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Krylov Subspace methods based on
Arnoldi’s orthogonalization

Comparison of FOM and GMRES
Optimal and efficient methods




~ull Orthogonalization method (FOM)

1. Take initial guess x,, calculate initial residual r, = b — Ax,, calculate residual norm = Hro H ,

7
and the first vector v, =-2.

2. Define H,, ={h,} cC™", V, eC"".SetH, =0
3. Build the basis {v,,v,,...,v_} for Krylov subspace K, (4,r,) using Arnoldi process of

orthogonalization. Obtain the matrix V, = {v,,v,,...,v } and upper-Hessenberg matrix /.

4. Find y_ from solving the system H, y = fe,
5. Calculate residual 7 , estimate residual norm: Hrm H , <E.

6. Calculate new approximate solutionx, =x,+V v

In step 4 we find y from the system /{, y = Se,
! e The residual in FOM is

with m equations and m unknowns

m _ T
Yy=y,= (J’,lna Yoy e Yo ) Tm = —hms1memYmVm+1
(v e+ +h, Y= e The residual norm is
hy +h,y:+ .. +hy, y" =0 T
< WV 2 ||7”m||2 — hm+1,m|emym|

hm,m—ly::;_l + hmmynn; — O

o




g Generalized Minimal Residual method (GMRES)

1. Take initial guess x,, calculate initial residual r, = b — Ax,, calculate residual norm f = Hro H )

0

and the first vector v, = —.

2. Define Hn = {h,} e C""", ¥, e C™". Set Hn =0
3. Build the basis {v,,v,,...,v } for Krylov subspace K (A4,r,) using Arnoldi process of

orthogonalization. Obtain the matrix V, = {v,,v,,...,v, } and upper-Hessenberg matrix Hon.
1861 - ﬁmy

5. Calculate residual 7,,, estimate residual norm: |r, |, <&.

4. Find y  as a minimizer of the functional J(y) = ‘

‘2

6. Calculate new approximate solutionx, =x,+V, y_

In step 4 we find y from the system H., vy = Pe

with m +1 equations and m unknowns (overdefined system) The residual in GMRES 1S
y:ym:(y,ln, Vi, e y,’;’) "m = m+1(,881 - Hm)’m) —
f = Vi1 Qe 1€ms1)

1" m 2 m mJs m

by +h, 2+ .. +h, " =0 The residual norm is

» ||rm||2 — |Vm+1|
hm,m—ly:zl +hmmy;:: :O

hm+1,mJ’Z = O a/
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Summary: FOM and GMRES based on

Arnoldi orthogonalization process
FOM and GRMRES are Krylov subspace methods: x,,, = xy + 8,,,, 8,, € K,,,(4, 1) is the

correction vector, K,,, (4, 19) = span{ry, Ary, A*1y, ..., A" 11y} is Krylov subspace
Orthogonal basis of K,,,(4, 1) is produced by Arnoldi process, the basis vectors are

the columns of V,,.

Correction vector 6,, € K,,,(4, 1) & 3y € C"™:6,,, = V.
Arnoldirelation for FOM: AV,,, =V,,H,,, + hm+1mvm+1em, VEAV, = H,

Arnoldi relation for GMRES: AV,,, = V,,,.1H,p,, VI AV, =H,,

e FOM e GMRES
We choose y = yrop such, that We choose y = y-urgs such, that
r, LK,(A,T7r — : _
m L Kin (4, 7o) Irmllz =, min lIb = ACxo + )l

Equivalent condition:

Bes — HpnYrom = 0,8 = lInoll2

n = e
We find y = ypgy, from the linear I7inllz = ”'3 1 myGMRES”
system: H,,,Yrom = L1 We find y = y;ures from the least squares

problem: ||,861 — EmyGMRESHZ — min e
\C y/

The norm of the residual:




Optimal and efficient methods

e FOM and GMRES are not efficient methods, because
as m grows, we have to store more and more basis
vectors

e FOM and GMRES are optimal methods. In absence
of round-off errors they have the same solution

e For general matrices it is not possible to derive an
iterative method that would be efficient and yet
optimal

e Itis possible to derive an efficient and optimal

method for Hermitian matrices, where the solution
is obtained by a short-term recurrence

e Examples: CG (derived from FOM) and MINRES
(derived from GMRES)
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Lanczos method of

orthogonalization for symmetric
(Hermitian) matrices

» Algorithm of Lanczos orthogonalization

 Lanczos method for symmetric (Hermitian)
systems

» Direct Lanczos method

 Conjugate Gradient (CG)

 Conjugate Residual (CR)

 Generalized Conjugate Residual (GCR)




/" Lanzsoc process of orthogonalization for symmetric
(Hermitian) systems

Consider the case when matrix 4 is symmetric, then Hessenberg matrix /|
will be tridiagonal.

Theorem. When Arnoldi algorithm is applied to a real symmetric matrix 4
(AzAT),thenhl.’j =0, 1<i<j-1; h

=h,..,j=lLml e H 1istridiagonal.

j+1,j j,j+1°
h, h, .. .. h,
hy, h, .. .. h,
H =0 h, .. .. b, | Forsymmetric (Hermitian) 4 =
0 Br Mo
a B 0 0 0
g a p 0 0
- T =tridiag(p.,a;,pB.,,) is
H =T = ;  symmetric (Hermitian)
0 0 B @ B,
0 0 0 B a

~




Lanzsoc algorithm of orthogonalization for
symmetric systems

1) Choose v, : Hvl H , =1. Matrix 4 = A" and dimension of subspace m are given.
B =0,v,=0
2) Loop forj from 1 to m :

2w, =A4Av, =y,

22)a; =(w;,v,)

23)w,=w, —a,v,

24) B, = ijHz. It §,,,=0 = stop, clse

Wi
25)v,,, =
j+l
Matrix T, is symmetric tridiagonal
Lanczos relation o B,
p oo P
AV = VT + ﬁm+1vm+1e1¥;1 T T 3
Hm — VTZl—'A Vm — Tm IBm—l a, m
(04

~

o




Lanzsoc method for symmetric (Hermitian) linear systems

Similar to FOM based on Arnoldi orthogonalization, for symmetric systems we
can derive Lanczos method based on Lanczos orthogonalization

This can be regarded as a special case of FOM for symmetric systems

1. Take initial guess x,, calculate initial residual 7, = b — Ax,),

v
59 and the first vector v, =%

calculate residual norm f = Hro

2. Define T, = tridiag(f;,2;,p;.,)-
3. Build the basis for Krylov subspace using Lanczos process:
Loop forj from 1 to m :
3w, =Av, - pv,  (fj=1, set fv, =0)
32) a;=(w,v,)
33)w,=w, —a,v,

34) B, = HWJ.HZ. Itf,,=0 = m:=j, gotostep 4, else

w.

3.5) v, ==
J+l

4. Find y  from solving the system 7 y = fe,

5. Calculate residual 7, , estimate residual norm: Hrm H , <é&.

6. Calculate new approximate solutionx, =x,+V v,

e Theresidual is

— T
'm = _,Bm+1 emYmVm+1

e The residual norm is

||7"m||2 = :Bm+1|e;1;1ym|

o




Derivation of Direct Lanczos method

Now we'll derive the method which solves the system 7 y = Se,
with tridiagonal matrix 7 directly.
Use LU-factorizationof 7 =L U

a, p, 1 n B
b o, H, 1 mn, b

ﬂm—l am—l ﬁm lum—l 1
Here 3,,..., 5, and «,,...,c,, are the coefficients from Lanczos algorithm.

We need to find coefficients of LU-factorization z,,...,x, and 7,,...,n7,

Direct Lanczos method will use recursions.

From matrix multiplication in LU-factorization above:

a,=um,p,+n, 1=n, =a,—up, (1)

B 2)
7.4

IBm :lumnm—l_I_l.O:lle =

S
3




Derivation of Direct Lanczos method

Formally y, =17, fe, = (L,U,) " Be, =U,'L, Be,
Approximate solution is given by
xm = x() + mem = xO + Vme_lﬂel = ‘x() + VmUnzlL;jIBel

Denote P, =V U ' andz, =L fBe.Hencex, =x,+P,z,

Consider the columns of P =| p, p, .. D,

For the formulax = x,+ P,z Direct Lanczos derives the way

to compute x, using vectors p, (the columns of P ).

P=VU'=V =PU,_

LastcolumnofV :v = p, .+n.p, =

recursion forp : p, = L(vm -B.p..) (3)
T




Derivation of Direct Lanczos method
Consider the vector and z, = L' Be, with unknown components &,&,,....& to find.
S 1 ) B 1
S| | ] 0 —1h 1
z =| .. |= e |5 L_m1 =
w1 o A —U 1
S M, 1) {0 My ooty e My M, ]
1 P P
—t 1 0 ~Hp
Mgty —H, 1
R R TRy M T & AN U B N T Y 1Y ¢
- b & =p
& —p S =t =1
& |= — st — &y =~ M =~ 155,
Sm ) \ "Mty b G = b oA f = =, 6

From this formula we get recursion for §, : & =—u & | (4)
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Derivation of Direct Lanczos method

S p 154 |
S — 1, — I, .
Asz, =| G |=| 6, |3Z,a=| —ts, | zZ,= ’T_l
Som
gm _lumgm—l _lum—lé:m—Z

Lastly, we derive recursions for x,

X =x,+Pz

X, =X+ Bz, =Xy + pz, =X, + pg

Xy, =Xg+ Bz, =Xy + 6+ D6, =X+ prg, =
Xpy =Xpy + DS ()

These five recursions for the search directions p,, coefficients ¢, 17, , &

and for approximate solution x give an algorithm that solves the system

Iy = e progressively by using Gaussian elimination without partial pivoting

o




Direct Lanczos method (D-Lanczos)

1. Take 1nitial guess x,, calculate initial residual r, = b — Ax,,

"

calculate residual norm &, = S = Hro and the first vector v, = —

2 bJ

Set 4, .=, :=0; p, =0

2. Start iterative process for m =1,2,.... until convergence
2D w=A4Av, -B v,
22)a, =(w,v,)

23)Ifm>1, then y, = Py y S = MG

m—1

24)n =a,—u, p,
1

2.6) x, =x,,+p, & Check convergence of x . If not converged, then

27y w=w-a,v,

2.8) B, =|w "

27 vm+1 —
IBmH




Residuals and search directions in D-Lanczos

In Lanczos method for symmetric systems 7, =8, ey v =t v P =V U"

m m+l1>" m

where 7, 1s a scalar

0,i#]
a

l,i=j

0,i#]

Since vectors v,,, m =1,2,.... are orthonormal: (v,,v,) = { nd

rm — z-m Vm+1

= residuals 7, are orthogonal: (7, 7;) :{ o
=0, i=

Recall that P, =V U~'. Consider P, AP, (P.' AP, in complex space)
P, AP, =V, U AV, U, =U, "V, AV, U '=UTU'=U,'L,,

since V. AV =T and T,=L U =TU'=L

Hence P, AP, =U."L_ is symmetric lower triangular matrix, hence it is diagonal:

PT AP, =diag(d..d,,.d )=

(Ap,,p;) = { > i.i j.
d,i=]

This property is called 4-conjugacy. Thus search directions p, are A-conjugate.

o




Residuals and search directions in D-Lanczos

Theorem. Let r,, are the residual vectors, p, are the search direction vectors
from Lanczos method and D-Lanczos , m =0,1,2,.... Then

1) residuals ,, are orthogonal: (7,r,)=0, i # j

2) search directions p, are A-conjugate: (A4p,,p;)=0, i# j

What about (4p,, p,)?

(Ap,, p,) = d, diagonal entry of diagonal matrix P, AP,
(4p,, p;) # 0 when 4 1s positive definite

In this case (4p,, p,) >0

The method, which uses the condition for matrix 4 to be symmetric
(Hermitian) positive definite is called conjugate gradient method.
See the derivation of this method in Yosef Saad book, p. 199 and

lecture notes.




Conjugate Gradient (CG) method

- Ais asymmetric positive definite matrix.

- We impose conditions of orthogonality and conjugacy:
Residuals r; are orthogonal: (r;,7;) = 0,1 # j

Search directions p; are A-conjugate: (Ap;,p;) = 0,1 # j

Note that (Ap;, p;) # 0 for a positive definite matrix.

1. Take mitial guess x,, calculate initial residual 7, = b — Ax,; p, =1,
2. Start iterative process for j =0,1,2,.... until convergence
_ ()

(Ap,,p;)

22)x,,,=x,+a;p,

2.1)

J

23)r, =r—a,Ap,
(rj+19rj+1)
(7;,1;)

2.5) Pia =T +Iijj

2.4) =




Relation between Lanczos method and CG

1 4B
a, a,
a  p, v by 1 N B, v b
B a, B o, o 2
IBm—l am—l m \/ ,Bm_3 1 n IBm—3 IBm—Z
’Bm am am—3 am—2 am—3 am—Z
Coefficients from B l + P
Lanczos method a, a,., o,

Coefficients from CG




Conjugate Residual (CR) method A

Similar to GMRES based on Arnoldi orthogonalization, for symmetric (Hermitian)
systems we can derive Conjugate residual method based on Lanczos
orthogonalization

« A is a Hermitian matrix

Residuals r; are A-conjugate: (Ar;,7;) = 0,1 # j
Vectors Ap; are orthogonal : (Ap;, Ap;) = 0,i # j
Note that for 4 = A" (A, 1y) = (r;, A"ry) = (ry, Ary)

1. Take mitial guess x,,, calculate initial residual , =b — Ax,; p, =1,
2. Start iterative process for j =0,1,2,.... until convergence
(1, 4ry)
" (4p;,4p))
22)x,,=x,+a,p,

2.1) o

23)r,,=r—a,Ap,

(75015 A475,1)
(7, 4r;)

25) pj+1 = rj+1 +Iijj
2.6) Compute Ap,,, for the next iteration: Ap, | = Ar;,, + B, Ap,

24) p, =




-
Generalized Conjugate Residual (GCR) method

In the case of nonsymmetric (non-Hermitian) matrix the recursions
cannot be short

« Ais anonsymmetric matrix
Residuals r; are A-conjugate: (Ar;,7;) = 0,1 # j

Vectors Ap; are orthogonal: (Ap;, Ap;) =0,i #j

1. Take 1nitial guess x,, calculate initial residual 7, = b— Ax,; p, =1,

2. Start iterative process for j =0,1,2,.... until convergence

r.,Ap.
2.1) a, =)
(4p;,Ap;)
22)x;,,,=x,+a,p,

23)r,,=r,—a;Ap,

—(Ar_ . Ap.
24) B, = (Ar Ap) - o
" (4p;, 4p,)

J
2.5) Pia =T +ZIBijpj
i=0




Krylov Subspace methods based on
Lanczos biorthogonalization

Lanczos method of biorthogonalization for
nonsymmetric matrices

« Lanzos method for nonsymmetric systems
 Biconjugate Gradient (BiCG)




The idea of Lanzsoc biorthogonalization

The 1dea of short recursions is possible whenever the projected matrix H |
is tridiagonal. In fact, tridiagonal matrix can be also obtained for nonsymmetric
systems.

Consider the case when matrix 4 is nonsymmetric.

Search subspace: K = K_(A4,v,) = spani{v, , Av,, A°v,,..., A" v}

Subspace of constraints: L = K (A", w,)=span{w,, A" w, ,(AH )2 W, ,...,(AH )m_l W}
The sets of vectors {v,,v,,...,v_} and {w,,w,,...,w _} are called biorthonormal, 1f
)=y 17

The algorithm which constructs two biorthonormal bases for Krylov subspaces

K (A4,v,)and K (A", w,) is called Lanczos method of biorthogonalization

o




Lanczos method of biorthogonalization

Consider real space. The idea is to build two biorthonormal bases for the two
subspaces: search subspace K, = K,,,(4,v,) = span{v,, Av{, A*v,, ..., A™v,} and
subspace of constraints L,,, = K,,,(AT,w;) = span{wy, ATwy, (AT)?wy, ..., (AT))™ 1w}

1) Choose v, and w, : (v,,w,) =1. Matrix 4 and dimension of subspace m are given.
Set f,=0,=0, w,=v,=0

2) Loop forj from 1 to m :

2.1) a;=(4v;,w,)

2.2) ;j+1 =Av, —a,v, —ﬂjvj_l

ST
23) win=A'w,—a,w, —o.w,_ |

24)6,,, = \/ (1: j+1,vAv )| If 6,,,=0 = stop, else
25) IBj+1 _ (Vj+g Wj+1)

j+l
26) Wj+1 _ Wi+

j+l

Vi+l

2N v, = 5

J

J+1




Properties of Lanczos algorithm of
biorthogonalization

The algorithm insures that (v ,,,w,, ) =1

_(Vj+1,Wj+1)_ (Vj+1,Wj+1) _\/

ﬂ'+ o
" 5j+1 \/

As o, :\/

S

(Vjs1, W)

PN

(Vjs1, Wjs1)

(Vjs1, Wjs1)

,hence §,,, =10,

Jj+l

Lanczos relation for biorthogonalization
AV =V.T +6, v .e.
2) AW, =W, T + B,..w,..e" “
YW AV, =T, sl

P

Matrix T,,, is nonsymmetric tridiagonal

o
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Lanczos method for nonsymmetric systems

1. Take initial guess x,, calculate initial residual , =5 — 4x,,

7
,» and the first vector v, =

calculate residual norm £ = ||rO

2. Define 7, =tridiag(d;,a;,[,.,,).
3. Build the bases for Krylov subspaces K (4,v,) and K (A", w,)

using Lanczos biorthogonalization process. Generate V., W | T

4. Find y  from solving the system 7 y = Se,

5. Calculate residual 7, , estimate residual norm: HrmH , <E&.

6. Calculate new approximate solutionx, =x,+V y_

The residual norm is ||Tm||2 — |5m+1e12;137m| ”vm+1”2

Note that the vectors v are not orthonormal in this method

"
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Derivation of Biconjugate gradient method

Use LU-factorization of 7 =L U

Formallyy, =T ~'Be, =(L U, )" Be, =U. 'L Pe,
Approximate solution is given by

x, =x,+V.y =x,+V.T "'Be, =x,+V U 'L Be

Denote P, =V U, and P, =W L.

| | . |
Consider the columns of 2. =\ p, p, .. p, |, Pn=|p, P, .. D,

Consider ﬁ;APm (TDZAPm in complex space)
PAP, =W LY AVU '=L' W' AV U '=L'TU '=L'L =1,

since VAV =T and T,=L U =TU'=L

~ 0,i#]j
Hence (4p,.p)=1," ;"

~
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Biconjugate gradient (BiCG) method

1. Take initial guess x,, calculate initial residual 7, = b — Ax,.

Choose 7o : (ro,;o) #0. Set p, =1, IN?O = Fo

2. Start 1terative process for j =0,1,2,.... until convergence

V., v

2.1 a, = JLig)
(4Ap;,p;)
22)x;,,=x;+a,p,

23)r, =r,—a,Ap,
24) rjn=r;—a,A p,

~

(74057 j41)
(r,,7)

26) pjy=r,thp,

2.7) pra=ri+Bp,

2.5) B, =

Residuals r;and 7; are biorthogonal: (1;,7;) = 0,1 # j

Search directions p;and p; are biconjugate: (Ap;,p;) =0,i # j @
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Overview of efficient and optimal methods

~

optimal

¢ officient FOM GMRES

not efficien :

work B A # A* “m - Tm L }Cm(fl- "'0) “m - ”"'m”Q =+ M, (A,ro)
(1)1)lti%1'1z-11 CG MINRES

efficient zm: Tm L Km(A,r0) - ”, ”2 — ming. (4.
work for A = A* (A must be positive definite) e " m (A,70)

su |.)(-)pt1mal BiCC QMR

efficient . - e e
work for A # A* s W LBl T Zm t ||rm||2 18 “quasi” minimized
suboptimal

efficient 068 TFQMR

work for A # A*

suboptimal

efficient Hybrid methods: BICGSTAB and BiCGstab(/)

work for A # A*

In this table z,, is the correction vector for approximate solution

FOM: Full Orthogonalization Method

GMRES: Generalized Minimal Residual Method

CG: Conjugate Gradient method
MINRES: Minimal Residual Method
BiCG: BiConjuagate Gradient method

Table from M.A. Botchev Lecture notes on “Scientific Computing”, 2015

QMR: Quasi Minimal Residual method
CGS: Conjugate Gradient Squared
method

TFQMR: Transpose Free QMR method
BiCGSTAB: BiConjuagate Gradient
method Stabilzed with GMRES

BiCGSTAB(1): BiConjuagate Gradient
method Stabilzed with GMRES(]) @/
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How to select an iterative method?

Is the matnx Y > Is the matnx Y > Are the outer Y Try Chebyshev
symmetnc? definite? eigenvalues known? ' or CG
n n n
Try MinRES
or CG Lo £52
L |
Is the franspose Y
available? > Ty e
n
|s storage at Y Try CGS or
a premium? BI-CGSTAB
n
TI'}" GMRES Chart from R. Barrett, M. Berry, T. F. Chan, J. Demmel, J. Donato, J. Dongarra, V. Eijkhout, R. Pozo, C. Romine, and H. A. van

WFH'I Eﬂﬁg restart der Vorst. Templates for the Solution of Linear Systems: Building Blocks for Iterative Methods. SIAM, Philadelphia, PA,

1994. Available at www.netlib.org/templates/. @




Introduction to preconditioning

Preconditioning technique
Examples of preconditioners




Preconditioning technique and types of
preconditioners

The 1dea of preconditioning 1s to apply an 1iterative solver to

a system A¥ = b equivalent to the initial system Ax =5,
for which the solver would converge faster.

We have linear system Ax =b

1) Left preconditioning: multiply by M ™' on the left
M7 Ax=M""b

M_IA:}L X=X, M7'b=h

Find x = ¥ from solving the system A% = b
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Preconditioning technique and types of
preconditioners

2) Right preconditioning: multiply by M ™' on the right
AM 'Mx =b

AM ™ =4, Mx=%, b=b

~

2.1. Find ¥ from solving the system A% = b
2.2. Find x from solving the system Mx = x

3) Two -sided preconditioning: multiply by A/, on the left and
M, on the right

M7 AM M, x =M "'b

MTAM, = A, M, x=%, M 'b=b

~

3.1. Find ¥ from solving the system A% = b

3.2. Find x from solving the system M ,x = x




Examples of preconditioners

Consider splitting of 4 into lower triangular matrix — £,

diagonal matrix D and upper triangular matrix — F

A=D-E-F -
Jacob1 method: SSOR method:

M,=D 1

(D—-wE)D (D - oF)

SSOR — 0(2— o)
Gauss-Seidel method:
Mg =D-E Incomplete LU: 4 = LU +R

N\ S

Neglect part of fill-ins M, =L, M, =U
SOR method:

1
Mgop=—D—E and upper triangular parts of 4
’ o

L and U have the same patterns as lower




Preconditioned methods

« Preconditioned conjugate gradient method
(PCG)

» Split Preconditioned Conjugate Gradient method
(Split PCG)

- Left preconditioned Generalized Minimal
Residual method (LP GMRES)

» Right preconditioned Generalized Minimal
Residual method (RP GMRES)

N ")
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Deriving preconditioned method for symmetric positive
definite matrix

When matrix 4 1s symmetric positive definite, the preconditioner M
should also be symmetric positive definite.

The first way to preserve symmetry 1s to use M -inner product

instead of Eucledian inner product:

def
(X, 1)y =Mx,y)=(x,M"y)=(x,My) = (Mx, y) = (x, My)

Note that left and right preconditioning techniques are in general

symmetric.
Here the symmetry of 4 and its preconditioner M 1s preserved,

using the fact that M ' 4 is self-adjoint for the M -inner product:
(M~ Ax, ), = (MM Ax, y) = (Ax,y) = (x, 4" p) = (x, Ay) =
= (X, MM "' Ay) = (M7 x,M "' Ay) = (Mx,M "' Ay) = (x, M ' 4y),, e/




Derivation of preconditioned conjugate gradient
method (PCG) for symmetric positive definite matrix

Original residual: r; = b — Ax;
Residual for preconditioned system: z; = M‘lrj

e CG without preconditioning e Preconditioned CG
() R R
. | —~
" (4p,,p)) " (M Ap.,p))y
Xjn =X; 74P,

I =1 —a;Ap,

_(]-l-l’ ]-l-l) B _(Z]+1n ]+1)M
N (N T (z.,z2)
J20J J? J M
Pia = J+1+:B P P :Zj+1+18jpj

o
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Algorithm of preconditioned conjugate gradient
method (PCG) for symmetric positive definite matrix

Since (z,,z;),, =(M_1rj,zj)M =(MM_1rj,Zj):(rj,Zj):>
(M Ap,,p;)yy =(MM " Ap,,p.)=(4p;,p;)

Thus we can move back to Eucledian inner product.

1. Take initial guess x,, calculate initial residual 7, = b — 4x,, preconditioned
residual z, =M 'r,; p, =1,

2. Start 1terative process for j =0,1,2,.... until convergence

2.1) a, = ;%)
(4p;, p;)
22)x,,,=x,+a,p,
s Steps 2.2 and 2.3 are the same as in CG
2.3) Vi =7”-_05~Apj
24) Zia = M Vs

( i+12 +1)
25 — J J
) B, = r2)

2.6) p;y =24+ 5D,




-

Derivation of Split Preconditioned Conjugate
Gradient method (Split PCG) for symmetric
positive definite matrix

The second way to preserve the symmetry of A and its

preconditioner M is to use Cholessky factorization M = LL'
and two-sided preconditioning.

For Ax = b use the preconditioner M =M , M,
where M, =L, M, =L"
M, AM "M ,x=M,"'b

~ ~ ~

M, AM, = A, M ,x=%, M,'b=b = L'AL" =A, L'b=b

~

1. Find ¥ from solving the system A% = b

2. Find x from solving the system L' x = ¥

~

"




Split Preconditioned Conjugate Gradient method
(Split PCG) for symmetric positive definite matrix

1. Take 1nitial guess x,, calculate initial residual r, = b — Ax,,
preconditioned initial residual ro = L'r;p,=L" Fo
2. Start iterative process for j =0,1,2,.... until convergence
21) @, = (r;,7))
(Ap;,p;)
22)x,,=x,+a,p,

2.3) rjn =r;—a,L” Ap,
24)z,,, = M™'r,

Jj+l

2.5) p, = Lrrm)

(7),7))

2.6) Pia =L"rn -I—,B].pj

In Split PCG only preconditioned residual is used

~




Left and right preconditioned GMRES

Left preconditioned Generalized Minimal Residual method (LP GMRES)
In LP GMRES algorithm 1s applied to the left preconditioned system

M7 Ax=M""b

Initial residual is taken preconditioned: z, = M ™' (b— Ax,) =M 'r,
Basis 1s constructed for the left preconditioned Krylov subspace
K (M™'4,z,))=span{z,, M ' Az,,(M " A)’ z,,...,(M ' 4)" " z,}

Right preconditioned Generalized Minimal Residual method (RP GMRES)
In RP GMRES algorithm 1s applied to the right preconditioned system

AM 'Mx =b
AM ™ = ;1, Mx=Xx, b= b = ¥=Mxis preconditioned solution,
x =M ~'X is original solution

Basis 1s constructed for the right preconditioned Krylov subspace
K (AM ™. r) =spanir,, AM "1, (AM ™Y 7,,...,(AM )" "1} @




_eft preconditioned GMRES (LP GMRES) A

1. Take initial guess x,, calculate preconditioned initial residual z, = M ™' (b — Ax,),

2

calculate preconditioned initial residual norm f = HZO , » and the first vector v, = —

e C™ "V Set H,, =0
3. Build the basis for Krylov subspace using Arnoldi process:

2. Define H, = {h;} e cmhm Y e C™" Y

m+1

Loop forj from 1 to m.
3.D)w, =M_1Avj

3.2) Loop fori from 1 toj h; = (w;,v,), w, =w, —h.v,

33) h,,, ;= HWsz Afh,;,, ;=0 = m:=j, gotostep 4, clse
w,

34) v, =
jH.j

4. Find y, as a minimizer of the functional J(y) = H Pe, — H., y

‘2

(solve overdefined system Hn y=pe)
5. Calculate preconditioned residual z , estimate residual norm: Hzm H , <E.

6. Calculate new approximate solutionx, =x,+V, y
If satisfied, then stop. Else

7. Set x, :=x, and go to step 1. @
k The residual can be calculated in the same way, as in GMRES, using Givens rotations /




" Right preconditioned GMRES (RP GMRES) A

1. Take initial guess x,, calculate initial residual 7, = b — Ax,,

T

calculate residual norm £ = |r, ,» and the first vector v, =—

2. Define Hu = {h,} eC"" ¥ eC"™, V,, eC"" Set Hy=0
3. Build the basis for Krylov subspace using Arnoldi process:

Loop forj from 1 to m.
-1
3w, =AM,

3.2) Loop for i from 1 toj &, :=(w;,v,), w, =w, —h,,

33) h,, ;= HWJ.HZ. Ith, =0 = m:=j, gotostep4,eclse
w,

34 v, =—
JH.j

4. Find y, as a minimizer of the functional J(y) = H Pe, — H. v

‘2

(solve overdefined system H. y=pfe)

5. Calculate residual 7, , estimate residual norm: Hrm H2 <e&.

6. Calculate new approximate solution x = x,+M 'V y
If satisfied, then stop. Else

7. Setx, =x, and go to step 1. @
k The residual can be calculated in the same way, as in GMRES, using Givens rotations /




