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22. Taylor’s formula

Taylor’s formula for polynomials
and for arbitrary differentiable functions

Taylor’s formula for polynomials \19A/31:02 (09:58) \

Consider the polynomial P,(x) of degree n € N:
P.(x) = ap + a1z + agx® + - -+ + a,z".

Let us select some point xy € R. It is known from the course of algebra
that any polynomial can be expanded in powers of (x — xg); the degree of the
polynomial will not change:

Po(x) = co + c1(x — mg) + ca(x — w0)* + - -+ + o — 20)". (1)

We want to obtain formulas for the coefficients ¢, £k =0, ..., n, using the
differentiation operation.

To find the coefficient ¢y, it is enough to calculate the value of the poly- /
nomial at the point x: _— 3 -
[ - CL =X
Cy = Pn(x()) O.= 2

To find the<@oefficient ¢, we firstly differentiate the polynomial:
Pl(x) = c1 + 2ca(x — m0) + 3c3(w — 20)? + -+ - + ney(z — x)" L
The coefficient ¢; is a free term of the derivative P! (z) and, therefore, to
find it, it suffices to calculate the value of the derivative at the point xy:
&1 = Py (o). 11 =4

—_—

Let us find thd second derivative of the polynomial:

P(x) = 2c0 H2-3h(x — ) + -+ - + (n — Dne,(z — x9)" 2.

Substituting the value x = xy into this derivative, we obtain the formula
for the coefficient cs:

¢y = Ful®0) 2l 1.9+ 2

2
In this case, the formula contains not only the value of the derivative at

the point xg, but also the factor %


https://www.youtube.com/watch?v=mh6Kd-O1c-Q&t=31m02s

3= %21

A factor of % will appear in the formula for the coefficient c¢3. This factor is
more convenient to represent as % using the factorial function n! = 1-2-3-- - n:

_ P
T
Continuing the process of differentiation, we finally obtain a derivative of

order n, which contains a single term: (W)
PT(Ln)(g;) =2-3---(n—1ne,. P\,\ (.-,\ = 0
Thus, for the coefficient ¢,, we obtain the formula
Pr(bn)(xo) hn_-h.(.i ,lM'Z‘ e

n!
Taking into account that 0! = 1, all the formulas obtained for the coeffi-
cients ¢ can be written in the following general form:

Cn:

\r—’—"—]'D(T) _N-
ck:—nk('xo), kzO,l,...,n.‘J - 0=

Substituting the representations for the coefficients ¢ into

obtain Taylor’s formula for the polynomial P, (T):

n (k) 0
Puw) =3 Dl (o gy

k!
k=0

This formula allows us to obtain the expairmsion of the potymomial P, (z)
in powers of (z — xy) using the values of the derivatives of the polynomial of
order 0 up to n at the point xy. Note that all derivatives of the polynomial
P,(z) of higher orders (n + 1, n + 2, ...) vanish.

The version of Taylor’s formula (2) when xy = 0 is also called Maclaurin’s
formula.

—_—
Deriving the binomial formula using

Taylor’s formula for polynomials \19A/41:OO (06:16) \

Let n € N, b € R. Consider a polynomial of the form P,(z) = (z + b)"
and expand it in powers of x. To do this, we use Taylor’s formula (2) with
Ty — 0.

Let us calculate the derivatives of the polynomial P, (x) of order 0, 1, 2 at
the point 0:

P (x) = (z+b)", P (0) = b
Py() = n(x+b)"",  Py(0) = nb";


https://www.youtube.com/watch?v=mh6Kd-O1c-Q&t=41m00s
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P'(z) =n(n—1)(z+b)"2% P/0)=n(n—1)b""2
[t is easy to see that the formula for the derivative of the polynomial P, (x)
of order k at the point 0 can be written in the general form:
PPO)y=nn—1)-(n—k+ 10" * k=0,...n
Let us transform the resulting formula by multiplying and dividing it by
the product (n —k)---3-2=(n— k)
~nn—=1)---(n=k+1)(n—Fk)---3-2
(n—Fk)---3-2

bnfk

bn—k

(n — k)!

Substitute the found values of the derivatives into formula (2) for z¢ = 0:

k=0 k=0
The expression found can be simplified by using the formula for the number

. . !
of combinations C* = (C=AIk

2 Z
nooo [a*(i\@=&+2aé+*é

_ ( -\(\ k=0
é‘/\ ,Rep\écmg x by the value a € R, we obtain the binomial formula:
e (a4 b)" chkbnk eru-k =
=0 == T

Taylor’s formula
for arbitrary differentiable functions \19B/ 00:00 (07:55) \

Taylor’s formula found earlier for polynomials (2) is an exact equality:
both left-hand and right-hand sides in this equality contain polynomials of
degree n. This equality holds for all x € R.

Suppose that, instead of the polynomial P,(x), we consider an arbitrary
function f(z) defined on some interval containing the point zy. Also suppose
that the function f is differentiable at the point xy up to the order n.

Now we cannot write relation (2) in the form of equality, but we can
introduce into consideration the quantity r,(zo,x), by which the function
f(z) differs from the sum given on the right-hand side of (2):

n ) (2
rn(xo, T) = f(x) — Z f k(! )(x — xo)k.
k=0

e —

—_—


https://www.youtube.com/watch?v=qQsKibWy_Ng&t=00m01s

The value r,(xg, z) is called the remainder term of Taylor’s formula for
the function f.
Using the remainder term, we can write the Taylor’s formula for an arbi-

trary differentiable function f as follows: (2
f(x) = Zf k'ﬂUo (2 — ' ? L§ S'«a.%
k=0 )

If for some n € N, zyp € R, x € R, the value rn(aso,x) is small, then this

& means that the function f can be approximated in the point x by a polynomial
W= of degree n according to Taylor’s formula, that is, we can obtain an approxi-
i g g y

—— mation for the function f in the form of a simpler function (a polynomial).

We have reason to expect that the remainder term 7, (zo, ) will be small,
at least in a situation where the point x is close to the point xjy. Indeed,

() taking n = 1, we obtain [
? (’f.\:_q{") § B 1 f(k)(xo) . \Q(m\ = _?h .3 J’g ('?-)[1-1(-.)
olzy MO TR ey

=4 = @)~ (Fo) + f o) —2). = B =) o

Since n = 1 and, therefore, the function f is differentiable at the point x,
we obtain, by the definition of differentiability, that the right-hand side of the
last equality is o(x — xg) as  — xo. This means that the remainder term in
this case approaches 0, as © — x, faster than the linear function (x — zy),
that is, it is small enough for  close to x.

We can also expect that while increasing n, that is, in a situation where
the function is differentiable more times, the rate of approach to 0 of the
remainder term, as x — xg, will be higher. However, in order to prove this,
we need to study the properties of the remainder term.

Various representations of the remainder term
in Taylor’s formula

General formula for the remainder term
in Taylor’s formula \19B/O7:55 (17:45) \

ich will include some arbitrary
nctions as this arbitrary function, we

Now we derive a remainde
function ¢. Choosing various speti
can obtain different representatiofis okthe remainder term.

In deriving the general fi assume that for the function f, in
addition to differentiabilify n times at the peint x, the following conditions


https://www.youtube.com/watch?v=qQsKibWy_Ng&t=07m55s
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are satisfied. We select the point x, assuming for definiteness that x > z(, and
require that the functiod, f is differentiable (n+1) tipies on the segment [z, x].
Note that this implies thd continuity of the first p/derivatives of the function f

f,//(t) (
3! n!

It is easy to see that the function F' coi
rn(xo, x) at xg, and it

F(xg) = (2,

(_f/ t) - t)7
1 t / " t
(F2a ) = e -0 - w0
(¢ 3) (¢
(L IO
3! 3
f(n) (t) n—1 f(n+1) (t) n
(- (0=t = @ 1),
We see that as a result o tiation of each summand (starting from
the third one), a term a ) opposite to one of the terms of the

previous summand. T
following formula:

and collecting terms, we get the

an arbitrary function ¢(¢) on the segment [z, x]. The function F satisfies all



the conditions of ths theorem. For the fynction ¢, it is necessary to require
that it be continuou§ on the segment fz¢, x|, differentiable on the interval

Substitute the v.
and use formula (4)
l ]

0= ralen,7) (©)@—or ,

p(x) — ¢(z0) / '(€) . ")‘Q - ‘ —E)C
As a result, we obtain the following formula for the remainder term con-
taining an arbitrary function @(t):

) into the resulting relation (see (3))

1

~ o~

) (@ — &) (e(x) — ¢(x0)) |

ro(xo, ) = 5

(@0 2) nloE) ?)
Representation of the temainder term in the form

of Cauchy and in the form of Lagrange \19B/25 140 (12:51) \

Based on formula (5), we can obtain various representations of the remain-
der term by choosing specific functions as the function ¢.

First, put ¢(t) =\v1(t) = = — t. This function satisfies all the necessary
conditions: it is contiNuous and differepfiable on the segment [z, x], and,
moreover, its derivative | (t) is equal/to —1, that is, it does not vanish on
interval (xg, ).

we obtain:

T’n(SL’O,:U) - / nl \ )_ (6)
Let us additionally tpdnsform the esulting formula by representing the
value ¢ in the form & £ xy + 6(x — x9)\ Since £ € (z¢,x), we obtain that
0 € (0,1). Note thaf this expression equals zy when # = 0, and it equals z
when 6 = 1.
Replacing the value ¢ in formula (6) with the expression xy + 6(x — zy),
we obtain:

rn(To, ) =


https://www.youtube.com/watch?v=qQsKibWy_Ng&t=25m40s

N+

——
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f(n+1) (xO + 9(&\_ xo)) <$7($0 + H(LU — CU())))H(CC - .CC())
n!
B f(n+1) (Q;O + 0z —AN) (1 — 0)"

= / ~ (x —

The resulting representation of the remainder term is called the Cauchy
form of the remainder term.

)n+1.

Now we choose the following power function o(t) = (z — t)"™! as the
function ¢(¢). This function also satisfies all the necessary conditions: it
is continuous and differentiable on the segment [xg,z], and, moreover, its
derivative @, (t) is equal to —(n + 1)(x — ¢)™ and, therefore, does not vanish
on the interval (xg, z).

Substituting in (5) the values po(z) = 0, pa(xg) = (z — x0)"™, and
05(&) = —(n+ 1)(z — &)™, we obtain:
f(n+1)(§)(x _ g)n(o _ (x _ xo)n+1) _
nl(=(n+1)(z - €)")
FrE) n
BT R

The resulting representation of the remainder term is called the Lagrange

ro(xo, ) =

form of the remainder term. This representation is interesting in that it is
similar to the term in Taylor’s formula corresponding to & = n + 1, except
that the derivative is found not at the point z(, but at some point £ from the
interval (g, z).

Let us write Taylor’s formula with the remainder term in the Lagrange

form: /—/_\ /TT\ h=2e 7 O |
n (n+1)(g) " '

n+1

&)

—J

) (2, 1
f fa) = et Em et @,
H « [ AN —~ @.-.-q(_):(%\_-

Representation of the remainder term
in the Peano form [204/00:00 (20:31)]]

————— e —

We noted earlier that for n = 1 the remainder term of Taylor’s formula
has the form o(x — zy), * — xp. It turns out that similar representations
for the remainder term in the form of little-o can also be obtained for other
values of n.

0 ocoo-® |
—~—
20


https://www.youtube.com/watch?v=XM0oD_tjCxs&t=00m01s

THEOREM <ON TAYLOR'S FORMULA WITH THE REMAINDER TERM IN
THE PEANO FORM).

Let the function f be n times continuously differentiable on the segment
(9, z]. Then the following expansion of the function f by Taylor’s fo;"{nula

takes pl x
akes place:
P ) =
f(k)(l‘o) . . Lo
f(z) :ZT(x—xo) +o((z —z)"), z— 0. (8)
l k=0 , —
The representation of the remainder term r,(zo,2) = o((z — z0)"),

r — xp, used in this formula is called the remainder term in the Peano
form. Thus, when expanding the function f by Taylor’s formula up to the
derivative of order n, the remainder term decreases, as x — xg, faster than
the function (z — x)".

REMARK.

The assertion of the theorem remains valid in the case when the deriva-
tive of order n is not continuous. However, the continuity condition for this
derivative allows us to simplify the proof.

PROOF.

The conditions of the theorem allow us to expand the/function f by Tay-
lor’s formula, taking th&n — 1 term in it and representifig the remainder term
in the Lagrange form (see\(7)):

(9)

the function £ in the remainder
not change, but we can change
hen théNpoint x changes, the point &
consider ¢ as'y function of z: & = &(x).
x) will change when\g changes, however the
following double estimate wil always be valid: xy < &(x) < z. From this
double estimate, by virtu# of the second fheorem on passing to the limit in
inequalities for functions, 4t follows th

The value of &, which is an argumen
term, depends on xy and x. The point £
the point x, moving it closer to x.
will change in some way, so we ¢
We do not know how exactly

o) =20

(10)

Now turn to the function/f™(€). ¥ can be considered as a superposition
ere the external function is f(t)
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and the internal function is &(x). Since, by the condition of the theorem,
the function f(t) is contihuous in a neighbefhood of zj, we can calculate
the limit of superposition fUN (& (x)), as 1/~ x(, using the theorem on the
limit of superposition in the cage whepthe external function is continuous.
By virtue of this theorem, we caN #ove the limit sign under the sign of the
external function, and then usg/fheNimit relation (10):

lim 0 (¢(x)) = f" (). (11)

T—T0

/N

Denote a(x) = f Then it follows from the limit

relation (11) that

lim a(z) = li
T—X0 T—XQ

xo)" + %(m — x0)". (12)
quality (12) can be added to the
s the tefm corrésponding to k& = n. The second
term can be represented as & — ()", where a(z) = % — 0 asx — xo.
Thus, this second term is 0( ”), r — Xp.

After the indicated trangformations on the right-hand side of relation (9)

are performed, this relation takes the form (8). [J

sum of Taylor’s form#la (9

o o~

g 1>
Expansions of elementary functions

by Taylor’s formula in a neighborhood of zero Lkl R

Expansions
of functions e”, sinx, cosz, sinh-p—eosh= \20A/20:31 (19:50)\

FUNCTION e”.

Since (%)™ = e* n =0,1,2,..., we obtain that the derivatives of this
function of any order are equal to 1 at the point 0. Therefore, the expansion
of the function e* by Taylor’s formula at the point xy = 0 with the remainder
term in the Peaﬁo form will be as follows:

[ ~\(
S @)
—— * |

@F"aB =& =Q;L

n =, "
o K ox)- 2 —— +o(¥)


https://www.youtube.com/watch?v=XM0oD_tjCxs&t=20m31s

p 3 = x
w=4 €='1+‘1:+U(”‘) C =l ~
_ 10 ’LF/ - \ - G')Cao
‘[:40 e-1= x + o) ‘K\ 8-4 (Z
= i 2 3 n n - wa =
e =1+a+ o+ ot +—Fo@")=) a0 D¢ -
? RS X TICI % o
—Zg—l—o(x ), =—0 __Q\N\/-—Q\, +t A <

Aa O 7C_ =2 2
From the obtained formula, the previously proved equivalence e* @r, 4
x — 0, follows, since for n = 1 the expansion takes the form e* = 1+z+o0(x),
x — 0.
REMARK.
This and all subsequent expansions of elementary functions are valid for

both positive and negatjse values ix belong'ﬁ to the _Lig-tqain o@eﬁnitioy&_

of the function.

Sa\.«y_ C,=f\1- -Srvn. gk—n
FUNCTION sinz. ‘g s L"W' M"‘a.-.

Let us sequentially find the deMthGS of—ﬁe functlbﬂ/m x a‘tL“lz'lTe pomt\D"
The function sinz itself vanishes at the point 0. Its first derivative is cosz,
so it equals 1 at the point 0. The second derivative is (—sinz), it vanishes
at the point 0. Finally, the third derivative is (—cosx), it equals —1 at
the point 0. The fourth derivative coincides with the original function sin x,
therefore, starting from it, the set of values at the point 0 will be repeated:
0,1,0, -1, ...

So, we obtain that even-order derivatives vanish at the point 0, and odd-
order derivatives take alternating values of 1 and —1, starting from 1. There-
fore, the expansion of the function sinz by Taylor’s formula at the point
xo = 0 with the remainder term in the Peano form will be as follows:

3 5 n.2n+1
_ T (=1)"z 22y
sinx = x ~ 3 + = + Gn 1] +0( ot )
n /\ VV“
(—1)kl’2k+1

= W + 0(1,271—1—2)’ x — 0.
k=0 '

The remainder term has the form o(2%"2), since we can take into account
one more (zero-valued) term corresponding to k = 2n + 2 in the sum.

It should be noted that the expansion of the function sinx contains only
odd powers of x, starting with x in the first power, and their signs alternate.

From the obtained formula, the previusly proved eéulvalence sinx ~ x,
x — 0, follows, since for n = 5) the expan on takes the f(trm sinz = z+o0(z?),

x— 0. ,Q\\NL w= _+ & b'(fy“ _/3

L
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FUNCTION cos .
With successive differentiation of the function cosz, we will obtain the
following functions (starting with the zero derivative): cosz, —sinx, — cos z,
sinz, cosx, —sinx,... At the point 0, these functions take the following
values: 1,0, —1, 0, 1, 0, ... In this case, the derivatives of odd order vanish
at the point 0, and the derivatives of even order take alternating values of 1
and —1, starting from 1. Therefore, the expansion of the function cosx by
Taylor’s formula at the point g = 0 with the remainder term in the Peano

form will be as follows:
372 [L’4 (_1)n$2n

COSJ;:]__E_{—Z__‘_W—’_O(:E

2n+1)

n

—1) 2n+1
:Z%Jro(x ), x—0.
k=0

The remainder term has the form o(z***1), since we can take into account
one more (zero-valued) term corresponding to & = 2n + 1 in the sum.
It should be noted that the expansion of the function cosz contains only
even powers of z, starting with 2° = 1, and their signs alternate. .
X

From this formula, the previously proved equivalence cosx ~ 1—-%, x — 0,

follows, since for n = 1 the expansion takes the form cosz =1 — %2 + o(2?),
x — 0. —_—

F'UNCTIONS sinhz AND cosh x.

Since (sinhz)" = coghz, (coshz)’ = simhx and, in addition, sinh0 = 0
and cosh 0 = 1, we obtaiN that the successive differentiation of the hyperbolic
sine and cosine at the poink 0 gives #lternating values of 1 and 0. Moreover,
for the function sinh z, as fo\t
to derivatives of odd order

cos r, nonzero values corrg§pond

function sin z, nonzero values correspond
or the function cosh z, as for the function
derivatives of even order (starting from
order 0). The difference/Hetween the expansions of hyperbolic functions and
the expansions of the ¢orresponding tri
do not alternate in these expansions;

ometric ones is only that the signs

0 (xQTH—Q)




(w\-t

:/LUT
Q M-ZS =

12

x — 0.

Expansions of the functions In(1 + x)
and (1+ x)“

! Q Q’() [>20B/OO O(') (15:52)

- o, ° )]
FUNCTION In(1 + ). Pz Tt =" & ——?”L +....
In this case, we find the expansion of the logarithm function in a neigh-
borhood of point 1; moreover, the estimate x > —1 must be satisfied for x.

Let us calculate several initial derivatives of the function In(1 + z) at the
point 0 and substitute them in the corresponding terms of Taylor’s formula:

( (In(1+ x))“))’x_o - ln‘ —0, f(0)=0; 7

—_—

: 1 , 3!
(In(1 + z)) P vl ::1:, F(0)z = ; s
G ~ ! OIS, %
(n(+2)'| | = =1 -z
\ =0 = (]‘;— x)Q =0 f”/( )2 ; 2 -’.S\ ‘_“w
m B B T ""T— -
(In(1 + z)) B | M 3 3 o KR i
_ 44-x\ w| _ 23 T Ll ()
-2 ( (In(1+a)"| = il = Taw o c T
4

Thus, the terms have alternating signs in this expansion. In addition,
in the denominator, instead of the factorial, only one factor remains, since
all other factors are cancelled out with the coefficients of the corresponding
derivatives:

12 333 (_1)n—lxn .
1n(1+x)—x—?+§—---+T+o(x ) =
Y1k

—Z +o(z"), x—0.

The resultmg expansion of the function In(1+ z) contains all powers of z,
starting from the first power, and their signs alternate. Moreover, the de-
nominator does not have factorials.

From this formula, the previously proved equivalence In(14z) ~ =, x — 0,
follows, since for n = 1 the expansion takes the form In(1 4+ z) = = + o(x),
x — 0. —



https://www.youtube.com/watch?v=9JOiH_oNZeo&t=00m01s
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l d-
22. Taylor’s formula /('{* Y\&X = g:( /l t K} 1 ol=2
&44.\(\&'\” = OLLO\ —4\( 1+x) =

FUNCTION (1 + x)%, a # 0. S——=
In this case, we also find the expansion of the function in a neighborhood
of the point 1; moreover, any real number, except 0, can be taken as a.
Apply the formula for the derivative of a power function of order n: ?

((1+x)a)<:> :&(f: Deofa—n+ )W w019, (MA

For derivatives at the pointm will seqflentially obtain the values 1,
a, a(a — 1), a(a — 1)(a — 2), ... Therefore, the expansion of the function
(1 + ) by Taylor’s formula at the point xy = 0 with the remainder term in Ol c n\/
the Peano form will be as follows: -

(1+x)0‘:1+&x+@x2+&(a_g)!(a_Q)x?’qL...+ o{:‘S
+oz(oz—l)..q-ﬂb!(og—nnLl)xn_i_O(gjn) _
:Z”:oz(oz—1)..];:!(o¢—k—|—1)xk+0(xn), 0

k=0
Note that if o € N, then, starting from some order, all derivatives vanish,
and we obtain the version of Taylor’s formula for polynomials in which the
remainder term equals 0.
From this formula, the previously proved equivalence (1 + x)* ~ 1 + ax,
x — 0, follows, since for n = 1 the expansion takes the—form _
(1+2)*=14azx+o(x), x = 0.

_
Example of using expansions

to calculate limits \20B/15:52 (05:34) \

Consider the following limit: lim, o £=SZ  To calculate this limit, we
X

cannot use the equivalence sinx ~ z, * — 0, since equivalences can be
used only in products and quotients. Instead, we apply the expansion of the
function sinz by Taylgr’s formula with the remainder term o(x3):

fip 80T 2 7= (7= G +oleh) d ()20
x—0 3 2—0 3
When removing the brackets, we can omit the minus sign in front of the
term o(x?), since this term simply denotes some function that decrgases faster

than 23 as z — 0: A(2)- = |
iy €= o) | ?’}}?O

x—0 CU3



https://www.youtube.com/watch?v=9JOiH_oNZeo&t=15m52s

14

In the first limit of the right-hand side, we can reduce the factors z3. As
a result, we obtain the limit equal to %‘

The second limit is 0, because, by the definition of the “little-0”, expression
o(x?) can be represented as a(x)x?, where a(z) — 0 as z — 0.

Thus, the initial limit is %.

Note that when using the equivalence sin z ~ x we would obtain an incor-
rect answer equal to 0.
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