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Â äàííîé ðàáîòå ðàññìîòðåíû îðèåíòèðîâàííûå ñåòè ñ ïîòðåáëåíèåì ïîòîêà. Îñîáåííîñòüþ òàêèõ

ñåòåé ÿâëÿåòñÿ òî, ÷òî äëÿ íåêîòîðûõ âåðøèí óêàçàíà âåëè÷èíà ïîòðåáëåíèÿ ïîòîêà, ò.å. âåëè÷èíà

âõîäÿùåãî ïîòîêà â íåêîòîðóþ âåðøèíó ìîæåò íå ñîâïàäàòü ñ âåëè÷èíîé âûõîäÿùåãî. Íà òàêèõ ñåòÿõ

ðàññìîòðåíû çàäà÷è ðàçìåùåíèÿ ïîòðåáèòåëåé ðåñóðñà â óçëàõ ñåòè ïðè ðàçëè÷íûõ óñëîâèÿõ ðàñïðå-

äåëåíèÿ ïîòîêà. Çàäà÷è ðàññìîòðåíû â âû÷èñëèòåëüíîé è îïòèìèçàöèîííîé ôîðìóëèðîâêàõ. Óñëîâèÿ

ðàñïðåäåëåíèÿ ââåäåíû â ñëó÷àÿõ âåùåñòâåííîãî è öåëî÷èñëåííîãî ïîòîêîâ. Â êà÷åñòâå ðàññìàòðèâàå-

ìûõ óñëîâèé ðàñïðåäåëåíèÿ äëÿ âåùåñòâåííîãî ïîòîêà ïðåäëîæåíû óñëîâèÿ æåñòêîãî ðàñïðåäåëåíèÿ,

äëÿ öåëî÷èñëåííîãî � óñëîâèÿ ðàñïðåäåëåíèÿ ïî ïðèîðèòåòàì è íåæåñòêîãî ðàñïðåäåëåíèÿ ñ ïðèîðè-

òåòàìè. Âûáðàííûå óñëîâèÿ ðàñïðåäåëåíèÿ òàêîâû, ÷òî ïîòîê ôèêñèðîâàííîé âåëè÷èíû îïðåäåëÿåòñÿ

åäèíñòâåííûì îáðàçîì.

Ïîêàçàíî, ÷òî çàäà÷è ðàçìåùåíèÿ ïîòðåáèòåëåé, â ïðåäïîëîæåíèè íåðàâåíñòâà êëàññîâ P è NP, íå

ìîãóò áûòü ðåøåíû çà ïîëèíîìèàëüíîå âðåìÿ ïóòåì ïîñëåäîâàòåëüíîãî âûáîðà. Äîêàçàíî, ÷òî çàäà÷à

îáåñïå÷åíèÿ çàäàííîé âåëè÷èíû ïîòðåáëåíèÿ ÿâëÿåòñÿ NP-ïîëíîé íåçàâèñèìî îò âûáðàííûõ óñëî-

âèé ðàñïðåäåëåíèÿ ïîòîêà. Äëÿ çàäà÷è îáåñïå÷åíèÿ ìàêñèìàëüíîé âåëè÷èíû ïîòðåáëåíèÿ äîêàçàíà åå

NP-ïîëíîòà â ñèëüíîì ñìûñëå äëÿ ñëó÷àåâ öåëî÷èñëåííîãî ïîòîêà è âñåõ ðàññìîòðåííûõ óñëîâèé ðàñ-

ïðåäåëåíèÿ ïîòîêà. Òàêæå ïîëó÷åí áîëåå ñèëüíûé ðåçóëüòàò, ÷òî îïòèìèçàöèîííàÿ çàäà÷à ðàçìåùåíèÿ

ïîòðåáèòåëåé ÿâëÿåòñÿ NP-ïîëíîé íåçàâèñèìî îò ñïîñîáà ðàñïðåäåëåíèÿ ïîòîêà êàê â öåëî÷èñëåííîì,

òàê è â âåùåñòâåííîì ñëó÷àÿõ.

Ïîêàçàíî, ÷òî ïðè íå ñîâïàäåíèè êëàññîâ P è NP, äëÿ âñåõ ðàññìîòðåííûõ â äàííîé ðàáîòå çàäà÷

íå ñóùåñòâóåò ïîëèíîìèàëüíûõ ïî âðåìåíè àëãîðèòìîâ èõ ðåøåíèÿ.

Ââåäåíèå

Â ðàáîòå [1] ðàññìîòðåíû îðèåíòèðîâàííûå ñåòè ñ âîçìîæíîñòüþ ïîòåðè

(óòå÷åê) ïîòîêà â âåðøèíàõ è ðàçðàáîòàí ìåòîä íàõîæäåíèÿ ìàêñèìàëü-

íîãî ïîòîêà â òàêèõ ñåòÿõ. Ðàññìîòðåííûå â [1] ñåòè òàêîâû, ÷òî âåëè÷èíà

ìàêñèìàëüíîé ïîòåðè ψ(x) óêàçàíà äëÿ êàæäîé âåðøèíû x, è ïðèõîäÿùèé

â âåðøèíó x ïîòîê îáÿçàòåëüíî óìåíüøàåòñÿ íà âåëè÷èíó a(x), íå ïðåâîñ-

õîäÿùóþ ψ(x).

Â íàñòîÿùåé ðàáîòå ðàññìîòðåíû ñåòè, àíàëîãè÷íûå ñåòÿì ðàáîòû [1]:

äëÿ êàæäîãî óçëà óêàçàíû âåëè÷èíû ïîòðåáëåíèÿ ψ(x) ðåñóðñà, ò.å. ïðèõî-

äÿùèé ðåñóðñ óìåíüøàåòñÿ íà âåëè÷èíó 0 < a(x) ≤ ψ(x). Äëÿ òàêèõ ñåòåé
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ðàññìîòðåíû çàäà÷è ìàêñèìèçàöèè ñóììàðíîé âåëè÷èíû ôàêòè÷åñêîãî ïî-

òðåáëåíèÿ, à èìåííî: çàäà÷à î âûáîðå ïîäìíîæåñòâà âåðøèí çàäàííîé ìîù-

íîñòè, íà êîòîðîì äîñòèãàåòñÿ ìàêñèìàëüíàÿ âåëè÷èíà ïîòðåáëåíèÿ ïðè çà-

äàííîé âåëè÷èíå âõîäÿùåãî ïîòîêà ñåòè. Ïðèõîäÿùèé ïîòîê â íåêîòîðóþ

âåðøèíó óìåíüøàåòñÿ òîëüêî â òîì ñëó÷àå, åñëè âåðøèíà ïðèíàäëåæèò âû-

áðàííîìó ïîäìíîæåñòâó. Ââèäó íåîïðåäåë¼ííîñòè ïðè íàñûùåíèè äóã ñåòè

îñòàòêîì ïîòîêà, ïîñêîëüêó ïîòîê ìîæåò ïðîõîäèòü ïî ñåòè ðàçëè÷íûìè

ïóòÿìè, ââîäÿòñÿ îïðåäåë¼ííûå ïðàâèëà, ïî êîòîðûì äóãè ñåòè íàñûùà-

þòñÿ ïîòîêîì. Â êà÷åñòâå òàêèõ ïðàâèë ðàññìîòðåíû ðàçëè÷íûå óñëîâèÿ

ðàñïðåäåëåíèÿ ïîòîêà â ñåòè (ñì. [2], [3]):

Â ñëó÷àå öåëî÷èñëåííîãî ïîòîêà â ñåòè ðàññìîòðåíû ðàñïðåäåëåíèå ïî-

òîêà ïî ïðèîðèòåòàì è íåæåñòêîå ðàñïðåäåëåíèå (ñì. [2]) ñ ïðèîðèòåòàìè.

Â âåùåñòâåííîì ñëó÷àå � æåñòêîå ðàñïðåäåëåíèå (ñì. [2], [3]).

Äëÿ êàæäîãî ñëó÷àÿ äîêàçàíà ñèëüíàÿ NP-ïîëíîòà ñîîòâåòñòâóþùåé çà-

äà÷è âûáîðà ïîäìíîæåñòâà äëÿ ðàçìåùåíèÿ ïîòðåáèòåëåé äëÿ ëþáîãî ñïî-

ñîáà ðàñïðåäåëåíèÿ ïîòîêà.

1 Îñíîâíûå ïîíÿòèÿ

Ðàññìîòðèì ñåòü G(X,U, f) � ñâÿçíûé îðèåíòèðîâàííûé ãðàô ñ äâóìÿ âû-

äåëåííûìè âåðøèíàìè: èñòî÷íèêîì s è ñòîêîì t � òàêóþ, ÷òî äëÿ êàæäîé

å¼ äóãè u ∈ U çàäàíû äâå âåëè÷èíû: ïðîïóñêíàÿ ñïîñîáíîñòü c(u) è äîëÿ

p(u) ïðîõîæäåíèÿ ïî íåé ïîòîêà, ïðèõîäÿùåãî â íà÷àëüíóþ âåðøèíó äóãè

u (ñì. [4]�[6]). Îáîçíà÷èì ÷åðåç F (u) âåëè÷èíó ïîòîêà F , ïðîõîäÿùåãî ïî

äóãå u.

ßñíî, ÷òî äëÿ âåëè÷èí p(u), c(u) è F (u) ñïðàâåäëèâû ñëåäóþùèå âûðà-

æåíèÿ (ñì. [4], [7]):
∑

u∈[x]+
p(u) = 1, ∀x 6= t;∑

u∈[x]−
F (u)−

∑
u∈[x]+

F (u) = 0, ∀x 6= s, t;

0 ≤ F (u) ≤ c(u), ∀u ∈ U.

. (1)

Çäåñü è äàëåå ÷åðåç [x]+ áóäåì îáîçíà÷àòü ìíîæåñòâî äóã, âûõîäÿùèõ èç
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âåðøèíû x, à ÷åðåç [x]− � ìíîæåñòâî äóã âõîäÿùèõ â âåðøèíó x.

Îïðåäåëåíèå 1 Ïîòîê F â ñåòè G íàçûâàåòñÿ æ¼ñòêî ðàñïðåäåë¼ííûì,

åñëè äëÿ íåãî âûïîëíÿþòñÿ ñîîòíîøåíèÿ (1), è âåëè÷èíû ïðîïóñêàåìîãî

ïî äóãàì ïîòîêà ïðîïîðöèîíàëüíû äîëÿì ïîòîêà, ïðîõîäÿùåãî ïî ýòèì

äóãàì, ò.å.

F (ui) · p(uj) = F (uj) · p(ui), ∀ui, uj ∈ [x]+, ∀x ∈ X \ {t}. (2)

Îïðåäåëåíèå 2 Ñåòè, äëÿ êîòîðûõ ðàññìàòðèâàþòñÿ òîëüêî ïîòîêè,

óäîâëåòâîðÿþùèå óñëîâèÿì (1) è (2) íàçûâàþòñÿ ñåòÿìè ñ æ¼ñòêèì

ðàñïðåäåëåíèåì ïîòîêà.

Îïðåäåëåíèå 3 Ïîòîê F â ñåòè G íàçûâàåòñÿ íåæ¼ñòêî ðàñïðåäå-

ë¼ííûì, åñëè âûïîëíÿþòñÿ ñîîòíîøåíèÿ (1), è äëÿ êàæäîé âåðøèíû

x ∈ X \ {t} âûïîëíÿþòñÿ ðàâåíñòâà

F (ui) · p(uj) = F (uj) · p(ui) ∀ui, uj ∈ [x]+ \ [x]∗, (3)

ãäå [x]∗ = {u ∈ [x]+|F (u) = c(u)}.

Îïðåäåëåíèå 4 Ñåòè, äëÿ êîòîðûõ ðàññìàòðèâàþòñÿ òîëüêî ïîòîêè,

óäîâëåòâîðÿþùèå óñëîâèÿì (1) è (3) áóäåì íàçûâàòü ñåòÿìè ñ íåæ¼ñò-

êèì ðàñïðåäåëåíèåì ïîòîêà.

Êðîìå ýòîãî ðàññìîòðèì ïîòîêè ñ ðàñïðåäåëåíèåì ïî ïðèîðèòåòàì è

íåæ¼ñòêîå ðàñïðåäåëåíèå ñ ïðèîðèòåòàìè.

Îïðåäåëåíèå 5 Áóäåì ãîâîðèòü, ÷òî ïîòîê ðàñïðåäåë¼í ïî ïðèîðèòå-

òàì, åñëè äëÿ êàæäîé âåðøèíû âñå èñõîäÿùèå èç íå¼ äóãè óïîðÿäî÷èâà-

þòñÿ íåêîòîðûì îáðàçîì è âûõîäÿùèé èç ýòîé âåðøèíû ïîòîê ðàñïðåäå-

ëÿåòñÿ ïî äóãàì â ïîëó÷åííîì ïîðÿäêå: âåñü íåðàñïðåäåëåííûé ïîòîê ïî-

ìåùàåòñÿ â íåíàñûùåííóþ äóãó ñ íàèáîëüøèì ïðèîðèòåòîì, åñëè òîãî

ïîçâîëÿåò å¼ ïðîïóñêíàÿ ñïîñîáíîñòü, ëèáî äóãà íàñûùàåòñÿ ïîëíîñòüþ,

à âåëè÷èíà íå ðàñïðåäåëåííîãî ïîòîêà óìåíüøàåòñÿ íà âåëè÷èíó å¼ ïðî-

ïóñêíîé ñïîñîáíîñòè, ïîñëå ÷åãî îïèñàííûå âûøå äåéñòâèÿ ïîâòîðÿþòñÿ

äî ïîëíîãî ðàñïðåäåëåíèÿ ïîòîêà â âåðøèíå.
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Îïðåäåëåíèå 6 Áóäåì ãîâîðèòü, ÷òî öåëî÷èñëåííûé ïîòîê ðàñïðåäåë¼í

íåæ¼ñòêî ñ ïðèîðèòåòàìè, åñëè äëÿ êàæäîé âåðøèíû ñåòè G ðàñïðåäå-

ëåíèå ïîòîêà âûïîëíÿåòñÿ â äâà ýòàïà:

Ïóñòü Fout(x) � âåëè÷èíà âûõîäÿùåãî èç âåðøèíû x ïîòîêà, òîãäà:

1. Ñíà÷àëà êàæäàÿ äóãà u ñåòè G íàñûùàåòñÿ ïîòîêîì âåëè÷èíû

bFout((p1 ◦ f)(u)) · p(u)c,
2. Îñòàâøèéñÿ íå ðàñïðåäåëåííûé ïîòîê ðàñïðåäåëÿåòñÿ ìåæäó íåíà-

ñûùåííûìè äóãàìè ñîãëàñíî ïðèîðèòåòàì.

Òàêèì îáðàçîì, íå íàðóøàÿ îáùíîñòè, ìîæíî ñ÷èòàòü, ÷òî äëÿ êàæäîé

äóãè u ∈ U è âåëè÷èíû âõîäÿùåãî â âåðøèíó (p1 ◦ f)(u) ïîòîêà îïðåäå-

ëåíà ôóíêöèÿ α : U × R+ → R+ ðàñïðåäåëåíèÿ ïîòîêà, óäîâëåòâîðÿþùàÿ

ñëåäóþùèì óñëîâèÿì.

F (u) = α

u, ∑
v∈[(p1◦f)(u)]−

F (v)

 ∀u ∈ U. (4)

Ïóñòü ñåòü G(X,U, f) ñ óñëîâèåì ðàñïðåäåëåíèÿ ïîòîêà òàêîâà, ÷òî äëÿ

êàæäîé å¼ âåðøèíû x ∈ X óêàçàíà âåëè÷èíà ψ(x)� âåëè÷èíà ìàêñèìàëüíî

âîçìîæíîãî ïîòðåáëåíèÿ ïîòîêà â âåðøèíå x (ñì. [1]). Áóäåì ñ÷èòàòü, ÷òî

äëÿ èñòî÷íèêà s è ñòîêà t âåëè÷èíà ïîòðåáëåíèÿ ðàâíà íóëþ. Â ýòîé ñåòè

áóäåì ðàññìàòðèâàòü ïîòîêè ñî ñëåäóþùèìè ñâîéñòâàìè:
∑

u∈[x]−
F (u) =

∑
u∈[x]+

F (u) + a(x), ∀x ∈ X;

0 ≤ F (u) ≤ c(u), ∀u ∈ U.
, (5)

ãäå a(x) = min

{
ψ(x),

∑
u∈[x]+

F (u)

}
� âåëè÷èíà ôàêòè÷åñêîãî ïîòðåáëåíèÿ

ïîòîêà â âåðøèíå x, ïðè ýòîì 0 ≤ a(x) ≤ ψ(x).

Îïðåäåëåíèå 7 Ñåòü G(X,U, f) áóäåì íàçûâàòü ñåòüþ ñ ïîòðåáëåíè-

åì, åñëè â íåé ðàññìàòðèâàþòñÿ òîëüêî òàêèå ïîòîêè, êîòîðûå óäîâëå-

òâîðÿþò óñëîâèþ (5).

Îòìåòèì, ÷òî óñëîâèå (4) äëÿ ñåòè ñ ïîòðåáëåíèåì áóäåò èìåòü ñëåäóþ-
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ùèé âèä:

F (u) = α

u, ∑
v∈[(p1◦f)(u)]−

F (v)− a ((p1 ◦ f)(u))

 ∀u ∈ U. (6)

Áóäåì ïîëàãàòü, ÷òî ðàññìàòðèâàåìûå äàëåå ñåòè ÿâëÿþòñÿ ñåòÿìè áåç

ïåòåëü, êðàòíûõ äóã è êîíòóðîâ.

Îïðåäåëåíèå 8 Çàäà÷åé âûáîðà ïîäìíîæåñòâà âåðøèí ñåòè G ñ ðàñïðå-

äåëåíèåì ïîòîêà äëÿ ðàçìåùåíèÿ ïîòðåáèòåëåé (ñì. [1]) ïðè çàäàííîé

âåëè÷èíå âõîäíîãî ïîòîêà Fstart (êîðîòêî: çàäà÷à ðàçìåùåíèÿ ïîòðåáèòå-

ëåé), áóäåì íàçûâàòü çàäà÷ó íàõîæäåíèÿ òàêîãî k-ýëåìåíòíîãî ïîäìíî-

æåñòâà âåðøèí V , ÷òî ïðè âûïîëíåíèè (5), (6) è óñëîâèè, ÷òî a(x) = 0

äëÿ âñåõ âåðøèí x ∈ X \ V , ðàçíîñòü

Fstart −
∑
u∈[t]−

F (u)

ìàêñèìàëüíà.

Èíà÷å ãîâîðÿ: â çàäàííîé ñåòè, â êîòîðîé óæå ðàñïðåäåëåí ïîòîê Fstart,

ïî èçâåñòíûì äëÿ êàæäîé âåðøèíû âåëè÷èíàì, íà êîòîðûå ìîæíî ìàêñè-

ìàëüíî óìåíüøèòü âåëè÷èíû âûõîäÿùåãî èç âåðøèíû ïîòîêà, è ïî çàäàí-

íîìó ïðàâèëó ïåðåñ÷åòà ïîòîêà ïî èñõîäÿùèì äóãàì, òðåáóåòñÿ âûáðàòü k

âåðøèí, ïîñëå óìåíüøåíèÿ âûõîäÿùåãî ïîòîêà èç êîòîðûõ, â ñòîê ïîïàäà-

ëî êàê ìîæíî ìåíüøå åäèíèö ïîòîêà.

Ïðèìåð 1.

Ïðîäåìîíñòðèðóåì ïåðå÷èñëåííûå ñïîñîáû ðàñïðåäåëåíèÿ. Ðàññìîòðèì

ñåòü G íà ðèñ. 1. Äóãè {u1, . . . , u5} òàêîâû, ÷òî f(u1) = (s, 1), f(u2) = (1, 2),

f(u3) = (1, 3), f(u4) = (2, t), f(u5) = (3, t). Âåëè÷èíû ïîòðåáëåíèÿ â âåðøè-

íàõ óêàçàíû òàáëèöå 1, âåëè÷èíû ïðîõîäÿùèõ ïî äóãàì ïîòîêîâ â íà÷àëü-

íîé êîíôèãóðàöèè � â òàáëèöå 2. ×èñëà 1 è 2 ó äóã u2 è u3 ñîîòâåòñòâåííî

� ýòî íóìåðàöèÿ â ïîðÿäêå óáûâàíèÿ ïðèîðèòåòîâ.
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s 1

2

3

tu1

u2

u3

u4

u5

1

2

Ðèñ. 1. Ñåòü G.

Òàáëèöà 1. Âåëè÷èíû ïîòðåáëåíèÿ â âåðøèíàõ.

x 1 2 3

ψ(x) 7 5 5

Òàáëèöà 2. Âåëè÷èíû ïðîõîäÿùèõ ïî äóãàì ïîòîêîâ â íà÷àëüíîé êîíôèãóðàöèè.

s 1 2 3 t

s � 10 � � �

1 � � 5 5 �

2 � � � � 5

3 � � � � 5

Ðàññìîòðèì íåñêîëüêî âàðèàíòîâ âûáîðà âåðøèí.

Âàðèàíò 1. Ïóñòü âûáèðàåòñÿ îäíà âåðøèíà � âåðøèíà 1. Ðàññìîòðèì

ïîñëåäóþùóþ êîíôèãóðàöèþ äëÿ òðåõ âûøåîïèñàííûõ ôóíêöèé ðàñïðå-

äåëåíèÿ. Ïðîïóñêíûå ñïîñîáíîñòè, êàê ðàíåå îãîâàðèâàëîñü, áóäåì ñ÷èòàòü

ðàâíûìè âåëè÷èíàì ïîòîêà, ïðîõîäÿùèì â íà÷àëüíîì ñîñòîÿíèè.

Ïîñêîëüêó a(1) = min (ψ(1), F (u1)) = min(7, 10) = 7 è â ñîîòíîøåíèÿõ

(5) F (u1) = F (u2) + F (u3) + a(1), ñëåäîâàòåëüíî, 10 = F (u2) + F (u3) + 7.

Òàêèì îáðàçîì, F (u2) + F (u3) = 3.

Ðàñïðåäåëåíèå ïî ïðèîðèòåòàì.

Ñíà÷àëà çàïîëíÿåòñÿ äóãà u2. Åå ïðîïóñêíàÿ ñïîñîáíîñòü c(u2) = 5.

Âåëè÷èíà íåðàñïðåäåëåííîãî ïîòîêà ðàâíà òð¼ì, ïîýòîìó: F (u2) = 3 è

F (u3) = 0.

Òàêèì îáðàçîì, ñòîê ïðèõîäèò òðè åäèíèöû ïîòîêà.

Íåæ¼ñòêîå ðàñïðåäåëåíèå ñ ïðèîðèòåòàìè.

Áóäåì ñ÷èòàòü ðàñïðåäåëåíèå ðàâíîìåðíûì, ò.å p(u) = 1
deg+{(p1◦f)(u)} .

Ïåðâûé ýòàï. Ðàñïðåäåëåíèå ñîãëàñíî äîëÿì p(u2) = p(u3) = 0, 5 ïðè

âåëè÷èíå Fout(1) = 3 èìååò âèä F (u2) = F (u3) = b3 · 0, 5c = 1.
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Âòîðîé ýòàï. Îñòàâøèéñÿ íåðàñïðåäåë¼ííûé ïîòîê åäèíè÷íîé âåëè÷èíû

ðàñïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì. Ïîñêîëüêó ïðèîðèòåò äóãè u2 âûøå,

çíà÷èò, â èòîãå ïîëó÷àåì F (u2) = 2, F (u3) = 1.

Òàêèì îáðàçîì, â ñòîê ïðèõîäèò òðè åäèíèöû ïîòîêà.

Æ¼ñòêîå ðàñïðåäåëåíèå. Â ýòîì ñëó÷àå òàêæå ðàñïðåäåëåíèå áóäåì ñ÷è-

òàòü ðàâíîìåðíûì.

F (u2) · p(u3) = F (u3) · p(u2), ò.å. F (u2) · 0.5 = F (u3) · 0, 5, çíà÷èò, F (u2)+
F (u3) = 3. Îòñþäà ñëåäóåò, ÷òî F (u2) = F (u3) = 1, 5

Òàêèì îáðàçîì, â ñòîê ïðèõîäèò òðè åäèíèöû ïîòîêà.

Âàðèàíò 2. Ïóñòü òåïåðü âûáèðàåòñÿ äâå âåðøèíû: 1 è 3.

Ðàíåå ìû îïðåäåëèëè âåëè÷èíû ïîòîêà íà äóãàõ, êîãäà âûáðàíà âåðøèíà

1. Ïåðåñ÷èòàåì èõ, äîáàâèâ âåðøèíó 3: F (u3) = F (u5) + a(3).

Ðàñïðåäåëåíèå ïî ïðèîðèòåòàì.

Ïîñêîëüêó â ýòîì ñëó÷àå a(3) = min(ψ(3), F (3)) = min(5, 0) = 0, çíà÷èò,

F (u5) = 0 è â ñòîê ïðèõîäèò òðè åäèíèöû ïîòîêà.

Íåæ¼ñòêîå ðàñïðåäåëåíèå ñ ïðèîðèòåòàìè.

Ïîñêîëüêó â ýòîì ñëó÷àå a(3) = min(ψ(3), F (u3)) = min(5, 1) = 1, çíà-

÷èò, F (u5) = 0 è â ñòîê ïðèõîäèò äâå åäèíèöû ïîòîêà.

Æ¼ñòêîå ðàñïðåäåëåíèå.

Ïîñêîëüêó â ýòîì ñëó÷àå a(3) = min(ψ(3), F (u3)) = min(5, 1.5) = 1, 5,

çíà÷èò, F (u5) = 0 è â ñòîê ïðèõîäèò 1, 5 åäèíèöû ïîòîêà.

Êîíåö ïðèìåðà 1.

Èç ïðèìåðà 1 ÿñíî, ÷òî âåëè÷èíà ôàêòè÷åñêîãî ïîòðåáëåíèÿ â âåðøèíå

çàâèñèò îò ñïîñîáà ðàñïðåäåëåíèÿ, à òàêæå îò âåëè÷èí ôàêòè÷åñêîãî ïî-

òðåáëåíèÿ â äðóãèõ âåðøèíàõ.

2 Àëãîðèòìè÷åñêàÿ ñëîæíîñòü ðåøåíèé çàäà÷è ðàçìåùåíèÿ ïî-
òðåáèòåëåé â ñåòè

Ðàññìîòðèì ðåøåíèå ïîñòàâëåííîé çàäà÷è ïðè ïîìîùè ¾æàäíîãî¿ ïîäõîäà:

íà êàæäîì ýòàïå âûáèðàåòñÿ âåðøèíà, äàþùàÿ â òåêóùèé ìîìåíò íàèáîëü-
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øóþ ïðèáàâêó ê ñóììàðíîìó ïîòðåáëåíèþ. Îáðàòèìñÿ ê ðàññìîòðåííîìó

ïðèìåðó 1 è ïîêàæåì, ÷òî òàêîé ïîäõîä, âîîáùå ãîâîðÿ, íå äàåò òî÷íîãî

ðåøåíèÿ.

Ïðèìåð 2.

Ïóñòü k = 2:

Âî âñåõ ðàññìîòðåííûõ ñëó÷àÿõ ðàñïðåäåëåíèÿ ñíà÷àëà áóäåò âûáðàíà

âåðøèíà 1, à çàòåì âåðøèíà 2. Îäíàêî, â ñëó÷àÿ ðàñïðåäåëåíèÿ ïî ïðèî-

ðèòåòàì, òàêîé âûáîð äàñò ñóììàðíóþ âåëè÷èíó ïîòðåáëåíèÿ 10, â ñëó÷àå

íåæåñòêîãî ðàñïðåäåëåíèÿ � 9, â ñëó÷àå æåñòêîãî � 8, 5. Õîòÿ îïòèìàëü-

íîå ðåøåíèå � âûáðàòü âåðøèíû 2 è 3 è âî âñåõ ñëó÷àÿõ ïîëó÷èòü ñóììó

10. Æàäíûé ïîäõîä äàåò âåðíîå ðåøåíèå íà ýòîì ïðèìåðå òîëüêî äëÿ ðàñ-

ïðåäåëåíèÿ ïî ïðèîðèòåòàì, íî ýòî íå ãàðàíòèðîâàííî äëÿ äðóãèõ êîíôè-

ãóðàöèé.

Êîíåö ïðèìåðà 2.

ßñíî, ÷òî ìîæíî ïîëó÷èòü òî÷íîå ðåøåíèå çàäà÷è ìîæíî ïóòåì ïåðåáî-

ðà âñåõ âîçìîæíûõ ïîäìíîæåñòâ âåðøèí âåëè÷èíû k, íî âðåìåííàÿ ñëîæ-

íîñòü òàêîãî ðåøåíèÿ, âîîáùå ãîâîðÿ, ðàñòåò ýêñïîíåíöèàëüíî ñ óâåëè÷å-

íèåì ÷èñëà âåðøèí è ðàçìåðà ïîäìíîæåñòâ. Ïîýòîìó âîçíèêàåò âîïðîñ î

ñóùåñòâîâàíèè äðóãèõ àëãîðèòìîâ, äàþùèõ òî÷íîå ðåøåíèå, íî ðàáîòàþ-

ùèõ çà ïîëèíîìèàëüíîå âðåìÿ. Äàëåå ìû ïîêàæåì, ÷òî âåðîÿòíåå âñåãî

(åñëè P 6= NP [8]�[9]), òàêèõ àëãîðèòìîâ íå ñóùåñòâóåò.

Ñôîðìóëèðóåì äâå îïòèìèçàöèîííûå çàäà÷è ðàçìåùåíèÿ ïîòðåáèòåëåé

è äîêàæåì, ÷òî â îáîèõ ñëó÷àÿõ îíè NP-ïîëíû (ñì. [9]) ïðè ëþáîì ðàñ-

ñìîòðåííîì ñïîñîáå ðàñïðåäåëåíèÿ ïîòîêà.

Çàäà÷à 1. (Îá óñòàíîâëåíèè ôèêñèðîâàíîãî çíà÷åíèÿ ôàêòè-

÷åñêîãî ïîòðåáëåíèÿ): Ñóùåñòâóåò ëè ïîäìíîæåñòâî V̂ ⊂ X òàêîå, ÷òî

|V̂ | = k è ñóììàðíàÿ âåëè÷èíà ôàêòè÷åñêîãî ïîòðåáëåíèÿ ïîñëå ðàçìåùå-

íèÿ ïîòðåáèòåëåé ðàâíà A, ãäå A çàäàíî çàðàíåå?

Çàäà÷à 2. (Îá óñòàíîâëåíèè âåëè÷èíû ôàêòè÷åñêîãî ïîòðåáëå-

íèÿ, íå ìåíüøåé çàäàííîãî çíà÷åíèÿ): Ñóùåñòâóåò ëè ïîäìíîæåñòâî
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V̂ ⊂ X òàêîå, ÷òî |V̂ | = k è ñóììàðíàÿ âåëè÷èíà ôàêòè÷åñêîãî ïîòðåáëå-

íèÿ ïîñëå ðàçìåùåíèÿ ïîòðåáèòåëåé íå ìåíüøå A, ãäå A çàäàíî çàðàíåå?

ßñíî, ÷òî çàäà÷à 2 ñîîòâåòñòâóåò îïòèìèçàöèîííîé çàäà÷å (íàéòè ìíî-

æåñòâî âåðøèí, îáåñïå÷èâàþùèõ ìàêñèìàëüíîå ïîòðåáëåíèå), à çàäà÷à 1 �

âû÷èñëèòåëüíîé (îïðåäåëèòü ìíîæåñòâî âåðøèí, åñëè èçâåñòíà âåëè÷èíà

óòå÷åê). ßñíî, ÷òî ìíîãîêðàòíûì ðåøåíèåì çàäà÷è 1 ìîæíî áåç âûïîëíå-

íèÿ äîïîëíèòåëüíûõ ïðåîáðàçîâàíèé ðåøèòü çàäà÷ó 2, íî íå íàîáîðîò.

Òåîðåìà 1 Çàäà÷à 1 ÿâëÿåòñÿ NP-ïîëíîé íåçàâèñèìî îò ñïîñîáà ðàñïðå-

äåëåíèÿ ïîòîêà, åñëè ôóíêöèÿ ðàñïðåäåëåíèÿ ìîæåò áûòü âû÷èñëåíà çà

ïîëèíîìèàëüíîå îò ÷èñëà äóã âðåìÿ.

Äîêàçàòåëüñòâî.

Çàäà÷à 1 ïðèíàäëåæèò êëàññó NP, ïîñêîëüêó åñëè ïðåäñòàâëåí ñåðòè-

ôèêàò ðåøåíèÿ (ñì. [8]) � ïîäìíîæåñòâî âåðøèí V̂ , òî ìîæíî ðàññòàâèòü

ïîòðåáèòåëåé â âûáðàííûõ âåðøèíàõ è ïðîâåðèòü ðåçóëüòèðóþùèé ïîòîê

çà ïîëèíîìèàëüíîå âðåìÿ. Àëãîðèòì ðàçìåùåíèÿ: ïðîâåñòè òîïîëîãè÷å-

ñêóþ ñîðòèðîâêó ñåòè (÷òî âîçìîæíî, ò.ê â ñåòè íåò êîíòóðîâ), íà÷èíàÿ

îò èñòî÷íèêà. Äàëåå, äâèãàÿñü ïî ïîëó÷åííîìó â ðåçóëüòàòå ñïèñêó, ðàçìå-

ùàòü ïîòðåáèòåëåé, ïåðåñ÷èòûâàÿ âûõîäÿùèé ïîòîê è ïðèìåíÿÿ ôóíêöèþ

ðàñïðåäåëåíèÿ, ïî óñëîâèþ âû÷èñëÿåìóþ çà ïîëèíîìèàëüíîå îò ÷èñëà äóã

âðåìÿ.

Ñâåäåì çàäà÷ó î ñóììå ïîäìíîæåñòâà ê çàäà÷å 1.

Ïóñòü N = |S|, ãäå S �ýòî íåêîòîðîå çàäàííîå ìóëüòèìíîæåñòâî íàòó-

ðàëüíûõ ÷èñåë. Ïîä ìóëüòèìíîæåñòâîì áóäåì ïîíèìàòü ìíîæåñòâî, âîç-

ìîæíî ñîäåðæàùåå îäèíàêîâûå ýëåìåíòû)

Ïîñòðîèì ñåòü G(X,U, f) ñëåäóþùèì îáðàçîì. Îïðåäåëèì ìíîæåñòâî

âåðøèí X = {s, 1, . . . , N, t}, ãäå âåðøèíû s è t ÿâëÿþòñÿ ñîîòâåòñòâåííî

èñòî÷íèêîì è ñòîêîì ñåòè G. Äóãè ñåòè {u0, . . . , uN} òàêîâû, ÷òî f(u0) =
(s, 1), f(uN) = (N, t) è f(ui) = (i, i+ 1), äëÿ âñåõ i ∈ [1;N − 1]Z .

Çàôèêñèðóåì íåêîòîðóþ íóìåðàöèþ ýëåìåíòîâ âî ìíîæåñòâå S: S =

{S1, . . . , SN}. Ïîëîæèì ïðîïóñêíûå ñïîñîáíîñòè âñåõ äóã ñåòè G, à òàê-
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æå âåëè÷èíó ñòàðòîâîãî ïîòîêà Fstart ðàâíûìè âåëè÷èíå
N∑
i=1

Si. Âåëè÷èíû

ïîòðåáëåíèÿ â âåðøèíàõ ñåòè G çàäàäèì ñëåäóþùèì îáðàçîì: ψ(i) = Si

äëÿ âñåõ çíà÷åíèé i ∈ [1;N − 1]Z .

Çàìåòèì, ÷òî ïîñòðîåíèå ñåòè G îñóùåñòâëÿåòñÿ çà ïîëèíîìèàëüíîå âðå-

ìÿ.

ßñíî, ÷òî åñëè ñóùåñòâóåò ñïîñîá âûáðàòü k ÷èñåë ìíîæåñòâà S òàê,

÷òîáû èõ ñóììà áûëà ðàâíîé çàäàííîìó ÷èñëó A, òî ñóùåñòâóåò ñïîñîá

âûáðàòü K âåðøèí-ïîòðåáèòåëåé â ïîñòðîåííîé ñåòè G òàê, ÷òîáû âåëè÷è-

íà ôàêòè÷åñêîãî ïîòðåáëåíèÿ â ñåòè áûëà ðàâíà A. Îáðàòíîå òàêæå âåðíî.

Ïîñêîëüêó çàäà÷à îïðåäåëåíèÿ ñóùåñòâîâàíèÿ k-ýëåìåíòíîãî ïîäìíîæå-

ñòâà ñ çàäàííîé ñóììîé NP-ïîëíà (ñì. [9]), òî è çàäà÷à 1 òîæå NP-ïîëíà.

Òåîðåìà 2 Çàäà÷à 2 äëÿ ñëó÷àåâ ðàñïðåäåëåíèÿ ñ ïðèîðèòåòàìè è

íåæåñòêîãî ðàñïðåäåëåíèÿ NP-ïîëíà â ñèëüíîì ñìûñëå (ñì. [9]).

Äîêàçàòåëüñòâî. Àíàëîãè÷íî çàäà÷å 1, ìîæíî ïîêàçàòü ïðèíàäëåæ-

íîñòü çàäà÷è 2 ê êëàññó NP.

Ñâåäåì çàäà÷ó î âåðøèííîì ïîêðûòèè (ñì. [8] [9]) ê Çàäà÷å 2.

Ñâîäèòü çàäà÷ó î âåðøèííîì ïîêðûòèè áóäåì â ñëåäóþùåé ôîðìóëè-

ðîâêå: Ñóùåñòâóåò ëè äëÿ çàäàííîãî ñâÿçíîãî íåîðèåíòèðîâàííîãî ãðàôà

G âåðøèííîå ïîêðûòèå âåëè÷èíû k?

Ïîäìíîæåñòâî âåðøèí V̂ ∈ X íàçûâàåòñÿ âåðøèííûì ïîêðûòèåì, åñëè

äëÿ êàæäîé äóãè u ∈ U èëè (p1 ◦ f)(u) ∈ V̂ , èëè (p2 ◦ f)(u) ∈ V̂ .
Íà îñíîâå ãðàôà G áóäåì ñòðîèòü ñåòü G′ è, îäíîâðåìåííî ñ ïîñòðîå-

íèåì ñåòè, ðàñïðåäåëÿòü â íåé ïîòîê. Â êîíå÷íîì èòîãå áóäåò ïîñòðîåíà

ñåòü, â êîòîðîé äëÿ êàæäîé âåðøèíû x, îòëè÷íîé îò èñòî÷íèêà è ñòîêà,

áóäåò ñïðàâåäëèâî óòâåðæäåíèå: ïðîõîäÿùèé ÷åðåç x ïîòîê ðàâåí ÷èñëó

èíöèäåíòíûõ åé äóã â ãðàôå G, à ïðîõîäÿùèé ÷åðåç âñþ ñåòü ïîòîê ðàâåí

÷èñëó äóã ãðàôà G.

Ïîñòðîåíèå ñåòè è ðàñïðåäåëåíèå ïîòîêà áóäåì ïðîâîäèòü â íåñêîëüêî

ýòàïîâ:
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1. Âûáåðåì ëþáóþ âåðøèíó ãðàôà G èëè ëþáîé íàáîð íåçàâèñèìûõ âåð-

øèí. Ïîìåòèì ýòè âåðøèíû, êàê èñïîëüçîâàííûå è ïîìåñòèì èõ â î÷åðåäü

Q.

2. Ïîêà Q íå ïóñòà:

2.1. Âûáèðàåì íåêîòîðóþ âåðøèíó x èç Q è ïîëàãàåì ψ(x) = deg(x).

2.2. Åñëè äëÿ âåðøèíû x îñòàëèñü èíöèäåíòíûå åé äóãè, äëÿ êîòîðûõ

íå çàôèêñèðîâàíà îðèåíòàöèÿ, òî äîñòðàèâàåì äóãó u òàêóþ, ÷òî f(u) =

(s, x) è ïðîïóñêàåì ïî íåé ïîòîê, ðàâíûé ÷èñëó òàêèõ äóã.

2.3. Êàæäóþ åùå íå îðèåíòèðîâàííóþ äóãó u îðèåíòèðóåì òàê, ÷òî

âåðøèíà x ÿâëÿåòñÿ å¼ íà÷àëîì, è ïðîïóñêàåì ïî íåé ïîòîê, ðàâíûé åäè-

íèöå. Ïîëàãàåì äîëè ïðîõîæäåíèÿ ïîòîêà ïî ýòèì äóãàì ðàâíûìè ìåæäó

ñîáîé. Åñëè âåðøèíà íà äðóãîì êîíöå äóãè u íå ïîìå÷åíà, ïîìå÷àåì å¼ è

äîáàâëÿåì â êîíåö î÷åðåäè Q.

2.5. Åñëè âåëè÷èíà ïîëó÷åííîãî âûõîäÿùåãî èç âåðøèíû x ïîòîêà

ìåíüøå âåëè÷èíû âõîäÿùåãî, òî äîñòðàèâàåì äóãó v òàêóþ, ÷òî f(v) =

(x, t), è ïðîïóñêàåì ïî íåé ðàçíèöó âõîäÿùåãî è âûõîäÿùåãî ïîòîêà. Ýòîé

äóãå íàçíà÷àåì äîëþ, ðàâíóþ íóëþ è íàèìåíüøèé ïðèîðèòåò.

Çàìåòèì, ÷òî ïîñòðîåíèå ñåòè âûïîëíÿåòñÿ çà ïîëèíîìèàëüíîå âðåìÿ

îáõîäîì èñõîäíîãî ãðàôà â øèðèíó.

Äîêàæåì òåïåðü, ÷òî â èñõîäíîì ãðàôå G ñóùåñòâóåò âåðøèííîå ïîêðû-

òèå ìîùíîñòè k òîãäà è òîëüêî òîãäà, êîãäà â ïîñòðîåííîé ñåòè G′ ñóùå-

ñòâóåò ñïîñîá âûáîðà k âåðøèí-ïîòðåáèòåëåé òàêîé, ÷òî Fstart−B = 0, ãäå

B � ñóììàðíàÿ âåëè÷èíà ôàêòè÷åñêîãî ïîòðåáëåíèÿ â ñåòè.

Íåîáõîäèìîñòü.

Ïóñòü ìíîæåñòâî V̂ � ýòî âåðøèííîå ïîêðûòèå ìîùíîñòè k. Ïîêàæåì,

÷òî åñëè âûáðàíû âåðøèíû èç V̂ , òî â ïîñòðîåííîé ñåòè âûõîäÿùèé ïîòîê

ðàâåí íóëþ.

Ïîñêîëüêó V̂ � âåðøèííîå ïîêðûòèå, òî äëÿ êàæäîé äóãè u ãðàôà G

ëèáî âåðøèíà x = (p1 ◦ f)(u), ëèáî âåðøèíà y = (p2 ◦ f)(u) ïðèíàäëåæèò
ìíîæåñòâó V̂ .

Îòìåòèì, ÷òî âåðøèíà y ãàðàíòèðîâàííî èìååò äóãó â ñòîê, ïîñêîëüêó â
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íåå âõîäèò ïîòîê âåëè÷èíû deg+(y) ïî âõîäÿùèì äóãàì, ïðèñóòñòâóþùèì â

èñõîäíîì ãðàôå è âåëè÷èíû deg−(y) èç èñòî÷íèêà, à ïî äóãàì, îòëè÷íûì îò

äóãè â ñòîê, ïðîõîäèò òîëüêî ïîòîê âåëè÷èíû deg−(y), ïðè ýòîì âåëè÷èíà

deg+(y) íå ìåíüøå åäèíèöû.

Â ñèëó òîãî, ÷òî äóãàì, âåäóùèì â ñòîê, ïðèñâîåí íàèìåíüøèé ïðèîðè-

òåò, ñëåäîâàòåëüíî, åñëè ïîñëå ðàçìåùåíèÿ ïîòðåáèòåëåé ïî äóãå u ïðîõî-

äèò íóëåâîé ïîòîê, òî èç âåðøèíû x â ñòîê òàêæå ïðîõîäèò òîëüêî íóëåâîé

ïîòîê.

Ðàçìåñòèì ïîòðåáèòåëåé â âûáðàííûõ âåðøèíàõ ìíîæåñòâà V̂ è ðàññìîò-

ðèì êàæäóþ äóãó u èñõîäíîãî ãðàôà.

1. Åñëè ïî íåé ïðîõîäèò íóëåâîé ïîòîê, òî, êàê áûëî îòìå÷åíî ðàíåå,

â ñòîê ïîïàäàåò íà åäèíèöó ìåíüøèé ïîòîê, ÷åì äî ðàçìåùåíèÿ.

2. Åñëè ïî íåé ïðîõîäèò åäèíè÷íûé ïîòîê, òî ïîñêîëüêó V̂ � âåðøèí-

íîå ïîêðûòèå, çíà÷èò, x /∈ V̂ , y ∈ V̂ . Îòñþäà ñëåäóåò, ÷òî âåñü âûõîäÿùèé
ïîòîê èç v îáíóëÿåòñÿ è, çíà÷èò, â ñòîê ïîïàäàåò íà åäèíèöó ìåíüøèé ïî-

òîê, ÷åì äî ðàçìåùåíèÿ.

Ïîñêîëüêó çà êàæäóþ äóãó ïîòîê óìåíüøàåòñÿ íà åäèíèöó, ðåçóëüòèðó-

þùèé ïîòîê áóäåò óìåíüøåí íà |U |. Ò.ê. ÷åðåç âñþ ñåòü ïðîõîäèë ïîòîê

|U |, òî ðåçóëüòèðóþùèé ïîòîê ðàâåí 0.

Äîñòàòî÷íîñòü.

Ïóñòü äëÿ ðàçìåùåíèÿ ïîòðåáèòåëåé âûáðàíî ïîäìíîæåñòâî âåðøèí V̂

ìîùíîñòè k, íà êîòîðîì äîñòèãàåòñÿ ìèíèìàëüíîå çíà÷åíèå ðåçóëüòèðó-

þùåãî ïîòîêà Fstart − B = 0 (ñòðóêòóðà G′ òàêîâà, ÷òî V̂ ñóùåñòâóåò).

Ïîêàæåì, ÷òî V̂ ÿâëÿåòñÿ âåðøèííûì ïîêðûòèåì.

Ïðåäïîëîæèì ïðîòèâíîå, ÷òî ñóùåñòâóåò íåïîêðûòîå ðåáðî u.

Îòìåòèì, ÷òî â òàêîì ñëó÷àå ïî íåìó ïðîòåêàåò êàê ìèíèìóì åäèíèöà

ïîòîêà, ïîñêîëüêó ê â âåðøèíå x = (p1◦f)(u) ïîäâåäåíà äóãà èç èñòî÷íèêà,
÷åðåç êîòîðóþ ïîñòóïàåò ñòîëüêî åäèíèö ïîòîêà, ñêîëüêî ó âåðøèíû x

èñõîäÿùèõ äóã, íå âåäóùèõ â ñòîê.

Òàêèì îáðàçîì, â y = (p2 ◦ f)(u) ïîñòóïàåò õîòÿ áû åäèíèöà ïîòîêà ïî

âõîäÿùèì äóãàì èç âåðøèí, îòëè÷íûõ îò èñòî÷íèêà. Âåñü ïîòîê ïî èñõî-
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äÿùåé îò èñòî÷íèêà äóãå ê âåðøèíå y ðàñïðåäåëÿåòñÿ ïî èñõîäÿùèì èç y

äóãàì, íå âåäóùèì â ñòîê, çàïîëíÿÿ èõ ïîëíîñòüþ. Îòñþäà ñëåäóåò, ÷òî

ïðèõîäÿùàÿ ïî äóãå u åäèíèöà ïîòîêà áóäåò ðàñïðåäåëåíà èç âåðøèíû y â

ñòîê íàïðÿìóþ. Çíà÷èò, â ñòîê ïîïàäàåò õîòÿ áû åäèíèöà ïîòîêà. Ïîëó÷àåì

ïðîòèâîðå÷èå ñ òåì, ÷òî âåëè÷èíà ðåçóëüòèðóþùåãî ïîòîêà ðàâíà íóëþ.

Òàêèì îáðàçîì, ñèëüíàÿ NP-ïîëíîòà çàäà÷è 2 ñëåäóåò èç ñèëüíîé NP-

ïîëíîòû çàäà÷è î âåðøèííîì ïîêðûòèè.

Òåîðåìà 2 äîêàçàíà.

Ñâåäåíèå, èñïîëüçîâàííîå â äîêàçàòåëüñòâå Òåîðåìû 2, äëÿ æåñòêîãî

ñëó÷àÿ íå ïðèìåíèìî, òàê êàê îïèðàåòñÿ èìåííî íà ïðèîðèòåòû.

Âåñüìà ïðèìå÷àòåëüíî, ÷òî çàäà÷ó ïîèñêà âåðøèííîãî ïîêðûòèÿ äëÿ

äâóäîëüíîãî ãðàôà, èìåþùóþ ïîëèíîìèàëüíîå ðåøåíèå (ñì. [9]), ìîæíî

ðåøèòü ïðè ïîìîùè Çàäà÷è 2 äëÿ æåñòêîãî ñëó÷àÿ:

Âîçüìåì òî æå ñàìîå ñâåäåíèå, ÷òî è â Òåîðåìå 2, íî â êà÷åñòâå íà÷àëü-

íûõ âåðøèí îáîçíà÷èì âñå âåðøèíû ïåðâîé äîëè. Îíè, î÷åâèäíî, íåçàâè-

ñèìû.

Â ïîñòðîåííîé ñåòè íè îäíà âåðøèíà ïåðâîé äîëè íå áóäåò èìåòü äóãè

â ñòîê, ò.ê â ïðîöåññå ïîñòðîåíèÿ âñå èíöèäåíòíûå èì äóãè åùå íå áóäóò

îðèåíòèðîâàíû, à íè îäíà âåðøèíà âòîðîé äîëè íå áóäåò èìåòü äóãè èç

èñòî÷íèêà, ò.ê âñå èíöèäåíòíûå åé äóãè óæå áóäóò îðèåíòèðîâàíû êàê âõî-

äÿùèå. Â òàêîì ñëó÷àå ïðèîðèòåòû íå íóæíû.

Àâòîðû ïðèçíàòåëüíû ïðîô. Åðóñàëèìñêîìó ß.Ì. çà öåííîå îáñóæäåíèå

ñîäåðæàíèÿ ñòàòüè è áëàãîæåëàòåëüíîå îòíîøåíèå ê èõ íàó÷íîé äåÿòåëü-

íîñòè.
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The Problems of Consumers Placement in Networks with

Conditions of Flow Distribution

Sviridkin D.O., Skorohodov V.A.

Abstract:

We consider the directed networks with �ow consumption. The feature of

these networks is that some vertex has the value of �ow consumption, so value

of incomming and outcomming �ows for some vertex can be di�erent. For

these networks we consider the problems of placement resource consumers in

vertex of network under a special conditions of �ow distribution. The problems

are considered in computing and optimization formulations. The conditions of

�ow distribution are imposed in integer and real cases. As these conditions of

�ow distribution we propose strict distribution for real case and distribution

by priorities or non strict distribution with priorities for integer case. The

choosen conditions of distribution provide the property: the �ow of �xed value

is determined uniquely.

It is shown that the problems of placement of consumers may not be solved

by sequential selection in polynomial time if P 6= NP . It is proved that

the problem of ensuring a predetermined consumption value is NP-complete

problem, regardless of the selected conditions of �ow distribution. For the

problem of ensuring a maximal consumption value we proved that last one is

strongly NP-complete problem in integer case under all considering conditions.

Also we got stronger result: the optimization problem of consumers placement

is strongly NP-complete, regardless of conditions of �ow distribution.

It is shown that if P 6= NP , there are no polynomial algorithm for solving

any of considered in this paper problems.
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