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Krylov Subspace methods based on
Arnoldi’s orthogonalization

Definition of Krylov subspace and Krylov
subspace projection method

Arnoldi’s method of orthogonalization
Full Orthogonalization method (FOM)




Multi-dimensional projection method

For the linear system Ax = b, A € C*", b € C"
consider the case whenm > 1andm < n.
Search the approximate solution x,,, € xy, + K,,;, where
X is the initial guess, ry = b — Ax is the initial residual
K., is the search subspace, dim(K,,,) = m
L., is the subspace of constraints, dim(L,,) = m
m = b — Ax,, L L, is the residual

Approximate solution x,,, = xg + 6,,,, 0., € K,,, is correction vector.
T =79 — A6, L L,

How to choose 6,7 Ideally it should give zero residual:

r, =71, — A8, = 0. Hence §2¢5'= A~1r,

Computing &2¢¢ from solving the system A48§,,,= 1, is not efficient.

In projection method §,,, = V,,,y, where y € C™, V,,, € C™™
8 = A™ 1y
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Krylov subspace projection method

Take K,,, = K,,,(4,1y), where K, is Krylov subspace

Krylov subspace of dimension m, induced by the matrix 4 and the vector v,
is defined as K,,, (4, v) = span{v, Av, A*v, ..., A" v}

In Krylov subspace methods, the search subspace is the Krylov subspace,
induced by the matrix A and the initial residual vector ry: K;,, = K,,, (4, 1)

Any Krylov subspace method implicitly generates a polynomial q,,,_; (4) of
a degree m — 1:

Qm—l(A)rO = QoTo + alAT'O + azAZT'O + -+ am_lAm_lT'O

Approximate solution
Xm = X0 + Qm-1(A)rg = A™b

o




Arnoldi method of orthogonalization

How to build Krylov subspace K, = K, (4,v,)? The subspace 1s defined by its basis.
The basis for Krylov subspace can be constructed by Arnoldi process.

Arnoldi process is the Gram-Schmidt process which builds orthonormal set of vectors
v, v,,....,v, } =V fora given vector v, and given matrix 4 that is the basis of K, (A4,v,)
0,i#)
l,i=j

v, 2=1, i=1,m

1

Recall the definition of orthonormal set {v;,v,,...,v, }: (v;,v;) = {

Basic algorithm of Arnoldi orthogonalization
1) Choose v, : Hvl H , =1. Matrix 4 and dimension of subspace m are given.
2) Loop forj from 1 to m.

2.D) by =(Av;,v,), i=1,]

J

j
22)w, =Av,; - Zhijvi
i=1

IR 1,;,—0 = stop, else

2.3) by, =|w,| . 1F A,

w,
24) v, =—

J+Lj
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Arnoldi process for numerical

implementation

* Arnoldi process is the modified Gram-Schmidt process applied to
Krylov subspace K,,, (4, v;) induced by matrix A and vector v,

1) Choose v, : HVIH , = 1. Matrix 4 and dimension of subspace m

are given.

2) Loop forj from 1 to m.

2w, =Av,
2.2) Loop fori from 1 toj A, :=(w,,v,), w, =w, —h.v,
23)h,,, = Hw H Ith, =0 = stop,else
24) v, = hwf
j+L,J




Properties of Arnoldi process
Property 1. If all m steps of Arnoldi process are complited, then the

set of vectors {v,,v,,...,v,_} 1s the orthonormalized basis of Krylov
subspace K, (4,v,).
Property 2. From Arnoldi algorithm form the matrices:

xXm , X 1
V.=lv v, .. v |eC™;V =lv, v, .. v v  |eC*"?
b e
— .. 0,i>j+1 ; -
Huw=1%hy}, hj= 5 i£j+1;H’": . |1 H, eC
i ~ ~
hml ces hmm

H . e C"™" is Hessenberg matrix of the size m+1 by m
Then the following Arnoldi relation holds:

WAV =V.H +we =V _ H,
)V 1AV =H

0 0

0O 0 0

Upper Hessenberg

.
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Arnoldi relation 1

Recall that at the last step

1) AV, =V, H,, + wnel =V, 1 H., of Arnoldi algorithm
FOM GMRES W

From (1) we can derive two methods: whenj = m: v,,,, = ho.

L

a) FOM: AV, =V, Hpy, + wieh, = ViuHpy + Vit Rpy1im €m

b) GMRES: AV, =V,,..H,,

A | == Vin + wWnEp,

mXm \ \

nx1 1><m}

nXxn nxm L nXm J nXxm
nXxm
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Arnoldi relation 2

2 vHAv, =H,; VE AV, =H,

V., is unitary non-square matrix (orthonormal columns):

VTrI;IVm = I

(2) shows that A can be transformed to H,,,: A~H,,

H,=V1x A x V_

mXm mXn nxn n Xm

Hy = VT)I_II+1* A *x Vg

(m+1)xm (Mm+1)Xn nxn nXm
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Arnoldi process for solving the linear
system Ax=Db

* When applied to solving the system Ax = b, Arnoldi process constructs
an orthonormal basis for the search subspace K,,, = K,,,(4,r), where
K,, is the Krylov subspace and r = b — Ax is the residual vector

Arnoldi algorithm

1.

2,

—
e

@ ® N

10.
11.

define zero matrix H,, € R(mt1)xm
and zero matrix V,, ,; € R**(m+1)

B = Irll2

Arnoldi in Matlab

H=zeros(m+1,m) ;
V=zeros(n,m+1) ;
beta=norm(r) ;

S @

v =r/B V(:,1)=(1/beta)+r;

for j=1,2,..., m do _ for j=1i:m,

every loop cyele gives vy =V(:,j+1) and (hy ,..., hi1)T =H(1:541,3)
wy = Avj wi=A*V(:.1):
fori=1,2,...,jdo ) 1)

hij := (wj,v;)
wj = wy — hyjv

endfor

hjirg = w2

If hjy15 = 0 stop.

Ui = wjfhj
endfor

for i=1:j3,
H(1,3)=(V(:,1)) **w]);
wi=wj-H(1,31)=V(:,1);
end
H(j+1,j)=norm(wj);
if(H(j+1,j)==0), break, end
V(:,j+1)=(1/H(j+1,7) ) =wj;

end ‘!=|)

~




-

Arnoldi process for solving the linear system Ax=b

~

Classical examples of methods based on Arnold orthogonalization
process are FOM (Full Orthogonalization Method) and
GMRES (Generalized Minimal Residual)

In these methods, the solution is searched in the form x,,, = x¢ + 6,,,,
dnm € K,,(A,1y) is correction vector,

K., (A,19) = span{ry, Ary, A*1y, ..., A 114} is Krylov subspace

Orthogonal basis of K;,, (4, ry) is produced by Arnoldi process, where
the basis vectors are the columns of 1/,;:

om € K,,(A,15) 3y eC™: 6,, =V, y

FOM uses the first part of Arnoldi relation: AV,, = V,,H,, + w,,el,
and solves the linear system of the size m with matrix H,,

GMRES uses the second part of Arnoldi relation: AV,, = V,,..H,,, and

o

solves the linear system of size the m + 1 by m with matrix H,,
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Derivation of Full Orthogonalization method (FOM)

Consider projection method with Krylov subspace as the search subspace.
Search subspace is Krylov subspace K (4,7,) = spanir,, Ar,, A’r;,..., A" "'}
Subspace of constraintsis L, =K =K (A4,r)

(1 )
V=lv v, .. v |isthebasismK , W =V 1isthebasisinl =K

m m

. )

Approximate solution 1s given by x,_ =x,+0, =x,+V v ; 6 €K (A4,r,)

y can be found from solving the system (W " AV Yy=W "1 =

m

formallyy, =W "AV YW “r. When W_=V_we have:
y, =V "AV 'V "r, = H 'V."r, from Arnoldi relation

m o
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Derivation of Full Orthogonalization method (FOM) A

We build orthonormal basis in Arnoldi process: Hvl H , =1
As we take Krylov subspace induced by initial residual, we can take
"o

I,

the first vector as normalized 1nitial residual: v, =

Denote S = Hro

,» then 7y = fv,

Hencey, =H_ 'V 'r =H 'V Bv, = H ' Be, because

_Vl — | 1
—V, — O

VmH,BVl = ,BV,: v =p ’ v, |=/0 = e, (e, 1s the unit ort)
B A

Soy =H_ e, and we find y_ from solving the system
Hmy — ﬂel
Here H € C™", yeC", ¢, € R"” is the unit ort

We have small linear system with m equations and m unknowns, which

1s easier to solve than initial system Ax = b with large matrix A. @/




Small system in FOM

We find y from the system H  y = fe, with m equations and m unknowns

Yi=n =V yae e V)

where y., y2, .. »" are the unknowns to be found from the system
Iy Fhoye + I,y =B

<h21y,1n +hy,y + +h, v =0

]/lm,m—lynnz_1 + hmmyil:; — 0

For example for m = 4 the matrix form of the system is:

( hy h, h; h, ) N ) B )

hy, h,y, h23 hy ||y 2 0
0 hy, hy |y, 0
0 0 h43 hy, J\ V4 \ 0
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~ull Orthogonalization method (FOM)

1. Take 1nitial guess x,, calculate initial residual 7, = b — A4x,,,

1

calculate residual norm S = HrO ,» and the first vector v, =—

2. Define H, ={h e C™™,V, eC"™™. SetH, =0

3. Build the basis for Krylov subspace using Arnoldi process:
Loop forj from 1 to m.

3.D)w, =Av,
3.2) Loop fori from 1 toj i, ==(w,,v,), w, =w, —h.v,

3.3) &,

i HWJH2 Afh;,, ;=0 = m:=j, go to step 4, else

J

34) v, =
jLj

4. Find y  from solving the system H y = fe,

5. Calculate residual 7, , estimate residual norm: ||r,, |, < &.

6. Calculate new approximate solutionx, =x,+V v,

The residual in FOM can be calculated without general formular,, = b — Ax,, @

4




Calculating residual in FOM

FOM depends on the dimension of Krylov subspace m.

It 1s possible to select m so, that Hrm H ,<é&

In fact, the residual can be computed inexpensively, without having

to compute approximate solution x,

Proposition. The residual vector », of the approximate solution x,,

computed by FOM algorithm 1s defined as

_ T . _ T
Ve =Nt € VimVma and residual norm as ||rm || =M ‘em ym‘

m

a Proove the formula for residual norm: 2) Hrm H =i ‘e,f; ym‘

_ T
Asfrom 1) r, =-h, e, v,V ., =

_ T _ T
’ T hm+1,m ‘emym ‘ HVmH H2 T hm+1,m ‘emym‘

1S computed as a norm, so 4 >0,

m+1,m

1 T
Hrmuz B H hm+1,memymvm+1

because /&

m+1,m

v

m+l

1S the basis vector from orthonormal basis, so Hv

m+1

T .
, =1, ¢,y, 1sascalar. O

o
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Calculating residual in FOM

a Proove the formula for residual: 1)r, =—h,, e y,v, .,
Recall thatr =b—Ax, =b—A(x,+V vy, )=b—Ax,— AV y, =
—AV y

FromArnoldlrelatlonAV =V H +w e —VH +v__h

m+1""m+1,m m’
from FOM algorithm 7, = v, =
rm:rO_Amem:IBvl_(VmHm_i_va m+1,m m)ym IBVI_
From Arnoldi algorithmy =H 'Be, =
rm — ﬂvl B VmHmHl;lﬂel _vm+1hm+1,memym — IBVI B Vmﬂel _Vm+lh

|
| | 0
V Be=pV e=pBlv, v, .. v, =pv, =
| | 0
n,=pv =V, pe =V, h, . mym by = vy —v,., m+1,melz;ym =
— _Vm+1hm+l,memym — rm — _hm+1,me;ymvm+l .

L=V

m+1

m+1,m mym

h

m+1,m mym




Modifications of FOM

A step of FOM costs approximately 2Nz(A)+ 2mn, where Nz(A) 1s
the number of nonzero entries 1n 4.

Together with storing the basis V, , Hessenberg matrix 4, , additional vectors

2
for the current solution and right-hand side, the total 1s roughly (m + 3)n + m7

As m increases, the computational cost increases as O(m’n). The memory cost

increases as O(mn).
The 1dea of Krylov subspace methods 1s to use m << n.

So 1n order not to increase m to the value of n, there are two variations of FOM:
1) restart FOM for the fixed value of m

2) truncate the orthogonalization in Arnoldi process (see details in
Yosef Saad book, p. 168)

©




Restarted FOM(m)

1. Take initial guess x,, calculate initial residual 7, = b — A4x,),

7
and the first vector v, = -~

calculate residual norm £ = Hro .

2. Define H,, ={h;} e C™", V, e C™™.SetH, =0
3. Build the basis for Krylov subspace using Arnoldi process.
4. Find y, from solving the system H y = fe,

5. Calculate residual 7, , estimate residual norm: HrmH , <E&.

6. Calculate new approximate solutionx, =x,+V y _
If satisfied, then stop. Else

7. Setx, :=x,_ and go to step 1.

* Convergence of restarted FOM: sometimes small m is sufficient,

sometimes the largest possible m is necessary

« Variation of restarted FOM: start with m = 1 and for every run of

the algorithm increment m by 1 until certain m,,,, is reached

o




