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Classical iterative methods for linear
systems

Simple iteration method

Jacobi method

Gauss-Seidel method and its variations
SOR, SSOR, USOR methods

Matrix splitting methods and preconditioners




Formulation of classical iterative method

Idea of an iterative method to solve the system Ax =b:

1. Take initial guess x'*

2. Apply iterative process until convergence
X =G x"® +g,, where
x"“) is approximate solution at k-th iteration

G, 1s iteration (transition) matrix, g, 1s iteration vector
(k+1)

For stationary process G, =G, g, =g: x""' = Gx" +g

At every iteration x*) is improved by the modification of one

or several components of it, until convergence is reached.
This is called a relaxation step - Hx(k D x® H <g
Also the goal 1s to make the norm of the residual vector

I | = Hb — Ax™ H smaller at every iteration.

™
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The simple iteration (Richardson) method

Consider a linear system: Ax=b6, A€ C™", beC”"
Idea of the method: assume x"“*" —x'"® =7 =bh— Ax"¥
X =xO 4 = x4 b A =T - )XY +b

X = (1= )x™ +b

Hence G=1—-A4, g=b

Simple iteration method converges, when M (A4) < 2,

where M (A) 1s maximal eigenvalue of 4
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Jacobi method

Consider splitting of matrix A:
A=D—-E-F r

-E is a strictlower partof A4, E = {—aij},j <1

—-F is a strict upper partof 4, F = {—aij},j > 0 -E

D is a diagonal partof A, D = {a;;},i =1, ...,n
Ax=b, AcC", be(C"

(D—E—F)x=b Component - wise form:
— —_— x o
(k 1) (k)
Dx=(E +F)x+b L AR
. ll J=1 ii
[terative process: j#i
Dx* ) = (E+ F)x® 4+ b When we compute x“*, we
already know previous entries
Matrix form:
(k+1) (k+1) (k+1)
Xicl > Xisg 5 -5 X

=D NE+F)x" +D7'b
G, =D (E+F)=I-D"4, g,=D'b
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Gauss-Seidel method

Consider splitting of matrix A:
A=D—-E—-F

—-E is astrictlower partof A, E = {—aij},j <
—Fis a strict upper part of 4, F = {—aij},j >0
D is a diagonal partof A, D = {a;;},i =1, ...,n

Ax=b, AcC™, beC" = (D-E-F)x=b

(D-E)x=Fx+b

Iterative process:

(D—E)x"" =Fx" +b

Matrix form:

D =(D-E)y"'Fx" +(D-E)'b
=(D-E)'F=I-(D-E)"'4, g.c=(D-E)"'b

Component - wise form:

(k+1) Za]x(kﬂ) Z Cl (k) +

zz j= 1 zz Jj=it+l ll

—-F
D
-E
k) |
xl( +1) Use
" these
xg T entries
NS R
x(k+1)
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Variations of Gauss-Seidel method: backward

and symmetric (3
Backward GS (E & F): x(k+1)
Matrix form: 2
D =(D-F)'Ex"® +(D-F)"'b KU+

Component - wise form:

b.
(k+1) (k) (k+1) i coc Use
a. x Cl +—
Z ij Z a.. (k+1) } these
ii
' J

d;; j=1 a;; J=i+l i
\x entries

n
Symmetric GS: comblne one iteration

half-step of GS with one iteration half-step of backward GS
1
k+—
x( 2) =(D-E)"'FxX" +(D-E)'b
)
NV =(D-F)"Ex* Y +(D-F)"'b

=
By eliminating x' >/, we get x**" = G,..x" + g, ., where

=(D=F)'E(D=E)"'F, ggs =(D-F)"'D(D-E)"'b

S GS
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Diagonal dominance

From component-wise formulas of Jacobi and GS methods 1t can be seen,

that convergence i1s related to diagonal elements.

Row diagonal dominance of matrix 4 € C"

e weak diagonal dominance e strict diagonal dominance
n - n -
aiiZZaij,zzl,n aii>2aij,z:1,n
j=1 J=1
J#i J#i

e irreducible diagonal dominance

- n n
Vi=Ln |a, ZZ% and i : ‘aii‘>2ay,
j=1 j=1
J#i J#i

where A 1s 1rreducible, 1.e. cannot be reduced to block-diagonal form:

A A
there is no P: PAPT =| "' 1*
0 4,

Proposition. For any norm ‘/11.‘ < HA

, where A, 1s eigenvalue of 4
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Gershgorin theorem

Diagonal dominance 1s related to Gershgorin circles and location of

eigenvalues.

Gershgorin Theorem

Any eigenvalue A of matrix A € C*" is located in one of the closed

circles of the complex plane with the center in a,

and the radius R, = Z‘aij ,i=1n
j=1

J#I

Vieo(4) Ji: |A-a,l< Z\a]\
j=1

J#I
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Convergence of Jacobi and GS methods

Sufficient convergence condition

Theorem 1. If matrix 4 has strict diagonal dominance, then

Jacob1 and GS methods converge for any initial guess and
|Gasl.. <[], <1

(Recall that co denotes the maximal row norm)

Theorem 2. If matrix 4 has irreducible diagonal dominance or
strict diagonal dominance, then Jacobi and GS methods converge

for any 1nitial guess and p(G,) < p(G,) <1

O
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Successive over relaxation (SOR) method
Consider splitting of matrix : A=D—-E - F
Ax=b, AcC™, be(C"
wAx = wb
wA=wD—-wE—-oF +D—-D=(D—-oFE)—(D—-woD)—-oF =
=(D-wE)—(oF +(1-w)D)
((D-wE)—(oF +(1-®)D))x = wb
(D—-wE)x =(wF +(1-w)D)x+ wb
Iterative process:
(D - wE)x"" =(wF +(1-»)D)x"® + wb
Matrix form:
X = (D-wE) '[oF +(1-0)D]x"™ + (D —wE)™"'b
Gor = (D= 0E) ' [@0F +(1-®)D], gspr =@(D—-wE)"'b

™
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Successive over relaxation (SOR) method

Component - wise form:

(k h _ (k+1) (k) (k)
' ( Zalj J+ Zalj Xt j+(l_w)xj

ll ] =1 ll J =i+l ll
k+1

i

= wx” +(1-w)x™"

w 1s relaxation parameter, @ €[0,2]

For w =1 we get Gauss-Seidel method.
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Variations of SOR method: backward SOR

Backward SOR is derived in a similar way: E <> F’
wA=(D—-oF)—(wE+(—-w)D)
((D-wF)—(wE+(1-w)D))x = wb
(D—-wF)x=(wE+(1-w)D)x+ wb

Iterative process:
(D —wF)x"" =(wE +(1-w)D)x" + wb
Matrix form:
x* N =(D-wF) ' [wE +(1-0)D]x" + o(D—-wF)"'b
sor =(D—0F) [@E +(1-0)D], g =@(D-0F)"'b
Component - wise form:

x = [ Z a.x Z a,x ﬁk oy ) +(1- a))xg.k)

ll Jj=1 ll Jj=i+l azz
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Symmetric successive over relaxation (SSOR) method
Consider splitting of matrix 4: A=D—-E - F

Idea of symmetric SOR (SSOR) 1s to combine one iteration half-step of
SOR with one iteration half-step of backward SOR

x[k+2j =(D-wE) '[oF +(1-0)D]x"® + o(D—-wE)™'b

XV =(D—wF) ' [wE+(1- a))D]x(HzJ +w(D—-wF)"'b
Geoop =(D—0F) [wE +(1-w)D)(D—wE) ' [oF +(1-w)D],
Zoor = V(2 —w)(D—-wF) 'D(D-wE)'b

Component-wise form:

xl.[ 2 —a)[—Za —— Z a;x ﬁk)+ j+(1—a))x§.k), i=12,..,n;

i j=1 zz J=i+l azz




Variation of SSOR method:
unsymmetric SOR (USOR)

In USOR two different relaxation parameters

@, and w, are used:

1
k+—
x( 2j =(D-wE) ' [oF +(1-0)D]x" +w(D-wnE)"'b

k+l

X =(D-@,F) '[@w,E+(1- a)z)D]x( 2) +w,(D—w,F)"'b

O




Convergence of SOR method

Theorem 1. If matrix 4 1s symmetric positive definite,
then SOR method converges for any 1nitial guess for any
w e (0,2).

Theorem 2. If matrix 4 1s symmetric and all its diagonal
elements are positive a, >0, then SOR method converges

for any 1nitial guess for any w € (0,2) < A4 is positive definite.

O
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Matrix splitting

Consider matrix splitting: A =M — N,

where M 1s nonsingular, system Mx = b may be easy to solve,

M may be good approximation to A.

Ax=>b

(M —-N)x=>b

Mx =Nx+b

[terative process:

Mx") = Nx® + b

X = MNP+ MTh=Gx"" + g
Iteration matrix G=M 'N, g=M"'b
G=M'N=M"'(M-A)=1-M""4




g Preconditioners A

(k+1)

The iteration x“™ = Gx") + g can be viewed as technique for solving

(I-G)x=g

Since G=1-M "4, g=M"'b
(I-1+M"'Ax=M"b

M 'Ax=M""b

System M ' Ax = M ~'b is a preconditioned system
for original system Ax = b. It has the same solution.

Matrix M 1s called a preconditioning matrix or preconditioner

The preconditioned system M ~' Ax = M ~'b may be less sparse than

initial system Ax = b. Preconditioner M may be sparse, but its inverse
M not.

O




" Iteration matrix and preconditioning matrices for

the main iterative methods
In general for the iterative method we have: G=M 'N=1-M"'A.
Jacobi method:
G, =D'(E+F)=I-D"'4
M,=D, N,=D—-A4
Gauss-Seidel method:
=(D-E)Y'F=I-(D-E)'4
M.,=D—-E, N, =F
SOR method:
=(D—-wE) '[oF +(1-w)D]

1 1
My =—D—E, Ny =—[(1- @)D+ @F |
) 0

S OR

SSOR method:
= (D-owF) '[wE +(1-0)D](D - wE) '[0F + (1 —~w)D],

M,p = 1 (D—-wE)D (D-wF), Ny, =
NG (2 - w) (2 — )

SS OR

(D+wF)D™' (D + a)@

™
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