )
00 ...0)

0 0 0
023_(000) 022:(
Addition, properties
A+B=B+A

(A+B)+C=A+(B+0)
A+0=A4A

0 0
0 0

)



(- a a
A _ 21 22 2n
\ Aml Am2 Umn )
—all —a12 Uin
A = —a21  —a22 a2n
Am1 Am?2 Amn



Multiplication by a scalar
A — (ai]’), CEA — (o:atj)

A — (21 a22 A2n
\ Uml1 Gm2 ... Umn )
/ adyp @dy ... Qdig
A — a1 «Gdoyyr ... dop

iiiiiiiiiiiiiiiiiiiiii

\Cﬂﬁml Ay ... Apyp

(0 + B)A =aA+ A
a(A+ B)=aA+ aB




Matrix multiplication

[ an ain ... am )
A — az; @22 ... dA2p _
— Sizem Xn
\ Am1 Am2 Umn /
D11 12 b1y
Do1 baa ... b9
B = P Sizen X p

bﬂl b-ﬂ.? S b-np

C =AB,sizemXp
C = (cij)
Cfij — aﬂblj + El.ggbgj + -+ ﬁliﬂ,bnj



11 Qi a3

A = as1 A92 93 size 3 X 3

a31 a32 33

bll bl2
B = | b1 D22 | size3 x?2
b31 D32
C = AB,size 3 X 2
aj1 12 aA13 bi1 b1z
dz1 dzz dz3 by1 by,
adz1 Q31 dz3 b3y bs;

C11 — &11511 + alzbzl I @13531



ai1 aq2 A3 bi1 b1
A1 Az A23 by, by;
31 431 A4z3 b31 bj3;

c12 = a11b12 + a12b99 + a13b390

i1 iz Aj3 bi1 byy
a1 Gz Az3 by1 by,
d31 Az; As3 bs1 b3,

Co1 = a21b11 + abor + as3bs:
Properties of multiplication
(AB)C = A(BC)
(A+ B)C = AB + AC



Multiplication of a matrix and a vector

/@11 a2 ... @1-”\ /Tl\
a1 A2 ... (d2p L2

\afml Am2 - .. amn/ \51*??/
/au a2 ... am\ /$1\

21 a2 ... A2y 9

Axr =

\ Am1T1 + Q2T + - + AynTy /







Diagonal matrix

/Alo

0 A ...

0 )
0

. Am )

Multiplication by a diagonal matrix from the left

(M 0 .. 0 [

/)\1@11 /\1@12
)\2@21 )\2@22

oooooooooooooo

\ /\?rza?n,l )\m@mQ SR A’m,aﬂmrxn /

ay @iz ... Qip )
az1 422 ... U2

\ 0 0 ... Am \a’ﬂll Am2 .. Amn )

)\la’l?l \
/\2(12?1

ooooooooooooo




Rule. When we multiply by the diagonal matrix from the left, the rows of
the matrix are multiplied by the corresponding diagonal entries.

Multiplication by a diagonal matrix from the right

/&11 ais ... aln\ /)\l 0 ... 0\

as1 A2 ... A9p 0 )\2 Ce 0
\ Am1 Am2 ... Omn ) \ 0 0 ... )\ﬂ. )
/ Ata1r Agaiy ... Apip \
o A1 A2a22 ... AyQz,
\ Alaml /\2&“}1}:2 L )\ﬂ,aﬂm )

Rule. When we multiply by the diagonal matrix from the right, the columns
of the matrix are multiplied by the corresponding diagonal entries.



The 1dentity matrix is defined by the relation

I, =

This designation 1s shortened to I. In Russian math books this matrix is

designated by E,, or simply E.

Main property: for the m X n matrix A there hold the relations
I,A=A,Al, = A,

or shortly IA = A, Al = A.



Transposed matrix
For the m X n matrix A4 its transposed matrix A’ is n X m matrix defined
as follows

[ an a2 ... aw ) [(an an ... am
A _ a1 aszo ... Aon ’ AT _ a2 d22 ... 4Am2
\ Aml1 Am2 ... 0Omn / \ Ainp QA2n ... Qmnp )

Properties of this operation:
(A+B)T =AT + BT, A AT =21 AT, (AB)T =BT AT



Powers of a square matrix
AV =E, A = A, A% = AA, A3 = A?%A, ...
Example:

(20 o (10 L (20

1=(5) =(1) -0 3)
, (40 s (8 0 . (2" 0
A (o 9)’ A‘(o 27)* A_(o 3)



a b
A= ¢c d |. 3(123), AB =7 BA ="

4 5 6
e f
Upper- and lower-triangular matrices.

/a“ a1y aA13 ... aln\ /a“ 0 0 0 \
0 (o9 A3 ... A9op 21 99 0 ... 0
0O 0 azs ... as, |. azy @z (33 0

\ 0 0 0 Apn ) \anl Ap2 Ap3 ann/

{ g (3“\
-3 0.0} [ ? g E 30 2
U =
1 4 0 1,2.3.4.5
o s 0010[0 7](””)1
0 0 0 1) \4)

Find the products of the row vector and column vector.



Matrix polynomial
ag + a1 x -1—{1;;;1?2 + -4 a,z"
aol + a1 A+ asA* +---+a, A"

f(t)=2t-3



y=24-36-2/% 5[t O (* O
HA)= Tl 1 0 1) \8 2

f(t)=3t"=5t+2 A4

o



f(A4)=34>-54+2E =3

5 10 15 2.0 0
5 10(+/0 2 0=
0 0 5 0 0 2
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0
0

o T s T (O

Invertible matrix. AB = BA =1

a b
A= ({: d)

a b d —b ad — be
ap=(0a) (%)= ("

H

9

o O =

21

2
0
A—l

0
ad — bc

[ T e T

) = (ad — be)l



Systems of linear algebraic equation
(a2 + a2y + - - + a1z, = by
a1 Ty +aps + -+ apT, = b

e

L Qm1T1 + QmaZa + * + Qpn Ty = bm

Solution.
Three possible cases.
1. The system has infinitely many solutions.
2. The system has a single solution.
3.The system has no solution.
General solution, consistent, inconsistent, determinate, indeterminate.
Homogeneous and non-homogeneous systems
Elementary transformations.
Type 1: Swap two equations.
Type 2: Multiply an equation by a nonzero scalar.
Type 3: Add to one equation another one multiplied by an arbitrary
number.



