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Methods for solving the linear system Ax=b based on 
Arnoldi orthogonalization
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• Classical examples of methods based on Arnold orthogonalization 
process are FOM (Full Orthogonalization Method) and                     
GMRES (Generalized Minimal Residual)

• In these methods, the solution is searched in the form 𝑥௠ = 𝑥଴ + 𝛿௠, 
𝛿௠ ∈  𝐾௠ 𝐴, 𝑟଴ is correction vector,

𝐾௠ 𝐴, 𝑟଴ = 𝑠𝑝𝑎𝑛{𝑟଴, 𝐴𝑟଴, 𝐴ଶ𝑟଴, … , 𝐴௠ିଵ𝑟଴} is Krylov subspace

• Orthogonal basis of 𝐾௠ 𝐴, 𝑟଴ is produced by Arnoldi process, where 
the basis vectors are the columns of 𝑉௠:

𝛿௠ ∈  𝐾௠ 𝐴, 𝑟଴ ⇔ ∃𝑦 ∈ 𝐶௠: 𝛿௠ = 𝑉௠𝑦

• FOM uses the first part of Arnoldi relation: 𝐴𝑉௠ = 𝑉௠𝐻௠ + 𝑤௠𝑒௠
்

and solves the linear system of the size 𝑚 with matrix 𝐻௠

• GMRES uses the second part of Arnoldi relation: 𝐴𝑉௠ = 𝑉௠ାଵ𝐻௠

and solves the linear system of size the 𝑚 + 1 by 𝑚 with matrix 𝐻௠



Derivation of Generalized Minimal Residual 
method (GMRES)
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Derivation of GMRES
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Small system in GMRES
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Generalized Minimal Residual method (GMRES)
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Solving overdefined system in GMRES
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Solving overdefined system in GMRES
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Solving overdefined system in GMRES
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Givens rotations
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Givens rotations: step 1
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Givens rotations: step 2
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Givens rotations: step 3
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Modifications of GMRES
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As it was with FOM, large m leads to the growth of memory.

The full GMRES algorithm is guaranteed to converge at most  steps,

but this would be impractical.

 

So in order not to increase  to the value o

n

m f , there are two variations 

of GMRES:

1) restart GMRES for the fixed value of 

2) truncate the orthogonalization in Arnoldi process (see details in 

Yosef Saad book, p. 180)

Restarted GMRES can stagnat

n

m

e when the matrix is not positive definite.

In practice GMRES is often used with .preconditioning



Restarted GMRES(m)

23

0 0 0

0
0 2

( 1) ( 1)
1

1

1. Take initial guess , calculate initial residual ,

calculate residual norm ,  and the first vector 

2. Define { } , , . Set 0

3. Build the basis 

m m n m n m
m mij m m

x r b Ax

r
r

H

v

h V V H




    


 



    



  

1 2

1

2

for Krylov subspace using Arnoldi process. 

4. Find  as a minimizer of the functional ( )

(

Calculate 

a

d

sol

a

ve o

:r

e

e

i

s

e

i

verd f n d y

u l 

s stem )

,  estimate residual norm  .

6. Calcul

5. m

mm

m

mr

yeJ

e

y y H

H y

r












0

0

te new approximate solution 

If satisfied, then stop. Else

7. Set :  and go to step 1.

m m m

m

x x V y

x x

 




