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Discretization of PDEs

Discretization of partial differential equations
(summary).

Finite differences for 1D and 2D problems
Finite element method: assembly process




Discretization of Partial Differential
Equations

Methods

* Finite differences
e Finite elements

e Finite volumes




Finite differences: derivatives for
univariate functions

F(x+h)—F(x) +O(h)

e Forward difference F'(X)=

F(X)—F(x—=h) +O(h)

e Backward difference F'(x)=

F(x+h)— F(x—h)

+0(h?
o (h?)

e Centered difference F'(X)=

e Centered difference for 24 derivative

F(x+h)—-2F(x)+F(x—h)

" +0(h?)

F''(X) =

. J
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Finite differences: derivatives for

bivariate functions

F(x+h,y)—F(x=h,y)

)= 2h

F,(x,y)~ F(X’Y+k)2—kF(x,y_k)

F. (X y)~ F(x+h,y)—2Fr(]>2<, )+ F(x=h.y)

P y) = I SRy

Fo (X, y) = F(x+h,y+K)=F(x+h,y—K)=F(x=h,y+k)+ F(x=h, y—k)

4hk
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Finite differences for 1D Poisson’s
eguation

—u"(x)

u(0) =u(l) =

() forz < (0,1)

|
=

—Ui—1 + 2U; — Uil = h? fi
e Matrix of the system Azr = f
/2 -1 \
-1 2 -1

i -1 2 -1

‘4:;12 -1 2 -1
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Finite differences for 2D Poisson’s
eguation

5%u N 5 u
E—*;IT% 31‘%

w = 0 onl

f in€Q = (0,1;) % (0,12)

rii=itxh,i=0,...,m+1 mj=7xhe,j=0,...,n24+1

hy = 2 ho = l2
L= +1 P e+

whenhi = ha ="
e Discretized equation

2 2
_u|11_|_4u _ul+1j u|,j—1 Ij+1_hf +h®z
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Finite differences for 2D Poisson’s
eguation

e Matrix of the system Az = f

1 B -1 1 4 -1 0 0

A=— || -1 B -I B={0 -1 4 -1 0
h? 7 B 0 0 -1 4 -1
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Finite element method and
assembly process

Element stiffness matrix for triangle

ax (Pi, Or)
ar (95, Pr)

ag (Ok, Pk)

ax (B &)

ax (i, ¢i)

Ag = ( ak (@5, 0:)
ar (P ¢i)

nel

Assembly process A=) _ Al
e=1

Alel = P Ak P

All] Al2] Al Al
HEBR HE
EEE EE N E EHN EE
HEBE HBE [ | HE
[ | H B HEBE [ |
HBE [ | [ | H B HEBN H
HEBE
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Mesh refinement in 2 ‘

finite element method

® OO
Original mesh and assembled Refined mesh and assembled
matrix matrix
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