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Projection methods for linear
systems

Idea of projection
General formulation of projection method
1D projection methods




ldea of projection method

~

Search the solution ¥ of the system Ax = b, A € C"*",
b € C" in the search subspace K ¢ C"

If dim(K) = m (the basis of K is defined by m
vectors), then it is necessary to impose m constraints
to extract approximate solution

These constraints are defined by the subspace of
constraints L, which should also have m vectors in
the basis: dim(L) = m

Typical way to impose constraints is to take
orthogonality condition, making residual

r = b — AX orthogonal to the subspace of
constraints L: r L L (Petrov-Galerkin condition)
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General formulation of a projection
method

X is initial guess, K is the search subspace, L is the
subspace of constraints

Express approximate solution ¥ as X = xy + 0,
where § is correction vector 6 € K

We need to find solution X € xy + K, such that residual
r=b—Ax L L

Calculate initial residual vy = b — Ax,, then
r=b—AX=b—Axg+06)=b—Axy —Ad =15 — Ab
r=1y— A0 1L A5

'r'"ll:'h.:

L o

(ro—A6,w) =0, Vw € L
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/I\/Iatrlx representation of a projection method

Consider a linear system Ax =b, A € C™"

Size n of the system 1s large

Take a search subspace K < C", dim(K)=m <<n
v, V,,...,v, | 18 the basis in K

Form a matrix with basis vectors as columns:

(1 )

V=lv v, .. v |, VeC"™ veC" i=1lm

m

U )

Take a subspace of constraints L — C*, dim(L)=m << n

{w, w,,...,w 1} 1s the basis in L

Form a matrix with basis vectors as columns:
A

(] |

W=lw w, .. w | WeC", weC, i=1m

m

N U o




4 . . L. O\
Matrix representation of a projection method

Approximate solution X is given by X = x,+0, 0oe Kc(C"

Let's represent correction vector o as a linear combination of

basis vectors of K: o =y v, +y,v, +...+y v =Vy, where
y=(¥,¥,,...,», ) is the vector of the coefficients of linear combination
(1 A

V' is the matrix of the basis vectors: V' =|v, v, .. v |, VeC"",

o )
VieCna yieca izlam = ;CIXO+5:XO+V)/

Orthogonality condition (7, — 40, w) =0 Vw e L 1s equivalent to the
condition for the basis vectors of L:

(r,— Ao,w,)=0; {w,w,,...,w_} 1s the basis in L

(ry—A4Vy,w,) =0
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Matrix representation of a projection method

(r,—AVy,w)=0, w, eC", i=1m

Recall that an inner product can be written as matrix product: (a,b)=>b"a

Matrix of basis vectors in L: /W =

]

W

.

w,

| 3\

w

m

)

; W E (Cnxm

Hence mner product (r, — AVy,w,) = 0 in matrix form is:

W (r,—AVy)=0
Whr, —W" AVy =0
WHAVy =W"r,

1) We can find y by solving the system (W" AV)y =W"r,

Formally y = (W" AV)'W"r,, matrix W" AV must be nonsingular

2) After finding y we can find the solution x of initial system Ax =5 as

x=x,+Vy=x, +V(W"AVY'W"r,

~

o




-

General projection method: matrix representation

and algorithm

* X, is initial guess

* X is approximate solution
X =x9+ 38, § =Vy, then

X =x9+Vy

* V is the matrix of the basis
vectors in K

* y is the vector of the
coefficients to be found

* W is the matrix of the basis
vectors in L

WHAVy = WHr,

¥ =xo+ VWAV IWHr,

Algorithm of general projection method

~

vy =b—Ax,
Until convergence do:

1) Select subspaces K and L, take bases

V=lv v, .. v |InK

m

.
W=lw w, .. w |InL
.

m

2) Calculate residual » = b — Ax, estimate

residual norm: HrH ,<E&

y=W"Avy'whr
3) Calculate x as x =x+Vy
End do

Take initial guess x,, calculate initial residual

3) Find y from solving the system W" AVy =W"r:




Theorems on general projection method

Matrix W" AV can be singular, even when A is nonsingular.

Example. Take a block matrix consisting of zero and identity matrices:
O ] xm : . . mxm  * . .
A= o) 0 e R™" 1s zero matrix, is / € R™" identity matrix

A 1s nonsingular. However, if we take the basis with unit orts: V' =W ={e,...,e },

then W' AV will be singular

Theorem 1. W" AV is nonsingular <> thereisnove AK, suchthatv L L

Theorem 2. If matrix A 1s positive definite and L = K or

matrix 4 is nonsingular and L = AK, then W" AV is nonsingular for any bases
WinL, V inKk.
Theorem 3. If matrix 4 is Hermitian (symmetric) positive definite, then

W" AV is Hermitian (symmetric) positive definite.

o
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One-dimensional projection methods

dim(K)=dim(L) =1

Then K = span{v}, vector v 1s the basis in K

L = span{w}, vector w 1s the basis in L

w)=0

r =r— Ao, where O 1s correction vector

new

Orthogonality condition: r

new

lwor(r,,,
Wehadx , =x+0, o=Vy=x,_, =x+Vy

Now V =v = 6 = av, where «a 1s unknown coefficient
(1 W) =0

(r—Ao,w)=0

(r—Aav,w) =0

(r,w)—a(Av,w)=0

(7, w)
(Av,w)

Hence o =

~




General algorithm of 1D projection
method

Take initial guess x,, calculate 1nitial residual 7, = b — A4x,
Until convergence (residual becomes small) do:
1. Select v and w as bases for K and L

2. Take approximate solution x, calculate residual » = b — Ax,

compute and estimate residual norm: ‘er <&
(7, w)

(Av,w)

4. Recompute approximate solution x = x + av

End Do

3. Compute coefficient o =
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Examples of 1D projection methods

e Steepest Descent Method
e Minimal Residual Iteration Method
e Residual Norm Steepest Descent Method

~




g Steepest Descent method (SDM)

Matrix 4 € R™ is symmetric positive definite

Take L=K,v=w=r asthebasisinK =L

Algorithm of SDM

Take 1nitial guess x,, calculate initial residual 7, = b — Ax,
Until convergence (residual becomes small) do:

1. Calculate residual at current iteration », =b — 4x,,

compute and estimate residual norm: Hrk H , <&

(I",W) = . = (rkﬁrk)

(Av,w) c (Ar,,7,)
3. Compute new approximate solution x, ,, = x, + o, 1,
End Do

Here (A4r,,r,) > 0, because 4 is symmetric positive definite

2. Compute coefficient a =

Two different matrix-by-vector products are computed 1n this loop:
Ax, and Ar,
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Modification of SDM algorithm

Algorithm of SDM with one matrix-by-vector product in a loop:

Take 1nitial guess x,, calculate initial residual 7, = b — Ax,, calculate p, = Ar,
Until convergence (residual becomes small) do:

(751

(Pis7)

2. Compute new approximate solutionx, , =x, +a,r,,

1. Compute coefficient ¢, =

3. Compute new residual 7, , =7, —«, p, , estimate residual norm: Hrk+1 H2 <&

4. Compute new p, ., = Ar, ,,
End Do

Here only one matrix-by-vector product 1s computed 1n the loop: 47,

o
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Theorems on Steepest Descent method

Theorem 1. The functional f (x) = Hx — X, 2 1s minimized at every iteration

(r,r)

(Ar,r)

in the direction of —Vf(x) T7T r and coefficient = gives minimum to

2 . . . .
e where 1s x, exact solution, 7 1is the residual,

the functional f (x) = Hx — X,

|, is defined as [x], = (x,x), = (4x,x)
Convergence of SDM 1s guaranted when matrix 4 1s symmetric positive definite.

Theorem 2. If matrix 4 1s symmetric positive definite, then
A —A
1) <

max ‘min

S
ﬂ'max + ﬂ‘min

minimal eigenvalues of 4, x. is the exact solution of the system Ax = b

. x(k+1)

X x, —x ‘ L where A and A_. are maximal and

X

2) SDM converges for any initial guess

N )




Proof of Theorem 1.1

2 . e e . .
, 1s minimized at every iteration

(r,7)

(Ar,r)

Theorem 1. The functional /' (x) = Hx — X,

in the direction of — V£ (x) TT r and coefficient o = gives minimum to

the functional

a Proove that 1) —V/(x) TT r

Recall that (x, y), = (Ax, y) = y" Ax (y" Ax in real space R", also (x,y)=(y,x) in R")
fG)=]x—x.
= (Ax,x)—(Ax,x.)— (Ax., x.) — (Ax., x) =

= (Ax,x)—(Ax,x.)— (b, x.)—(b,x)=x"Ax—x," Ax—b"x, —b"x

As A4 is symmetric: A= A", thenx,” Ax =x,"A"x=(A4x,) x=b"x

X' Ax—x Ax=b"x, —b'x=x"Ax-b"x-b"x, —b'x =x"Ax-2b"x-b"x,
Hence f(x)=x" Ax—2b"x—b"x, = x" Ax —2b" x — const

Vf(x) 1s the gradient of the functional, we differentiate by x :
Vf(x)=2Ax—-2b=2(Ax—b)=—-2r, where r = b — Ax is the residual

Hence —Vf(x)=2r = -Vf(x)TTr o @
V/

i =(x—Xe,x—X), =(A(x—x.),x—x.) =




Proof of Theorem 1.2
(r,r)

Ar,r)

a Proove that 2) coefficient a =

2
L= x" Ax —2b" x — const

F)=[x—x.
Approximate solution x is recomputed in the algrorithm of SDM as x + ar
f(x+ar)=(x+ar) A(x+ar)-2b" (x+ar)—const =

=x'Ax+ax' Ar+a*r" Ar + ar’ Ax—2b"x—2ab’r + const =

=(x"Ax-b"x)=b"x+ax"Ar + ar" Ax —2ab"r + &’ r" Ar + const

ar' Ax=a(Ax,r)=a(x,A'r)=a(x, Ar) = a(A x,r) = a(4x,r) = ax’ Ar

Hence f(x+ar) = (x" Ax—b"x)—b"x+2ax" Ar —2ab"r + a’r" Ar + const

X' Ax=b"'x=(Ax) x=b"x=((Ax)" =" x=(Ax-b) x=—r"x

Dax" Ar—2ab"r =2a(x" Ar—b"r) =2a((Ax) r—b"r) =2a(Ax-b) r = 2ar'r
Hence f(x+ar)=—r"x—b"x=2ar r+a’r" Ar + const = p(cx)

dp(a) _ —2r"r+2ar" Ar. In the algorithm of SDM o = (r,7)

da (AI", l/')
T
(@) _ —2r'r+ 2—(r, r) rrAr=-2r'r+2 I; L Ar==2r"r+ 271 =0
do (Ar,r) r' Ar

(r,7)

(Ar,r)

Hence o = gives minimum to the functional O

gives minimum to the functional f'(x) = Hx — X,

2 .
4




Minimal Residual Iteration method (MRIM) A

Matrix A € R™ is positive definite

Take L = AK, v=r 1s the basis in K, w= Av = Ar 1s the basis in L
Algorithm of MRIM

Take initial guess x,, calculate initial residual 7, = b — A4x,

Until convergence (residual becomes small) do:

1. Calculate residual at current iteration 7, =b — Ax,,

compute and estimate residual norm: Hrk H2 <&

(W) ()

(Av,w) " (4r, Ar)
3. Compute new approximate solution x, ,, = x, +a,7,
End Do

Here (A4r,, Ar,) > 0, because 4 is positive definite:

2. Compute coefficient a =

Ar,  Ar)=(r,, A" Ar,)=(A" Ar,,r,) >0, as A" A4 is symmetric positive definite.
k k k k k2" k

Two different matrix-by-vector products are computed 1n this loop:

Ax, and Ar, @/
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Modification of MRIM algorithm

Algorithm of MRIM with one matrix-by-vector product in a loop:

Take 1nitial guess x,, calculate initial residual 7, = b — Ax,, calculate p, = Ar,

Until convergence (residual becomes small) do:

1. Compute coefficient o, = (Pi-7)
(Ds> Py)

2. Compute new approximate solutionx, , =x, +a,r,,

3. Compute new residual 7, , =7, —«, p, , estimate residual norm: Hrkﬂ H2 <&

4. Compute new p, ., = Ar, ,,
End Do

Here only one matrix-by-vector product 1s computed 1n the loop: 47,

o




Theorems on Minimal Residual Iteration method

Theorem 1. The functional ' (x) = Hb — AxHi = HrHj 1s minimized at every iteration

in the direction of », where 7 is the residual.
Convergence of MRIM 1s guaranted when matrix 4 1s real positive definite.

Theorem 2. If matrix A4 is real positive definite, then

2
D) il = 1_%“’%

1 . "
,» wWhere pp=—A4_. A 1s the minimal
2

eigenvalue of A+ A", and o =4,

2) MRIM converges for any initial guess
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Residual Norm Steepest Descent method (RNSD) A

Matrix 4 € R™ is nonsingular

Take L = AK, v= A"r is the basis in K, w= Av is the basis in L

T T T v 2
In general o = (r, ) = here a, = (., A4'1,) — (A7, Ar) _ (Vs V) _ H kH22
(Av,w) (Av,,Av,) (Av,Av,) (Av,,Av,) HAkaz

Algorithm of RNSD

Take initial guess x,, calculate initial residual r, = b — Ax,
Until convergence (residual becomes small) do:

1. Calculate residual at current iteration r, = b — Ax,,

compute and estimate residual norm: Hrk H , <&

2. Compute v, = 4'r,

2
2. Compute coefficient a = (r,w) =, = HLHZ
[4v.]

(Av,w)

3. Compute new approximate solutionx, , = x, +a,r,
End Do

Three different matrix-by-vector products are computed in this loop: Ax, , 4'7; Avke/




8 Modification of RNSD algorithm

Algorithm of MRIM with two matrix-by-vector products in a loop:

Take initial guess x,, calculate initial residual 7, = b — Ax,

Until convergence (residual becomes small) do:

1. Compute v, = A'r,, p, = Ar,

2
Vil

2
HAV/«Hz

2. Compute coefficient o, =

3. Compute new approximate solutionx, ., = x, + a,r,,
4. Compute new residual ,, =, —a, p,, estimate residual norm: Hrk+l HZ <&

End Do

Here only two matrix-by-vector products are computed in the loop: 4", and A4r,

N o




Theorems on Residual Norm Steepest Descent
method

Theorem 1. The functional f(x) = Hb — AxHi = Her 1s minimized at every iteration

in the direction of —Vf(x), where r is the residual.
Convergence of RNSD 1s guaranted when matrix 4 is nonsingular.

Theorem 2. If matrix 4 is nonsingular, then RNSD converges for any initial guess

RNSD method is SDM applied to the system A" Ax = A" b

~
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. L N
Theorems on orthogonal and oblique projection

methods

e Orthogonal projection method: L = K
e Oblique projection method: L # K

Theorem 1. If matrix 4 1s symmetric positive definite and L = K, then

the vector of approximate solution x is the result of ortho gonal projection

method on K <> x minimizes the functional f(x)= Hx — X, z on K

Theorem 2. If matrix A4 1s nonsingular and L = AK, then, then

the vector of approximate solution x is the result of oblique projection

method on K <> x minimizes the functional f(x)= Hb — AxHj = HrHj on K
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