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4 Positive definite matrices

e Real positive definite matrix 4 € R™”

(Au,u) >0 Vu e R", u# 0. Recall that (4u,u) =u" Au

e Real positive semidefinite matrix 4 € R™"

(Au,u) >0 Vu e R”

e Real symmetric positive definite matrix 4 € R™", 4= A4"
(Au,u) >0 VueR", u#0

Complex matrix can be positive definite only in the case, when it 1s Hermitian
(Inner product (Au,u) can be real only when 4 = 4")

e Hermitian positive definite matrix 4 € C™", 4= A"

(Au,u) >0 VueC"',u#0

e Hermitian positive semidefinite matrix 4 € C™", 4 = 4"

(Au,u)>0 Vu e C”
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4 Positive definite matrices: theorems

Theorem 1. Complex 4 € C™" is positive definite < 4= 4" and the spectrum

o(A) >0 (i.e. all eigenvalues are positive).

Theorem 2. If A € R™" is real positive definite, then 1) 3 4™';

2)3 a>0: (Au,u) 2 aful, VueR"

Theorem 3. VA € C™" 4" 4 is Hermitian positive semidefinite.

a (A" Au,u) = (Au, Au) >0 VueC"o

Theorem 4. VA € C*" there is decomposition of A: A = H +iS, where

H = %(A +A4"), S = %(A —A™); H, S are Hermitian, iS is skew-Hermitian
i

For eigenvalues 4., i =1,n of 4 holds:
DA (H)<Re(A)< A (H)
2) ﬂ’min (S) < Im(ﬁ’z) < ﬂ’max (S)

H = %(A + A™) is called Hermitian (symmetric in real case) part of 4

I[f4eR™, ueR" then (Au,u)=(Hu,u)
The definition of a real positive definite matrix

(Au,u)>0VueR", u#0 < symmetric part of 4 is positive definite.




Positive definite matrices: important notes

e Check positive definiteness in Matlab by
Cholesky factorization: chol(A) or by
computing eigenvalues eig(A)

Example. Real matrix can be positive

definite but nonsymmetric.

(3 2 0 0)

, 1 4 0 O

Take block-diagonal 4 = :
0 0 2 0

0 0 2 2)

Its eigenvalues are {2, 5, 2, 2} are all positive.

This matrix is positive definite, but 4 # 4"

A=rand(3)
A =
0.4942  0.9037
0.7791 ©.8909
0.7150  0.3342
chol(A)

Error using chol

0.6987
0.1978
0.0305

Matrix must be positive definite.

[R,flag] = chol(A) % flag>o

R =0.7030
flag = 2

eig(A)

ans =
1.7988

-0.5585
0.1753
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Normal matrices: theorems

e Normal matrix 4 € C"™"

A" 4= A44"
Lemma. A normal triangular matrix 1s diagonal.

Theorem 1. Any normal matrix has a diagonal form :

A e C"™ is normal matrix <> A is unitarily similar to diagonal matrix:

30: A=0DQ", where D =diag(A,...,4 ), A € c(A)

Theorem 2. A € C™ is normal < any eigenvalue 4 € o(A4) is

an eigenvalue of A" (1 e o(4"))




Hermitian matrices: theorems

e Hermitian matrix A€ C™" : 4= A"
Proposition. If inner product (A4z, z) is real for Vz € C", then
A= A" (A is Hermitian)

Lemma. Any Hermitian matrix is normal.
Theorem 1. 1) Normal matrix with real eigenvalues 1s Hermitian.

2) Hermitian matrix has real eigenvalues.

Theorem 2. Any Hermitian matrix 1s unitarily similar to

a real diagonal matrix: 4 = 4” = 4 =0DQ", where D is real.

Theorem 3. V4 € C™" there is decomposition of A: A = H +iS, where

H = %(A +A4"), S = %(A —~A"); H, S are Hermitian, iS is skew-Hermitian
i

For eigenvalues A, i =1,n of 4 holds:
1) /1 (H) S Re(ﬂz) S /Imax (H)

2) Ay (8) S Im(2) < A, (5)
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Powers of matrices

Theorem 1. Sequence of matrix powers {4} converges to zero matrix:

AV >0 & p(4)<l.

Recall that p(A) 1s the spectral radius of 4: p(A) = max ‘/1‘

Aeo(A)

Theorem 2. llcl_I)g HA" Hl/k =p(A).

Theorem 3. Series of matrix powers Z A" converges < p(A4)<1.
k=0




Perturbation analysis

Consider a linear system Ax=b, A C™", be C"
x € C" 1s the vector of unknowns

x = A"'b will be exact solution

Consider a pertubed system (A4 + 5A))~c =b+0b
x is the solution of pertubed system

x will be approximate solution to 1nitial system Ax =b

Ox=Xx—Xx1s an error, hence x=x+0x

Let us find estimation of the error H5x”
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Estimation of absolute error

Consider 1nitial and pertubed systems:
1)Ax=0b

2) (A+0A)x+0x)=b+0b
Ax+A-0x+0A-(x+0x)=b+0b
Subtract (1) from (2):

Ax+ A-6x+5A-(x+5x)— Ax=b+3Sb—b, x+5x=x
A-5x+54-x=5b | A"

Sx+ A" 5A-x=A"-6b

Sx=A"(6b—5A4-x)
|ox]= |47 -(6b-54-%)

<[l

sb—54-x|<|a”|-(|ob] +[54-%

) , that

, a+bHS

follows from the properties of the norm: HAx , S HA‘ X

p p

Hence H5xH < HA_IH : (Hé‘bH + Hé‘A : ;cH) 1s the estimation of absolute error

al +[o]

o




-

Estimation of relative error

From the estimation of absolute error H5x” < HA_1H - (Hé‘bH + Hé‘A - ;CH) let us

derive the estimation of relative error

Jox| < 4|5t 4" |-loAl-|x] | =5

loxd _y oy Lo2]

WM
H5_SHA H HAH{ ‘519” H5AH J

A a4
Mﬁcond(/l)-[ ~H5b‘ +H5A
M 2l

HAH

| L o |

] 1s the estimation of relative error

where cond(A) = ‘ A HAH is the condition number of the matrix

o
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Estimation of relative error

H H |< comdiar [ lov] o4 J

[ T
When 0A=0
< cond(A)- Hé‘bH
H H [+
<cond(A)- ‘bH‘ is the estimation of relative error with respect to

approximate solution.

In a similar way it can be derived that

H H <cond(A)- H H is the estimation of relative error with respect to

2]
exact solution Q
\ V)
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Condition number

e Condition number of the matrix 4 € C™"
cond =4 1A
Condition number is relative to the matrix norm cond ,(4) = H S Hp H AHp

Properties of condition number

1)1 <cond(A) <+

2) For singular matrix cond(A) =+, otherwise 1< cond(A) <+
3) cond(aA)=cond(A) forVa+0, aaeC

4) For spectral and Eucledian matrix norms cond (Q"” AQ) = cond (A),
where QO 1s unitary

5) cond(A™") = cond(A)

6) cond(AB) < cond(A)-cond(B)

Aax (4)
A

min

7y A= A" = cond(A) =

and minimal eigenvalues of 4

, where A__ (A4) and 4_. (A4) are maximal

o
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Condition number and determinant

Condition number is used to estimate whether the problem is well- or 1ll-
conditioned, and determinant cannot be used for such purpose.

e well-conditioned matrix

cond(A) ~ 1

e ill-conditioned matrix

cond(A) ~ +w©

Example

Consider A=al, AcC™, o eC.

It is easy to show that det(A4) ="

For ‘a‘ <1 det(A) 1s small, but for ‘a‘ >1 det(A) 1s large.
However, cond(A) =1 for any norm,

thus 4 = o/ 1s a well-conditioned matrix.




/Numerical errors: three types

1) Round-off errors, which appear because of finite precision of
computer arithmetics

Example. 7 — fI(x) floating-point representation of 7 in a computer

1 — fl (%) floating-point representation 0.33333...

3
2) Algorithmic errors, or trancation errors, which appear because

the applied algorithm 1s not exact

Example. Consider a series expansion, such as Teylor series

00 (k)
=3y

Py (x—a)". Suppose that the function f'(x) is infinitely
=0 .

100 (k)

§$10@

im0 k!

3) Propagated errors, which are the errors that spread during computations

differentiable at point a, but in a computer f (x) =

Example. Input data x 1s stored as f/(x) in a computer

\_ fl(x)=x(1+¢), where ‘5‘ < ¢, (machine precision epsilon)

©
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Numerical errors and solution

Let X be an input data, R(X) is the problem solution.

Consider the problem of finding the solution of a linear system

Mx=b, M cC™, beC"

Here X = M, b is the input data, R(x) = M ~'b is the solution.

Now let us consider real input data, stored in computer X + 0.X, as there can

be input error 0 X. Suppose that we apply the algorithm A to solve the problem.

In reality we can deal with different solutions:

e R(x) 1s the exact solution for exact input data X

e R, (x) 1s the solution by algorithm A for exact input data X

e R(x+ 0x) 1s the exact solution for real input data X + o0 .X

e R, (x+0x) 1s the solution by algorithm A4 for real input data X + 0 X

N )
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Estimation of numerical errors

. HR ()= R(x)H 1s the absolute algorithmic error for exact solution or

o HR (x+0x)—R(x+ 5x)H is the absolute algorithmic error for approximate

solution
o [R-RG) the relative algorithmi f t soluti
HR(X)H 1S C rciative a gOI'I micC C1ror 10r €xacCct Solution

R(x+0x)— R(x)H is the absolute propagated error or

R,(x+0x)—R, (x)H 1s the absolute propagated error for solution by algorithm

‘R(x +ox) - R(x)H is the relative propagated error
|RG)|

Note that in practice ox 1s unavoidable, and all sorts of errors are combined.

In computer we cannot find R(x), but only R, (x + 0x).
Error of finding R, (x + 0x) instead of R(x) will be:

HRA (x+0x)— R(x)H = HRA (x+0x)+R(x+0x)— R(x+0x)— R(x)H <
| <IR,Ge 0) = R+ )|+ [ RO+ 0) - R()| Q/
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Conditioning of the problem and algorithm stability

Absolute propagated error shows how sensitive the problem is to small
changes or errors in input data.

e well-conditioned problem: small error in input data leads to a small
absolute propagated error H5x” <& = HR(x +0x)— R(x)H <&

e ill-conditioned problem: small error in input data leads to a large
absolute propagated error H5x” <& = HR(x +0x)— R(x)H > &

e stable algorithm for a well-conditioned problem: small error in input data

leads to a small absolute propagated error for solution obtained by algorithm
|ox|<e = |R,(x+6x)—R,(x)|<e

e unstable algorithm: otherwise

Dangerous situation is to apply a stable algorithm to an ill-conditioned

problem, because the error HR (x+0x)—-R, (x)H can be small,

but such answer will be wrong! @
V/




/Computational costs h

e flops (floating-point operations per second) is a measure of computer
performance, indicating the number of operations a processor can perform
per second

Examples

1)Ax+y, Ae R™", be R" requires 2mn flops.

2) lu(A), A< R™ requires %rﬁ flops.

The aim 1s to choose an algorithm that requires minimal flops.

e Costs of algorithm are O( f(n)) flops, where #n 1s the size of the problem.
Example. If the first part of the algorithm is O(n”) flops and the second
part is O(n) flops, the total sum will be O(n*) flops.

Properties.
O(f (n))+0(g(n)) = O(max{ f(n),g(n);)
O(f (n)-g(n)) = O(f(n))-O(g(n))
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