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- Types of square matrices

« Structure of square matrices with respect to
location of zero entries

« Vector and matrix norms




Types of square matrices: symmetric and Hermitian

e The choice of solution method often depends on the structure of a matrix.
For example, symmetry has an impact on the eigenstructure

e Symmetric matrix e Skew-symmetric matrix
A" =4 A" =-4
e Hermitian matrix e Skew-Hermitian matrix
A" = 4, where A" = A" A" =-4

Properties of Hermitian matrices

1) det A e R (determinant is a real scalar)

2) if A is Hermitian, then A~ (if exists) is Hermitian

3) if A, B are Hermitian, then AB is Hermitian < AB = BA
<> stands for "if and only 1f"

4) i1f A, B are Hermitian, then A+ B 1s Hermitian
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Types of square matrices: positive and negative,
normal, unitary and orthogonal

e Positive matrix a, >0, i,j=Ln

e Non-positive matrix a,<0, i,j=1n

e Negative matrix a; <0, i, j=1,n

e Non-negative matrix a; 20, i, j=1,n

e Normal matrix

A" A= AA" (or A" A= AA" for real matrices)

e Unitary matrix (usually denoted as Q) For nonsquare Q € C"”
0”0 =00" =1, where I is identity matrix |either 0”0 =1, (orthonormal columns)
Property: O~ = Q0" or 00" =1 (orthonormal rows)

e Orthogonal (orthonormal) matrix is a unitary real matrix Q € R™

0'0=00" =1
Property: ' =0’
-




Structures of square matrices with respect to location
of zero entries: diagonal, triangular, Hessenberg

e Diagonal matrix a; =0 for Vj #1

V stands for "for every" or "for any"

Notation: 4 = diag(a,,,a,,,...,a,,)

e Upper-triangular matrix e Upper-Hessenberg matrix
a;, =0, forVi> j a;, =0, forVi,j: i>j+1

X X X X X X X X

0 x x X X X X X

0 0 x x 0 x x X

0 0 0 x 0 0 x x
e Lower-triangular matrix e [ower-Hessenberg matrix
a;, =0, for Vi<j a, =0, forVi,j: i<j+1

x 0 0 0 x x 0 0

x x 0 0 x x x 0

x x x 0 X X X X

X X X X X X X X
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Structures of square matrices with respect to location
of zero entries: bidiagonal, tridiagonal, banded
e Upper-bidiagonal matrix

a;, =0, forVj#iorj#i+l

e [Lower-bidiagonal matrix

a, =0, forVj#iorj#i-1

e Tridiagonal matrix

a;, =0, for Vi, ;: ‘j—i‘>1

Notation: 4 = tridiag(a,, ,,a;,q, ,,)

e Banded matrix

a, #0 < i—m; < j<i+m,, where m,,m, are positive integers
m, +m,_ +1 1s the bandwidth

m, 1s the lower bandwidth: g, =0, for Vi> j+m,

m, 18 the upper bandwidth: a;, =0, for Vj>i+m,
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Structures of square matrices with respect to location
of zero entries: block, block diagonal and tridiagonal

e Block matrix

A, ... A4,

A=| ... .. ... |, where kx/ are block sizes of A
4, ... A4,

e Block-diagonal matrix

A4, =0, forVj#iorj#i-1

e Tridiagonal matrix

4,=0, forVi,j: |j—i|>1

Notation: 4 = tridiag(4;,_,, 4;, 4; ,,,)

1,12 “7i>“7

e Permutation matrix 1s the identity matrix with its rows (or columns) permuted

Example
0 0 1
P=/1 0 0
0O 1 O
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Inner product

Let's consider a complex space X < C” (X 1s a subspace of C").

Note that C” is the space of vector-columns.

For the vectors x, y € X an inner product

is a mapping s(x, y) : X x X — C, which satisfies the following properties:
1) s(x, y) 1s linear by x

S(AX + 4%, ¥) = As(x, )+ A4s(x,,y) Vx,x, € X, 4,4, €C

2) s(x,y) 1s Hermitian

s(y,x)=s(x,y) Vx,ye X, therefore s(x,x) e R
3) s(x, y) 1s positive definite: s(x,x) >0 and s(x,x)=0< x=0

s(x,00=0 Vxe X, 5(0,7)=0 VyeX. Cauchy - Schwartz inequality

Proof. s(x,0)=s5(x,0-y)=0-5(x,y)=0 ‘S(xa J/)‘z <s(x,x)-s(y,y)

o
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Euclidean inner product
When X =", the inner product s(x, ) is called Eucledian and denoted by (x, ).

X N

X n W2 n
For the vector-columns x = eC”, y= eC

xl’l yl’l

(x,)) :inyi =NV TR, T XY,

i=1

In a matrix form (using matrix multiplication): (x, y) = " x (3" is vector-row)

For X =R" (x,y) = le.yl. =Xy, +X,¥, +...+x,¥,, in a matrix form: (x,y)= ' x

i=1

(x, x) = inz =x +x .. t+x roperty
i=1 (AX,)/):(X,AH);)ZO vxecn,yecm, Ae@mxn

Proposition. Unitary matrices preserve inner product:
(Ox,0y)=(x,y) YOeC"™ a is the beginning of proof
2 (Ov.09) = (x.0"0y) = (x.y)=(x,y)o  Bistheendolproot Q/
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Vector norms

e Norms are needed to measure lengths of vectors and closeness of
two vectors (or matrices).

e Examples of using vector norms: estimate convergence rate of an
iterative method; estimate the error of an approximation to a given
solution

Vector norm on X < C” 1s a function X — R, denoted by Hx

5

which satisfies the following properties:

1) Hx” >(0 Vxe X (the norm is non-negative)
Hx” =0 x=0

2) HaxHZ‘a‘ : HXH VxeX, aeC

3) triangle inequality

ety <+ vxy e x
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Particular cases of vector norms

When X =C", the Eucledian norm of x € X is denoted by ||x|| , and defined by

I, =)

Hence (x,x) = HxHj
Proposition. Unitary matrices preserve the Eucledian norm:

O], =[x, voeC™

e Holder norms are most commonly used Cauchy - Schwartz inequality
for Eucledian inner product and norm

" 1/p
o, = Sk o <, i,

n
Dp=1= Hx”l = Z‘xl.‘ =‘xl‘+‘x2‘+...+
i=1

2) p=2= Bucledian norm [, = |3 | =yuf +[n +..+
i=1

3) p = = infinity norm ||x||oo = I_nla_x|xl.|
i=l,n

xn

2
xn

o
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Matrix norms

e Matrix norms can be defined by vector norms, if we represent n by
m matrices as vectors of the size nm

For matrix 4 € C*™" HAH 1s the matrix norm, if 1t satisfies

the following properties:

1) HAH >0 VAeC™ (the norm is non-negative)

|4|=0<4=0

2) || =|a|-|4] YAeC™, aeC

3) triangle mequality

|+ B|<|]+|8] vaB<C™

For matrices, which admit matrix product, there is extra property:

4) multiplicative property

[4B] <[] -5
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Operator matrix norms

e Often the term “matrix norm” refers to an operator matrix norm.
These operator norms are considered as proper matrix norms.

The set of matrix norms H-Hpq are called operator matrix norms,

if they are induced by two vector norms H-Hp and H-Hq

When p = g we have HAHp = max HApr

|, =1
e Consistency of norms

Matrix p-norm 1s consistent with a vector p-norm, 1f
4], <[], -],

Property. V4 € C"™” HA" Hp =4

k
p




Particular cases of non-operator matrix norms

e Holder matrix norms

i, =[Sl

.
j=1 i=l

1/p
j , YAeC™™, p>1

m

=2

:1 l:

VA4eC™

Dp=1 =1 norm‘

2) p =2 = Frobenius norm HAHF = \/izn: a|

.
j=1 i=l

Also ||, = \Jir(4" 4) = Jr(44™)

Property. Frobenius norm 1s consistent with the vector norm HH ,

S
S
[\

For square matrices 4 € C"" this norm is called Eucledian norm HAHE = \/

e M-norms HAH =~/mn -max|a

i,j=l,n

HAH =7n-max|a ‘ for square matrices 4 € C™”

K i,j=l,n
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Particular cases of operator matrix norms

1) maximal column norm

HAH = maxZ‘aij‘ vA4eC™

j=1,m

2) maximal row norm

‘AH —maXZ‘ ‘ V4 eC™

i=l,n

3) spectral norm
HAH2 = \/p(AAH) = \/p(AHA) VA e Cnxm

where p 1s the spectral radius (maximal eigenvalue by modulus)

It is known that all eigenvalues (the spectrum) of 4" 4
are nonnegative: (4" 4)>0

Also HAH = max o, where o, 1s the singular value,

i=l,n

: 2 - H
1.e. o;” 1s an eigenvalue of 4™ 4
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Important relations

1) Matrix spectral norm H-H , 1S consistent with vector norm H-

2 b

maximal column norm H-H 1 1S consistent with vector norm H- s

maximal row norm H-HOO 1s consistent with vector norm H-HOO

2) Matrix M-norm H-H , 1s consistent with vector norms H-

1° 27 Hoo

3) Maltiplicative property HABH < HAH : HBH holds for any operator norm

and for Frobenius norm.

4) p(A) < HAH for any matrix norm (the spectral radius is not greater

than the norm).

7] Compute the p-norm for p = 1, 2, oo, F' for the matrix

=)




