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Krylov Subspace methods based on
Arnoldi’s orthogonalization

Generalized Minimal Residual method (GMRES)




Methods for solving the linear system Ax=b based on
Arnoldi orthogonalization

~

Classical examples of methods based on Arnold orthogonalization
process are FOM (Full Orthogonalization Method) and
GMRES (Generalized Minimal Residual)

In these methods, the solution is searched in the form x,,, = x5 + 6,,,
6., € K,,(A,1y) is correction vector,

K., (A,19) = span{ry, Ary, A*1y, ..., A" 115} is Krylov subspace

Orthogonal basis of K,,,(4, 1) is produced by Arnoldi process, where
the basis vectors are the columns of I/,,:

Om € K,y(A,1p) © Iy eC™ §, =V, y

FOM uses the first part of Arnoldi relation: AV,, = V., H,, + w,,el,
and solves the linear system of the size m with matrix H,,

GMRES uses the second part of Arnoldi relation: AV,, = Vs 1Hp,

and solves the linear system of size the m + 1 by m with matrix H,, a




Derivation of Generalized Minimal Residual A

method (GMRES)

Consider projection method with Krylov subspace as the search subspace.
Search subspace is Krylov subspace K, (4, 7,) = spanir,, Ary, A7y, ..., A" 1}
Subspace of constraints in GMRES is L = AK =K, (A4,r,)

V =lv, v, .. v |isthebasisinK
. |
Approximate solution is given byx, =x,+3 =x,+V y ; 0 €K (4,r,)

o0, 1s chosen so that Hrm H , —> min

We take the second part of equality in Arnoldi relation: AV, =V H.,

m+1

and the first basis vector as normalized initial residual: v, = ——, f = Hro

I

7
2?
0

2
then 7, = fv,. Recall the formula for , and substitute the previous relations 1n 1t:

r.=b—Ax, =b—A(x,+V, vy )=b—Ax,— AV vy =r,—AV vy =pv,— V, ﬁmym

+1
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Derivation of GMRES
We gotr, =pv,— V Hmym

m+1

We can represent v, asv, =|v, v, .. VvV =V e (e 1s the unit ort)

m+1Hmym :IBVmHel Vm+1Hmym :Vm+1(IBel _Hmym)
Here H, € C™"™" 3 eC", e, e R™" is the unit ort

Consider the formula for residual norm.

=H,Bel —Huny . because HVm+1H2 =l as V ., has

0
Hencer = pv,— V

HI" H — m+1 (IBel mym
orthonormal columns.

HrmH2 = H,Bel —ﬁmymHz — min

— min.

Consider the problem of minimizing the functional J(y) = H Pe, — H. I,

ym:argminH,Be1 Huy H It will be when H,Bel Hny, H =0, 1.e. Hmy = fe,
y

o




~ Small system in GMRES

We find y from solving the system H,y = Pe,.
Here H,, € C™" yeC", e, e R™" is the unit ort

This system is overdefined: it has m + 1 equations and m unknowns

For overdefined system Hon y = Pe, we have least-squares problem: H Pe, — Hon v
yi=y = ( | U yn”f) are unknowns in m +1 equations :
h11y11n+hlzy51+ +h, Y, =P
B Y+ Ty Y, +h,y, =0

hm,m—ly::_l + hmmynn; — O

PV =0
For example for m =4 the matrix form of the system is:
My hy by By ’ p
h21 h22 h23 h24 yl O
0 hy hy By “|1=] 0
0 0 Ay Ayl |0
Lloo00 )M Lo

‘ — min.
2
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Generalized Minimal Residual method (GM

1. Take 1nitial guess x,, calculate initial residual r, = b — A4x,,

N

calculate residual norm g = Hro , » and the first vector v, =—

e C™™V Set H,, =0
3. Build the basis for Krylov subspace using Arnoldi process:

2. Deﬁne Em — {hy} = (C(m+1)><m, Vm c Cnxm, |14

m+1

Loop forj from 1 to m.
3.D)w; = Ay,

3.2) Loop for i from 1 toj h, = (w,,v,), w, =w, —hv,

33)h,,, ;= HWJH2' Ith, =0 = m:=j,gotostep 4, else
w,

34) v, =—
j+L.J

4. Find y  as a minimizer of the functional J(y) = H Pe, — H. sz

(solve overdefined system H. y=pe)

5. Calculate residual » , estimate residual norm: Hrm H , <E.

6. Calculate new approximate solutionx, =x,+V y

RES)

The residual in GMRES can be calculated without general formular,, = b — Ax,,

o
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Solving overdefined system in GMRES

For overdefined system H .y = [e, we have least-squares problem:
HIB e, —Hny

This problem can be solved by transforming the Hessenberg matrix H o

‘ — min
2

into upper triangular form.

This can be done via:
1) Givens rotations

2) Housholder reflections.
The idea for both 1s to perform QR-factorization Hon = OR, where

H, e C" 0 eC"™D s unitary and R € C"* is upper triangular.

In this lecture we consider Givens rotations to obtain QR-factorization

for H ... Givens rotations will also give us the formula to calculate

the residual norm HrmH , Inexpensively.
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Solving overdefined system in GMRES

Consider the system H.n y = Pe, and QR-factorization H, = OR.

— min

We have least-squares problem: H Pe, —H. Y,
I, =|/Be,— Huy|, =]Be,~ ORY, = |BOQ" e, - ORy|, =
=|oso" e, ~Ry)|, = |BO"e

2

H,BQHe1 — Rsz — min

— Ry . because Q 1s unitary and HQH , =1

Here y e C”, R e C"*" is upper triangular matrix with zero last row,

QH EC(m+1)><(m+1), el E(Cmﬂ,ﬂ:”ro”z iS ascalar — IBQHe1 Ecmﬂ

o




Solving overdefined system in GMRES

After Givens rotations the system H .y = fe, will be transformed into

the system Ry = BQ" e, with m+1 equations and m unknowns in
the following form:

(XXXX

4 yl X
0 x x X , X
y The last element will be used to
0 0 x x =1 ...
estimate residual norm
0 0 0 x . X
000 0 «

y', ¥°,...,y" are the unknown components of vector y,

crosses x represent nonzero elements

Right-hand side vector SQ" e, is completely full, but the last (m +1)-th
equation is zero (zero row of the matrix) corresponds to nonzero right-hand

side. So this system cannot be solved exactly, but we can minimize

the norm H,BQHe1 — Rsz : @
v/
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Givens rotations

QR-factorization for H, can be obtained by Givens rotations

e Rotation matrix Q. € RV (real space) is defined as

1

1

The coefficients ¢, and s, are selected

to eleminate the coefficient /4.

i+1,i

in the matrix H . at every rotation.

<« i-th row
<« [ +1-th row

with ¢, +5,” =1

conjugate coefficients c;, s;

with ‘Ci‘z +‘sl.‘2 =1

In complex space Q. € C"*"*) we have complex

< I-th row
<« i +1-th row

o




Givens rotations
Consider the overdefined system that we solve in GMRES

Hny = pe =g,
We'll apply Givens rotations for the case when m = 4 (in real space):

Hiy=g,

(hy by by hy), o (B
hy hy  hy o hy . 0
0 hy Byl e 0
0 0 A, k|| |0
0o 0 0 a )V o)

We want to make under-diagonal 4,,, h,,, h,;, h,, elements zero.

To make four elements zero, we need to apply four rotations.

h

In general for m under-diagonal elements #4,,, ..., A

m,m—12 ""m+1,m

we need to apply m rotations.
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Givens rotations: step 1

1. Apply the first rotation Q,: for H, y= §0 we multiply both sides by €2,
Qlﬁﬂ’ = ngo

Cl Sl O O O h11 hlZ h|3 h'|4 hl](l) h12(1) h‘13(1) h14(1)
=5 ¢ 0 0 0} hy hy hy hy 0 h," hy" mY
H =QHs=| 0 0 1 00| 0 hy, hy hy|=| 0 h, h, h,
0 00100 0 hy Ayl | 0 0 hy h,
0 000 1)l0 0 0 A,) L0 0 0 &
h, " =—sh,+ch,=0and c’+s’=1.So we can take d, =/, + h3,, ¢, :%, 5, :%
1 1
to make £, =0
¢ s 0 0 0)p c,f
-5, ¢ 0 0 00 —s, 8
g =Qg,=| 0 0 1 0 0|0[=| 0
0O 0 O I 00 0
0O 0 0 O ITNAO 0
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Givens rotations: step 2

2. Apply the second rotation €,: for ﬁ4(1) y= §1 we multiply both sides by €2,

-

Q,Ha y=C,g,
1 0 0O 0 0 hll(l) hlz(l) }53(1) hM(l) }HI(Z) h]2(2) hl3(2) h|4(2)
0 ¢ s 00 0 hy," h23(1) Iy 0 hy,” h23(2) Iy
H=0H =0 =5, ¢, 00| 0 h, h, h,|=| 0 0 #® n2|
O 0 O 1 0} o 0 h,  hy, 0 0 hy, hy,
O 0 0 0 1 0 0 0 hs, 0 0 0 hs,
2 h, D h
h,'” =—s,h," +c,h,, =0 and ¢,” +s,” =1. So we can take d, = \/<h22(1)) +h, c,= 2 , S, = f
2 2

to make 4, =0

1 0 0 0 0\ ¢pf c,f

0O ¢, s, 0 Of—-sp —,8, 8
g,=(,g =10 =5, ¢, 00 0 |=| 5,50

0O 0 0 1 0 O 0

0O 0 0 0 1 0 0
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Givens rotations: step 3

-5 @

3. Apply the third rotation Q,: for H4+ 'y = g, we multiply both sides by €2,

- (@
He y= Q3g2

1 0 0 0 0YA,”
01 0 0 O} 0
7 3 7 @
Hs =QHs =10 0 ¢ s, 0] O
0 0 —s; ¢ O] O
00 0 0 I)L O

(3) _ (2) (2) 2 _
h® =—s,h,P +c,h,; =0 and ¢;” +5,° =1. So we can take d, = \/ hs, g hy, ¢y =

to make /,,”) =0

1 0 0 0 0) ¢pf

01 0 0 O] —cusp
g;=Lg,=10 0 ¢ 55 0| 5,50

0 0 —s;, ¢ O 0

0O 0 0 0 1 0

By Iy

(2) (2) (2)
hzz hzs h24
(2) (2)
0 h33 h34

0
0

o f
—C,85, 8

38,5,

—$38,8, 0

h43
0

I,

h44
h

54

hl 3)

1

0
0
0
0

3 6 g 06
hlz hl3 hl4

G 5 6 5 06
h22 h23 h24
OREE)

O h33 h34 :

0 0
0 0

(2)
h33
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Givens rotations: step 4
4. Apply the fourth and last rotation €,: for ﬁ4(3) y= §3 we multiply both sides by 2,

— o _
Q,Hs y=€,8,

1 00 O 0 h11(3) ],112(3) h’l3(3) ],114(3) h]l(4) h|2(4) h13(4)
o010 0 o0 0 n® n% ne 0 n,"
ﬁ4(4) :Q4ﬁ4(3) =0 01 O O 0 0 h33(3) h34(3) =/ 0 0 h33(4)
000 ¢ s 0 0 0 A, 0 0 0
0 0 0 —s, ¢ 0 0 0 hs, 0 0 0
2 h (3)
hy, Y =—s,h,,> +c,h, =0 and ¢,” +s,” =1. So we can take d, = \/(h44(3)) +h,, c, =%

to make 'Y =0

1 00 0 O c.f ¢,
01 0 0 O} —cs/0 —C,8, 8
2, =Q0,2,=/0 0 1 0 0| 558 |=| 5,50
0 0 0 ¢ s, —8880 —C,8,5,5, 3
0 0 0 —s, ¢ 0 54838, B
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Givens rotations: step |

1. General formula: at step i we use €2,: for H

(m+1)x(m+1)
Q eR

— (=1

QH: y= Qigi—l

We can take d, = \/(hii(i_l) )2 +h’

i+1,i 2
(i1
— hii h

i+1,i
Ci dl, 5 i dl_
tomake s . ) =0

i+1,i

Hi'"y=g,  wemultiply both sides by

In complex space Q. € C"**"*) we have complex

conjugate coefficients ¢;, s;

1
0
1

¢S < i-throw
Q. = _

—s, < i+I-throw

1
0
1
with |, +]s,[ =1
_ |l G- 4 g2
We can take d, = /|4, ‘ +h,,
B h., . .

¢ = ”7, §; = % to make /1, =0

1 1

Here s, 1s real, ¢, 1s complex
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Givens rotations after m steps

We had: H,y = Pe =g,
After m rotations we obtained: Em(m) Yy = §m

During rotations we did m multiplications by Q,, Q2,,...,Q :

QO . OQOH.y=QQ .QQg,

Define Q, Q ... Q.Q =0 , O, will be unitary square matrix: 0~ =0 "

QQ .QQH,=0 H,= H." =R, , Ry will be upper triangular with zero last row

QQO—l“' nglgo = ngo = gm

The system R Yy = §m for the case m=4:

Ray = §4
}111(4) h12(4) ]’43(4) h|4(4) CllB 7
0 h22(4) h23(4) h24(4) . —C,8, 7>
0 0 Ay ,® oE G L =7 -
0 0 0 KW ; | e Bl |y
o 0 0 0 )Y lssssf) (7
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Calculating residual in GMRES

In general: R Yy = Qm 1s the system with m +1 equations and m unknowns

™ "
0  h,"™
0 0
0 0
R y— §m 7 min

/’11 (m)
h, my || N
h (m)

g
V>

Vim
}/m+1

Let R be the matrix R, with the last zero row deleted and g, be the vector §m

with y . deleted: R =

mm

hu(m) hu(m) ]’H (m)
0 hzz(m) h2m(m)
0 0 B

g
V>

Vim

Then we get the system R _y =g with upper triangular square matrix R, € C"", g e C"

This system has m equations and m unknowns. It can be easily solved by backward

substitution. The solution of this systemy =R ~'g  minimizes ‘

Il =|pe ~ Hoy,

-

g, Rny,

2 ‘

’ ‘7/m+1‘

Ruy—g,

and
2

o




Theorems about GMRES A

Proposition. Consider m << n and Q. , i =1,m are the rotation matrices used to transform

the upper Hessenberg matrix H,, € C™*"" into upper triangular form R,, € C"*""

Rn=0 Hn, whereQ =Q Q .. QQ .

8w = (V25 Vs V) €C™

R eC™" is the matrix R, without the last zero row and
g, € C" is the vector §m without the last component y, |
Then the following holds:

1) rank(AV )=rank(R )and ifr, =0, then A4 is singular

Rny—g,

2)y, =R ~'g  gives minimum to the functional ‘ ,

3) The residual vector r, of the approximate solution x, computed by GMRES algorithm

: _ H
isdefinedasr, =V O v .e .

4) Residual norm HrmHz = ‘ 7/m+1‘

Theorem 1. If A 1s nonsingular, then GMRES breaks down
at step j (/

i1, =0) < approximate solution x; 1s exact (residual 1s zero).

"




" Proof of proposition
a Proove 1) rank(AV ) =rank(R )
From Amoldi relation AV, =V, Hn.=V .00 H.=V .O"R,

m+1

Since V0 is unitary and R,, has the last zero row,
rank(AV ) = rank(V O Em) =rank(R )
Iftr, =0,rank(R )<m-—1, sorank(4V )<m-1

Since V has full rank, 4 must be singular.

2) The solutiony =R ~'g ofthe systemR y=g,

Rny—g,| ,because

minimizes the functional ‘

bl = =, =|
Hgm —RmyH2 =0wheny=y = Rm_lgm

3) During derivation of GRMRES we got r. =V, . (Be,—~Huny, ) =

= V(B = Huy,)=V,,0,0,(Be; — Hny,) =V,.0,/(Q,fe ~ 0, Hny,) =
=110 (€, = Rny, ) =V, 10,17, 0,0 =

N 4) |||, = HVmHQ,f V)l ,as V. 0" has orthonormal columns o

2

=[Pl g — R,

‘2

g, —Rny

) :‘?/mﬂ

o




Modifications of GMRES

As 1t was with FOM, large m leads to the growth of memory.
The full GMRES algorithm is guaranteed to converge at most n steps,

but this would be impractical.

So 1in order not to increase m to the value of n, there are two variations
of GMRES:

1) restart GMRES for the fixed value of m

2) truncate the orthogonalization in Arnold1 process (see details 1n
Yosef Saad book, p. 180)

Restarted GMRES can stagnate when the matrix 1s not positive definite.

In practice GMRES is often used with preconditioning.

o
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Restarted GMRES(m)

1. Take initial guess x,, calculate initial residual 7, = b — A4x,,

o

calculate residual norm £ = Hro ,» and the first vector v =—

e C™ ") Set Hyn =0
3. Build the basis for Krylov subspace using Arnoldi process.

2. Define Hnw = h,} e cre e CL Y,

m+1

4. Find y, as a minimizer of the functional J(y) = H Pe — H o y

‘2

(solve overdefined system H., y = fe)
5. Calculate residual 7, , estimate residual norm: Hrm H , <E.

6. Calculate new approximate solutionx, =x,+V vy
If satisfied, then stop. Else
7. Setx, :=x, and go to step 1.




