Lecture 3. On point estimate

I. Moment estimate properties

Definition 1: Sequence of r.v. {X,} almost probably converge tor.v. X, if

P{Tli_r)goXn ~x}=1
Definition 2: Sequence of r.v. {X,} converges in probability to r.v. X, if
lim P{|X,, — X| <&} =1
n-—0oo

Definition 3: Sequence of r.v. {X,} converges in the distribution to r.v. X (or weakly
converges) , if for all points of continuity of the probability distribution function the
equality holds

lim Fy, (®) = E(x) or By, (x) = E(x)
n—oo
Remark 1: Convergence almost probably implies convergence in probability!

Remark 2: Convergence in probability implies convergence in distribution!

Moments properties:

The sample mean X is unbiased, consistent and asymptotically normal estimation for the
theoretical mean (expectation of r.v.)

Theorem 6
1) IfE|X;| < oo, then EX = EX; = a
2) IfE|X,| < oo, then X fEXl —a, n—o
3) IfD|X;| < oo, DX; # 0, thenvVn(X — EX,;) = N(0, DX;) (X is an

asymptotically normal estimate for the true expectation EX;; theoretical)

Proof:

According to properties of expectation:

1) EX =~ (EX;+..+EX,) = —nEX, = EX, = a — unbiased

2) and LLN: X =2 ++%) FExi =a

3) Va(X — EXy) = Zi=1X\/iE—nEX1 _ X1—EX1+\-/~-E+X,,—EXH —

[according to (CLT) :
= N(0,DX,) , where DX, = ¢ — true variance],

X1—a+-+Xy,—a

Vn
2
that is if X; € N(a, 0%) thenS, = %ZXi E N (a,%),

_ Xj—a+-+X,—a
and as result we obtain ... = e N(0,1)

z
Vvn




Theorem 7
1. IfE|X;|* < oo, then EX* = EXf =m,
2. TEIX,|* < oo, then X% L EXF = my,n >

3. If DX{ < oo, and DX{ # 0 then Vvn(X* — EX{) = ™' (0, DXY)

Theorem 8 Variance properties.
Let DX; < oo, then
1. Sample variance s? = %Z’f (X; — X)? and s3 = ﬁZ?(XL- — X)?are consistent
estimation for true variance: s2 f DX; = 02 and s¢ f DX, = o*

2. Value s? —biased estimation of variance and s3- unbiased one:

n—1 n—1
Es? = DX, = o2 # 0%,  Esi=DX, =c?
n n

3. If0 < D(X; — EX;)? < oo, then s? and s3 — asymptotically normal estimation of
the true variance: Vn(s? — DX;) = N(0,D(X; — EX;)?)

Proof:

Los2=x2-%2 ©

JEX? — (EXy)? = o?. (theorem 7.1)

n ., P 5

2 = s? Lo

— 1, so S§ =
n—1 O -1

2. ES? = E(X?—X?) =propE= EXZ — E(X?) = theor.7 = EX? — E(X?)=
[T.x. D(X) = EX? — (EX)Z] =EX? — (EX)> + D(X)) = EX? — (EX))? —

! _ L _ g2l _ntl g
D( 1X)—a nDX1 o — =07,
ESO=—1ESZ—0

3. Introduce new variablesY; = X; — a, such that :
DY, =DX,=0¢%  EY;=0

Sample variance s> ==Y (X; —a— (X — a))2 =Y2 - (V)2

sovn(s? —0?) =vVn(Y2 — (V)2 — 02) =vn(YZ - EY?) — Vn(Y)?
= (theorem7)

n 2 _ 2
_ =1 Yl\/_ TlEYl _ Y\/_Y :>{tends to} N(O DY )
n

= N(O,D(X1 - a)z)ﬂ
because: if Y fEY]L =0, thenYV/nY -0




I1. Parametric families. Point Estimate
Parametric families of distribution
Definition 1.
X={X;} — sample €
Tg( known family, unknown parameter 6 ( scalar of vector)),
00O for example:

( P, 6=1>0, Poisson
B(p), 6 =pe(0,1), Bernoulli
F _|BO p
9~ YU(ab), 0 =ab; a<b, Uniform

N(a,6%), 6 =a,6,a€R, >0, Normal
®— is the set of possible values.

Statistics - an arbitrary Borel, measurable function — 8* of the sample, 6* =
0*(X4,..X,) - estimate of 0; 8"— random value (as function of X) .

Definition 2. Statistics 6* — unbiased (8" = 6*(Xy,..X,) — estimation of the true
parameter 0; if forV8 € @, EO" =0, n — fixed

Definition 3. Statistics 6* - asymptotically unbiased estimation of 0; if V8 € @ the
convergence takes place: E@* — @ if n = oo

Definition 4. Statistics 8" = 8*(Xq,..X,,) — consistent estimation of 6, if for V 6 € 0,

0" 59, ifn— oo

Interpretation:

X/
o

Unbiasedness - no error on average (after using)

Asymptotically unbiasedness — the difference between its mean and true parameter
decrease with increasing of sample size

¢ Consistence — it means that the sequence of estimates tends to unknown parameter
with increasing of the number of observations

o

Before we proved
Theorem 9.

> estimation for the true mean is the sample average (a = EX; < a* = X), and a* -
is consistent and unbiased;
» for true variance two estimations exist:
2 _ 1 712
= 5t=- i1 (X —X)
2 _ 1 712
" So =i (K —X)
Both variances are consistent, but S? — biased and asymptotically unbiased, and S§ —
unbiased.

There are some standard methods for obtaining point estimates:



II1. Point estimate construction.
1. Moment method (MM)

The main idea: each moment of r. v. X; — is some function h of 0; substituting the
sample analogue of the moment in the inverse function h”' with respect to 0 instead of the
true value, we get an estimate 6* of the true value 0.

Let X4,..X, — the sample € Fy,0 € OcR. Function g(y) such that Eg(X;) = h(0)
(g:R—> R) and h™! —exists, 6 =h Y (Eg(Xy), 0" =h"1(gX)) =

1,1 wn
RS g ()
Let g(y) = yk(k=1,..), (— general choice) EX{‘ = h(0),

n
— 1
o= K (Ext), 6 =t (KE) = bt (aZ’“’" )
i=1

Property of MM estimation:

Let 6" = h™}(g(X)) — MM estimate of , h™! — continuous function then 8* — consistent
estimate.

Interpretation: The MM estimate is taken as an estimate of a random parameter value, at
which the true point coincides with the moment of sampling

Example : X;,..X,, — sample € uniform distribution U(0,8),6 > 0.
Determine 6; and 6, (using the first and k — th moments):
a) 61: g(y) = y; for uniform distributed random variable f.e. X;

0 _
EX1 = E,SOH = 2EX1,91 =2X

Hk k k k _k
dy == 0= "[(+DEX} > 6; = [(k + DX]

2. Maximum likelihood method (MLM)

D -

6
b) 6;: EXF = fyk
0

MLM - another approach to construct estimate of unknown distribution’s parameters using
sample (X1, ... X).

The main idea: as the most plausible parameter value will be taken the value 0,
maximizing probability of obtaining the sample (X1, ..., X,)

P(X; € (y,y +dy) = fo(y)dy (noted f(y,6) = fo ()
Given the nature of random variable, we proposed the following kind of density function:

f(y,6) = {f(y, 0), if Fy — absolutely continuous
¥ = Py(Xy =), if Fo — descrete

Here Fy— distribution family.



Definition. Likelihood function (LF) is
f(xlixZ' v X, 9) = ﬁl(Xl; 9) ’ f(XZ; 9) Tt f(Xnﬁ 9) =
n

= 1_[ f(X;,0) and (LLF) Logarithmic likelihood function

i=1
n

—is L(X1, X2, o, X0, 0) = In(f (X1, X2, .. X, 0)) = z In f(X;,6)
=1

i

Both functions are random for a fixed 6.

» For discrete case, when x = (xq, X3, ..., X, ) are values (outcomes) of random
variables X = (X, X>, ... X;,) , X; — independent then probability to obtain X
depends on 6 and equal to
fX,0) =Tl f(Xi,0) =Po(Xy = x1) - o " Pg(Xyy = %) =

= Py(Xy =x1, Xo =%, 0, X = Xp,)

» For absolutely continuous case, this function is proportional to the probability of
getting “almost” to the point (xq, x5, ..., X, ), namely is cube with the sides
dxq,dxs, ....,dx, around the point.

Definition. Likelihood estimation 8 of 0 is a value of 0 such that the maximum of the
functions f(Xq,...X,,0) or L(Xy,..,X,,0) isachieved.

Remark: maximum points for both functions are the same because of monotonicity of the
function In x (function values in extreme points are different).

Example 1.
LetX,,..,X, €P,, A1>0. Find X.

Based on density function for Poisson family distribution Py :

Ay
fiy) =P(Xy=y) =Tre 4 oy=0,1,2,..

We will determine likelihood function
I AXi . AZi=1 Xi . AnX .
f(X1, X5, o, Xy A) = Ee‘ = X_!e_n = X_!e_ n. 2> 0,
-1 i =11 i=141

l

likelihood function f — differentiated function, but easier to use L

nX

L(Xy, Xy, .. X, ) = In F(Xy,.. X,, 1) = In <HX 'e—"l> — n¥ind — lnl_[Xi! —nk
i-

partial derivative:

9 L(X{,X5,..X,,A) = nX =0
F Y i B
1 =X, where 1 — maximal value, why?

5



Example 2.

Let sample X4,..,X,, € N(a,6%),a € R,0 > 0;a,0 — unknown

FO.a,07) = e
,a,0%) = e 20°
Y \V2mo
- 1 (Xi—a)z 1 —2?=1(Xl-—a)2
LF:f(Xl,Xz,..Xn,a,az)zl_[ e 207 = ———¢ 20
i-i V2mo (2mo?)z

LLF:L(X,X5,.. Xy, a,0%)
nn n (X —a)?
=Inf(X;, X, ., X, @,0%) = —In(2m)% — 5 In(o?) - KTZ)

Find extreme points:

oL 2% (X;—a) nX-na

da 202 o2
6L__ n n ?=1(Xi_a)2_0
da? 202 20%

n
_ 1
LM estimations : nX —na=0; —0? + EZ(XL- -a)?=0
i=1
a=X, 6% = }l " (X; — X)? = 5? —identical to the first and second empirical

moments.

IV. Estimate Comparison.
1. Mean square approach (MSA)
There are examples where the estimates according to MM and LM are different.

Let’s introduce “distance” between true parameter 0 and its estimation 8 as expectation of

deviation E(@ — 6)*for each permissible 0.
Let X;,..X,, —sample € Fy,0 € 0.

Definition. 67 better than 6, in sense of MSA4, if forany 6 € 0,
E(6; — 0)> <E(6; — 6)?

2. Asymptotically normal estimate (ANE)

MSA creates problems for calculation moment of 8* — 6, because of density functions
non-linearity leads to methodological difficulties, often.

Statement. Let X{, X;, ... X;, — sample € Fy,0 € 0.
Estimation 6* is called ANE of 8 with variance a2(8),
ifforV 8 € O there is a weak convergence:

Vn(6* — 6) = N (0,0%(F)) or the same ‘/50;(_9)9

= N(0,1),n >



Remark. This statement important for estimates sequence,
to determine confidence interval, or statistical tests.

Definition
It is said that there is weak convergence ¢, — F, if for v () x — point

of function continuity take a place convergence P(¢, < x) - F(x) asn — o



