
Lecture 3

Lagrange methods



Lagrange methods

The Lagrange method is a very important method for optimizing constrained
functions. The same method is used in the support vector machine.

In mathematical optimization method of Lagrange multipliers is a strategy for
finding the local maxima and minima function subject to equation constraints
(i.e., subject to the condition that one or more equations have to be satisfied
exactly by the chosen values of the variables).



Lagrange methods

The basic idea is to convert a constrained problem into a form such that the
derivative test of an unconstrained problem can still be applied.

In the general case, the Lagrangian is defined as:
𝐿 𝑥, 𝜆 = 𝑓 𝑥 + 𝜆, 𝑔(𝑥)

where 𝜆 − the Lagrange multiplier.

In the simple case, this simplifies to
𝐿 𝑥, 𝜆 = 𝑓 𝑥 + 𝜆𝑔(𝑥)



Lagrange methods

So, in order to find the maximum or minimum of a function 𝑓 𝑥 subjected to the
equality constraint 𝑔 𝑥 = 0 find the stationary points of 𝐿 𝑥, 𝜆 . This means that
all partial derivatives should be zero, including the partial derivative with respect
to 𝜆:

𝜕𝐿

𝜕𝑥
= 0 and 

𝜕𝐿

𝜕𝜆
= 0

or equivalently 
𝜕𝑓(𝑥)

𝜕𝑥
+ 𝜆

𝜕𝑔(𝑥)

𝜕𝑥
= 0 and 𝑔 𝑥 = 0.



Lagrange methods

The solution corresponding to the original constrained optimization is always a
saddle point of the Lagrangian function, which can be identified among the
stationary points from the definiteness of the bordered Hessian matrix.



Lagrange methods. Single constraint

For the case of only one constraint and only two choice variables, consider
the optimization problem:

𝑓 𝑥, 𝑦 → 𝑚𝑎𝑥
𝑔 𝑥, 𝑦 = 0

We assume that both 𝑓 and 𝑔 have continuous first partial derivatives.

Lagrange function looks like:
𝐿 𝑥, 𝑦, 𝜆 = 𝑓 𝑥, 𝑦 + 𝜆𝑔(𝑥, 𝑦)



Lagrange methods. Single constraint



Lagrange methods. Single constraint

If 𝑓 𝑥0, 𝑦0 is a maximum of 𝑓 𝑥, 𝑦 for the original constrained
problem and ∇g 𝑥0, 𝑦0 ≠ 0 then there exists λ0 such that 𝑥0, 𝑦0, 𝜆0
is a stationary point for the Lagrange function.

Suppose we walk along the contour line with 𝑔 = 𝑐 . We are
interested in finding points where f almost does not change as we
walk, since these points might be maxima.



Lagrange methods. Single constraint

There are two ways this could happen:

We could touch a contour line of f, since by definition f does not change as we
walk along its contour lines. This would mean that the tangents to the contour
lines of f and g are parallel here.

We have reached a "level" part of f, meaning that f does not change in any
direction.



Lagrange methods. Single constraint

To check the first possibility, notice that since the gradient of a function is
perpendicular to the contour lines, the tangents to the contour lines of f and g are
parallel if and only if the gradients of f and g are parallel.

Thus we want points 𝑥, 𝑦 where g 𝑥, 𝑦 = 𝑐 and ∇𝑥,𝑦𝑓 = 𝜆∇𝑥,𝑦𝑔

where ∇𝑥,𝑦𝑓 =
𝜕𝑓

𝜕𝑥
,

𝜕𝑓

𝜕𝑦
, ∇𝑥,𝑦g =

𝜕𝑔

𝜕𝑥
,

𝜕𝑔

𝜕𝑦
are the respective gradients.



Lagrange methods. Single constraint

To incorporate these conditions into one equation, we introduce an auxiliary
function:

𝐿 𝑥, 𝑦, 𝜆 = 𝑓 𝑥, 𝑦 + 𝜆𝑔(𝑥, 𝑦)

and solve:
∇𝑥,𝑦,𝜆𝐿 𝑥, 𝑦, 𝜆 = 0

Note that ∇𝜆𝐿 𝑥, 𝑦, 𝜆 = 0 implies 𝑔 𝑥, 𝑦 = 0.

So, ∇𝑥,𝑦,𝜆𝐿 𝑥, 𝑦, 𝜆 = 0 ⇔ ൝
∇𝑥,𝑦𝑓 𝑥, 𝑦 = −𝜆∇𝑥,𝑦g(𝑥, 𝑦)

g 𝑥, 𝑦 = 0



Lagrange methods. Algorithm

Algorithm for solving a nonlinear programming problem with equality constraints
using the Lagrange multiplier method:

1. Compose the Lagrange function 𝐿 𝑥, 𝜆0, … , 𝜆𝑚 = 𝜆0𝑓 𝑥 + σ𝑖=1
𝑚 𝑔𝑖(𝑥)𝜆𝑖

2. Write down the necessary conditions for an extremum:

𝜆0

𝜕𝑓 𝑥

𝜕𝑥𝑗
+ 𝜆𝑖 ෍

𝑖=1

𝑚
𝜕𝑔𝑖(𝑥)

𝜕𝑥𝑗
= 0, 𝑗 = 1, … , 𝑛

𝑔𝑖 𝑥 = 0, 𝑖 = 1, … , 𝑚



Lagrange methods. Algorithm

3. Solve the resulting system. If 𝑥 is a solution of task

ቊ
𝑓 𝑥 → max min

𝑔𝑖 𝑥 = 0, 𝑖 = 1, … , 𝑚

then, according to the theorem on the necessary condition for an extremum,
there exists a vector 𝜆 ≠ 0 such that a couple (𝑥, 𝜆) satisfies the system under
consideration. This means that we will look for the extreme points of the problem
under consideration among the solutions of the system for which 𝜆 ≠ 0.



Lagrange methods. Algorithm

4. We divide the solutions of system into two groups: irregular (𝜆0 = 0) and
regular 𝜆0 ≠ 0 . For regular solutions we assume that 𝜆0 =
𝐶 (𝑓𝑜𝑟 𝑒𝑥𝑎𝑚𝑝𝑙𝑒 𝐶 = 1).

5. Check whether the found points are extremal solutions to our problem. This
can be done either by Weierstrass’s theorem or by using the theorem on the
sufficient condition of an extremum (in the case of twice continuously
differentiable functions 𝑓 𝑥  и 𝑔𝑖 𝑥 , 𝑖 = 1, … , 𝑚).



Lagrange methods. Algorithm



Lagrange methods. Algorithm



Lagrange methods. Example

Example. Solve the constrained optimization problem:

൝
𝑓 𝑥, 𝑦 = 4𝑥 + 3𝑦 → max min

𝑥2 + 𝑦2 − 1 = 0



Lagrange methods. Example

Let us compose the Lagrange function of the problem under consideration:
𝐿 𝑥, 𝑦, 𝜆0, 𝜆1 = 𝜆0 4𝑥 + 3𝑦 + 𝜆1(𝑥2 + 𝑦2 − 1)

Let us find the partial derivatives of the Lagrange function with respect to all
variables:

𝜕𝐿 𝑥, 𝑦, 𝜆

𝜕𝑥
= 4𝜆0 + 2𝜆1𝑥;

𝜕𝐿 𝑥, 𝑦, 𝜆

𝜕𝑦
= 3𝜆0 + 2𝜆1𝑦



Lagrange methods. Example

The necessary condition for an extremum is:

𝜕𝐿 𝑥, 𝑦, 𝜆

𝜕𝑥
= 0

𝜕𝐿 𝑥, 𝑦, 𝜆

𝜕𝑦
= 0

𝑥2 + 𝑦2 − 1 = 0

൞

4𝜆0 + 2𝜆1𝑥 = 0
3𝜆0 + 2𝜆1𝑦 = 0

𝑥2 + 𝑦2 − 1 = 0



Lagrange methods. Example

Let's look for irregular solutions to the system. To do this, let's set 𝜆0 = 0 and get
the following system:

൞

2𝜆1𝑥 = 0
2𝜆1𝑦 = 0

𝑥2 + 𝑦2 − 1 = 0

The system has a solution at 𝜆1 = 0, i.e. 𝜆 = (0,0), i.e. there are no points
suspicious of an extremum.

Let's move on to finding regular solutions to the system. We assume 𝜆0 = 1:



Lagrange methods. Example

൞

4 + 2𝜆1𝑥 = 0
3 + 2𝜆1𝑦 = 0

𝑥2 + 𝑦2 − 1 = 0

Solution of this system 𝜆1 = ±
5

2
 leads to two points that are suspected of being 

extreme: 𝐴
4

5
;

3

5
;  𝐵 −

4

5
; −

3

5
.

In this example, it is convenient to use the Weierstrass theorem. It is applicable 
because we are looking for the extremum on the circle, which is a compact set, 
and the objective function is continuous. This means that f(x,y) reaches its 
maximum and minimum on the circle.







Lagrange methods. Example

Example. Solve the constrained optimization problem:

ቐ
𝑓 𝑥 = 7𝑥1𝑥2 + 𝑥2𝑥3 → max min

3𝑥1 + 𝑥2 = 21
𝑥2 + 𝑥3 = 10



Lagrange methods. Example

Let us compose the Lagrange function of the problem under consideration:
𝐿 𝑥, 𝜆 = 𝜆0 7𝑥1𝑥2 + 𝑥2𝑥3 + 𝜆1 3𝑥1 + 𝑥2 − 21 + 𝜆2(𝑥2 + 𝑥3 − 10)

Let us find the partial derivatives of the Lagrange function with respect to all
variables:

𝜕𝐿 𝑥, 𝜆

𝜕𝑥1
= 7𝜆0𝑥2 + 3𝜆1;

𝜕𝐿 𝑥, 𝜆

𝜕𝑥2
= 7𝜆0𝑥1 + 𝜆0𝑥3 + 𝜆1 + 𝜆2; 

𝜕𝐿 𝑥, 𝜆

𝜕𝑥3
= 𝜆0𝑥2 + 𝜆2



Lagrange methods. Example

The necessary condition for an extremum is:
7𝜆0𝑥2 + 3𝜆1 = 0

7𝜆0𝑥1 + 𝜆0𝑥3 + 𝜆1 + 𝜆2 = 0
𝜆0𝑥2 + 𝜆2 = 0
3𝑥1 + 𝑥2 = 21
𝑥2 + 𝑥3 = 10

Let's look for irregular solutions to the system. To do this, we set 𝜆0 = 0 and
obtain the following system:



Lagrange methods. Example

3𝜆1 = 0
𝜆1 + 𝜆2 = 0

𝜆2 = 0
3𝑥1 + 𝑥2 = 21
𝑥2 + 𝑥3 = 10

The system has a solution at 𝜆1, 𝜆2 = 0, i.e. 𝜆 = (0,0,0), i.e. there are no points

suspicious of an extremum. Let's move on to finding regular solutions to the

system. We assume 𝜆0 = 1:



Lagrange methods. Example

7𝑥2 + 3𝜆1 = 0
7𝑥1 + 𝑥3 + 𝜆1 + 𝜆2 = 0

𝑥2 + 𝜆2 = 0
3𝑥1 + 𝑥2 = 21
𝑥2 + 𝑥3 = 10

The solution of this system 𝜆1 = −20
13

20
;  𝜆2 = −8

17

20
leads to a point that is 

suspected of being an extremum: 𝐴 4
1

20
; 8

17

20
; 1

3

20
.

Let us use the theorem on the sufficient condition for an extremum to check 
whether point A is a local minimum or local maximum.



Lagrange methods. Example

From the condition 𝑔𝑖
′ 𝑥 𝑑𝑥 = 0, 𝑖 = 1, … , 𝑚 of the theorem follows the system 

of equations:

ቊ
𝑑 3𝑥1 + 𝑥2 − 21 = 0

𝑑 𝑥2 + 𝑥3 − 10 = 0

Where from the properties of the differential:

 ቊ
3𝑑𝑥1 + 𝑑𝑥2 = 0
𝑑𝑥2 + 𝑑𝑥3 = 0

⇒ ቐ
𝑑𝑥1 = −

1

3
𝑑𝑥2

𝑑𝑥3 = −𝑑𝑥2

            



Lagrange methods. Example

Next, we define all the partial derivatives of the second order of the Laplace 
function:

𝜕2𝐿 𝑥, 𝜆

𝜕𝑥1
2 = 0;

𝜕2𝐿 𝑥, 𝜆

𝜕𝑥2
2 = 0;

𝜕2𝐿 𝑥, 𝜆

𝜕𝑥3
2 = 0;

𝜕2𝐿 𝑥, 𝜆

𝜕𝑥1𝜕𝑥2
=

𝜕2𝐿 𝑥, 𝜆

𝜕𝑥2𝜕𝑥1
= 7;

𝜕2𝐿 𝑥, 𝜆

𝜕𝑥1𝜕𝑥3
=

𝜕2𝐿 𝑥, 𝜆

𝜕𝑥3𝜕𝑥1
= 0;

𝜕2𝐿 𝑥, 𝜆

𝜕𝑥2𝜕𝑥3
=

𝜕2𝐿 𝑥, 𝜆

𝜕𝑥3𝜕𝑥2
= 1

Let us form the second differential of the Laplace function. To do this, let us recall 
that the second differential of a function of three variables has the form:



Lagrange methods. Example

𝑑2𝑓

=
𝜕2𝑓 𝑥, 𝑦, 𝑧

𝜕𝑥2
𝑑𝑥2 +

𝜕2𝑓 𝑥, 𝑦, 𝑧

𝜕𝑦2
𝑑𝑦2 +

𝜕2𝑓 𝑥, 𝑦, 𝑧

𝜕𝑧2
𝑑𝑧2 + 2

𝜕2𝑓 𝑥, 𝑦, 𝑧

𝜕𝑥𝜕𝑦
𝑑𝑥𝑑𝑦

+ 2
𝜕2𝑓 𝑥, 𝑦, 𝑧

𝜕𝑥𝜕𝑧
𝑑𝑥𝑑𝑧 + 2

𝜕2𝑓 𝑥, 𝑦, 𝑧

𝜕𝑦𝜕𝑧
𝑑𝑦𝑑𝑧

The second differential of the Laplace function at point A has the form:

𝑑2𝐿 𝐴, 𝜆 = 0𝑑𝑥1
2 + 0𝑑𝑥2

2 + 0𝑑𝑥3
2 + 14𝑑𝑥1𝑑𝑥2 + 0𝑑𝑥1𝑑𝑥3 + 2𝑑𝑥2𝑑𝑥3

= 14𝑑𝑥1𝑑𝑥2 + 2𝑑𝑥2𝑑𝑥3



Lagrange methods. Example

Let's use the expression obtained earlier 𝑑𝑥1 = −
1

3
𝑑𝑥2, 𝑑𝑥3 = −𝑑𝑥2 and

substitute this expression into the second differential of the Laplace function:

𝑑2𝐿 𝐴, 𝜆 = 14𝑑𝑥1𝑑𝑥2 + 2𝑑𝑥2𝑑𝑥3 = −
14

3
(𝑑𝑥2)2−2(𝑑𝑥2)2= −

20

3
(𝑑𝑥2)2< 0

Since the second differential of the Laplace function at point A is less than zero,

this means that point A is a strict local maximum.



Lagrange methods. Example
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