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Multi-dimensional projection method
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For the linear system 𝐴𝑥 = 𝑏 , 𝐴 ∈ ℂ௡×௡, 𝑏 ∈ ℂ௡ 
consider the case when 𝑚 > 1 and 𝑚 ≪ 𝑛 .
Search the approximate solution 𝑥௠ ∈ 𝑥଴ + 𝐾௠, where 
• 𝑥଴ is the initial guess, 𝑟଴ = 𝑏 − 𝐴𝑥 is the initial residual
• 𝐾௠ is the search subspace, dim (𝐾௠) = 𝑚 
• 𝐿௠ is the subspace of constraints, dim (𝐿௠) = 𝑚
• 𝑟௠ = 𝑏 − 𝐴𝑥௠ ⊥ 𝐿௠ is the residual

Approximate solution 𝑥௠ = 𝑥଴ + δ௠, δ௠ ∈ 𝐾௠ is correction vector.
𝑟௠ = 𝑟଴ −  𝐴δ௠ ⊥ 𝐿௠

How to choose δ௠? Ideally it should give zero residual: 
𝑟௠ = 𝑟଴ −  𝐴δ௠ = 0.  Hence  δ௠

௕௘௦௧= 𝐴ିଵ𝑟଴

Computing   δ௠
௕௘௦௧ from solving the system 𝐴δ௠= 𝑟଴ is not efficient.

In projection method δ௠ = 𝑉௠𝑦, where 𝑦 ∈ ℂ௠, 𝑉௠ ∈ ℂ௡×௠

δ௠ ≈ 𝐴ିଵ𝑟଴



Krylov subspace projection method
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Take 𝐾௠ = 𝐾௠ 𝐴, 𝑟଴ , where 𝐾௠ is Krylov subspace

Krylov subspace of dimension m, induced by the matrix A and the vector v,
is defined as 𝐾௠ 𝐴, 𝑣 = 𝑠𝑝𝑎𝑛{𝑣, 𝐴𝑣, 𝐴ଶ𝑣, … , 𝐴௠ିଵ𝑣}

In Krylov subspace methods, the search subspace is the Krylov subspace, 
induced by the matrix A and the initial residual vector 𝑟଴: 𝐾௠ = 𝐾௠ 𝐴, 𝑟଴

Any Krylov subspace method implicitly generates a polynomial 𝑞௠ିଵ 𝐴 of 
a degree 𝑚 − 1:
𝑞௠ିଵ 𝐴 𝑟଴ = 𝛼଴𝑟଴ + 𝛼ଵ𝐴𝑟଴ + 𝛼ଶ𝐴ଶ𝑟଴ + ⋯ + 𝛼௠ିଵ𝐴௠ିଵ𝑟଴

Approximate solution
𝑥௠ = 𝑥଴ + 𝑞௠ିଵ 𝐴 𝑟଴ ≈ 𝐴ିଵ𝑏



Arnoldi method of orthogonalization
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Arnoldi process for numerical 
implementation
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• Arnoldi process is the modified Gram-Schmidt process applied to 
Krylov subspace 𝐾௠ 𝐴, 𝑣ଵ induced by matrix 𝐴 and vector 𝑣ଵ
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Properties of Arnoldi process

7

1 2

1

. If all  steps of Arnoldi process are complited, then the 

set of vectors { , ,..., } is the orthonormalized basis of Krylov

subspace ( , ).

. From Arnoldi algorithm form the 

m

m

m

v v v

K A v

Property 1

Property 2

 
 

 

( 1)
1 2 1 1 2 1

11 1

1

( 1)

m

m

| | | | | | |

... ;  ...

| | | | | | |

...
0,  1

{ },  ;  ... ... ;  
,  1

...

 is Hessenberg 

atrices:

 n m n m
m m m m m

m

m m
m ij ij m m

ij
m mm

m m
m

V v v v V v v v v

h h
i j

H h h H H
h i j

h h

H

  
 



 

   
         
   
   

 
   

        
 



 





1

 

a

r

tri

l

x of

i

 the size 1 by 

Then the i following  sArnol

)

d e

1

at on hold :

 

2) 

T
mm m m m m m

H
m m m

m m

AV V H w e V H

V AV H





  





Arnoldi relation 1
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1) 𝐴𝑉௠ = 𝑉௠𝐻௠ + 𝑤௠𝑒௠
் = 𝑉௠ାଵ𝐻௠

From (1) we can derive two methods:

a) FOM: 𝐴𝑉௠ = 𝑉௠𝐻௠ + 𝑤௠𝑒௠
் = 𝑉௠𝐻௠ + 𝑣௠ାଵ ℎ௠ାଵ,௠ 𝑒௠

்

b) GMRES:  𝐴𝑉௠= 𝑉௠ାଵ𝐻௠
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𝑛 × 1 1 × 𝑚
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Arnoldi relation 2
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2) 𝑉௠
ு𝐴 𝑉௠ = 𝐻௠;   𝑉௠ାଵ

ு 𝐴 𝑉௠ = 𝐻௠

𝑉௠ is unitary non-square matrix (orthonormal columns): 
𝑉௠

ு𝑉௠ = 𝐼௠

(2) shows that 𝐴 can be transformed to 𝐻௠: 𝐴~𝐻௠

𝐻௠ =  𝑉௠
ு  ∗   𝐴   ∗   𝑉௠

𝑚 × 𝑚        𝑚 × 𝑛        𝑛 × 𝑛      𝑛 × 𝑚

𝐻௠    =    𝑉௠ାଵ
ு   ∗       𝐴   ∗   𝑉௠

𝑚 + 1 × 𝑚     (𝑚 + 1) × 𝑛      𝑛 × 𝑛     𝑛 × 𝑚



Arnoldi process for solving the linear 
system Ax=b
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• When applied to solving the system 𝐴𝑥 = 𝑏, Arnoldi process constructs 
an orthonormal basis for the search subspace 𝐾௠ = 𝐾௠ 𝐴, 𝑟 , where 
𝐾௠ is the Krylov subspace and 𝑟 = 𝑏 − 𝐴𝑥 is the residual vector



Arnoldi process for solving the linear system Ax=b
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• Classical examples of methods based on Arnold orthogonalization 
process are FOM (Full Orthogonalization Method) and                     
GMRES (Generalized Minimal Residual)

• In these methods, the solution is searched in the form 𝑥௠ = 𝑥଴ + 𝛿௠, 
𝛿௠ ∈  𝐾௠ 𝐴, 𝑟଴ is correction vector,

𝐾௠ 𝐴, 𝑟଴ = 𝑠𝑝𝑎𝑛{𝑟଴, 𝐴𝑟଴, 𝐴ଶ𝑟଴, … , 𝐴௠ିଵ𝑟଴} is Krylov subspace

• Orthogonal basis of 𝐾௠ 𝐴, 𝑟଴ is produced by Arnoldi process, where 
the basis vectors are the columns of 𝑉௠:

𝛿௠ ∈  𝐾௠ 𝐴, 𝑟଴ ⇔ ∃𝑦 ∈ 𝐶௠: 𝛿௠ = 𝑉௠𝑦

• FOM uses the first part of Arnoldi relation: 𝐴𝑉௠ = 𝑉௠𝐻௠ + 𝑤௠𝑒௠
்

and solves the linear system of the size 𝑚 with matrix 𝐻௠

• GMRES uses the second part of Arnoldi relation: 𝐴𝑉௠ = 𝑉௠ାଵ𝐻௠ and 

solves the linear system of size the 𝑚 + 1 by 𝑚 with matrix 𝐻௠



Derivation of Full Orthogonalization method (FOM)
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Derivation of Full Orthogonalization method (FOM)
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Small system in FOM
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Full Orthogonalization method (FOM)
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The residual in FOM can be calculated without general formula 𝑟௠ = 𝑏 − 𝐴𝑥௠



Calculating residual in FOM
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Calculating residual in FOM
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Modifications of FOM
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A step of FOM costs approximately 2 ( ) 2 , where ( ) is

the number of nonzero entries in .

Together with storing the basis , Hessenberg matrix , additional vectors

for the current solution and 
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2
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The idea of Krylov subspace methods is to use .
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 order not to increase  to the value of , there are two variations of FOM:

1) restart FOM for the fixed value of 
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Restarted FOM(m)
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0. Set :  and go to step 1.mx x

• Convergence of restarted FOM: sometimes small 𝑚 is sufficient, 
sometimes the largest possible 𝑚 is necessary

• Variation of restarted FOM: start with 𝑚 = 1 and for every run of 
the algorithm increment 𝑚 by 1 until certain 𝑚௠௔௫ is reached


