CucTeMbl IMHEeNHbIX anredbpanyeckux ypaBHeHUM

OcHOBHble onpepneneHus

CucTteMom JIMHEeMHbIX anre6pauquKux ypaBHEHMﬁ Ha3blBaeTCA CUCTe-
Ma B Oa

A1 %1 + Q19To + ... + a1, T, = by

G91T1 + A9eTy + ... + Gg, T, = by

A1y + A 2To +ot AynTn = bm

rae Yncna a;; - KO3MAPUUNEHTbI CUCTEMbI, YUCNA b, - CBOBOAHbIE YEHbI, 7, - HEN3BECT-
Hble.

YT00bl pewmnTb CUCTEMY JIMHENHLIX YPaBHEHUN, ee He0H6X04MMO CHavYana 3anmcaTb B
MaTpU4YHOM popMe:

A-X =B,

roe A - maTpumua KOB(pq)MU,MeHTOB CNCTeéMbl (ManMI.l,a CUCTeéMbl, OCHOBHaA MaT-

puvua):
aj;  AGpo A1pn
a a a
_ 21 22 2n
A= :
a’ml a’m2 amn
Ly

B - BekTOop-cTonb6ey, cBO60AHbIX YNEHOB: B =

PacluMpeHHOM MaTpuUL,ed CUCTEeMbl Ha3biBAETCA MAaTpPULLA CUCTEMBI, AOMNOJIHEHHAS
cnpaBa cTonN6L0M cBOOOAHbIX Y/IEHOB.

* PewwleHuMeM cnCTEMbl Ha3blBAaeTCS n 3HAYEHUIA HEN3BECTHbIX, MPU NOACTAHOBKE
KOTOPbIX B YPaBHEHMNSI BC€ YypaBHEHMS CUCTeMbl 06palllaloTcs B BEPHblE paBeH-
cTBa.

* CucteMa ypaBHEHUN Ha3biBaeTC COBMECTHOM, €C/IN OHa UMeeT XOoTHa bbl 0gHO
pelleHne, 1 HeCOBMECTHOM, eC/IN OHa HE NMEET peLLUEHUN.

* OnpenenuTenb OCHOBHOW MaTpuLbl Ha3blBAaeTCS onpeaenuTesieM CUCTeMbl 1
ob603Ha4vaeTca A.



* CncrteMa ypaBHEHUI HAa3bIBAaeTCS HEBbIPOXAEHHOM, eC/in A # 0, N BbIPOXXAEH-
HOM, ecnn A = 0.

CncrtemMa NIMHENHbIX YpaBHEHUN Ha3blBaeTCs OMHOPOMHOM, €C/Nn BCe ee
CcBOOOAHbIE YNEHbI PaBHbI HYJIHO.

OpoHopoaHas cucTteMa Bcerga coBmecTHa. OOHO W3 ee peleHunm - HyJesoe
(TpMBManbHoOeE) peLleHmne.

Ons Toro, 4Tobbl cUCTEMA n JINHENHBIX OAHOPOAHbIX YPAaBHEHUN C n HEU3BECTHbLIMU
nMena HeHyJsieBble peleHus, HeobxoaMmMo N AO0CTaTo4HO, 4Tobbl ee onpefennTesb
Obla1 paBeH Hy o, T.e. A = 0. B 3ToM c/iydae cuctema nmeeT 6eCKOHEYHOe MHOXECTBO
peLleHunn.

MpumMmep. 3anuwem B MaTPUYHON hopMe Cneayolyd CUCTEMY JIMHENHbIX YpaBHe-
HUN:

1,5:1;1 +$2 == 3
x3:4$2

4+$2—$1:$3.

[ns 3TOro nepeHecem cnaraemMble C HEM3BECTHLIMU B JIEBble YaCTU ypaBHEHWW, a CBO-
B6oOHble YneHbl - B NpaBble YacTW. YNopanoyYuM claraemble C HEN3BeCTHLIMU MO BO3-
pacTaHUIO NX HOMePOB, T.e. CHavana AOJ/DKHO UWATW cnaraeMmoe C z,, 3aTeM - C z, WU,
HakKoHel, C z5. [Mony4nm:

1,5$1+$2:3
—4x2+$3:0

Mbl BUOWM, 4TO B MEPBOM ypaBHEHUN OTCYTCTBYET HEU3BECTHAasA =5, @ BO BTOPOM ypaB-
HeHun - x,. lobaBMM B ypaBHEHNA OTCYTCTBYIOLLME HEN3BECTHbIE C KO3 PULMNEeHTa-
MW, paBHbiMK 0. EC/in B ypaBHEHUN NPUCYTCTBYET HEN3BECTHas, KOahpuumneHT nepen
KOTOPOW SIBHO He yKa3aH, TO OH paBeH 1. Takum obpa3om, cucteMa ypaBHeHUN Npo-
nbpetaeT BUA:

_11'1 + $2 i 1333 == _4

Tenepb Mbl MOXXEM 3aMncaTb CUCTEMY JIMHENHbBIX YPAaBHEHUIN B MAaTPUYHON hopMe:

L5 1 0 xl 3
-1 1 -1 s —4
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1,5 1 0 x 3
WmA-X=BrpeA=| 0 —4 1 |, X=|z|,B=1] 0 |.
-1 1 -1 T4 —4

=3apaHue 1

[aHa cncrtema NMHENHbIX YPaBHEHUN:

T, + 29+ 33 =05
ﬂ?l + 4.’1;2 + xg == 10

Co3panTe B Engee maTpuuy A KO3pHOULUMEHTOB NpU ,, x5, U 5. [epBbIn cTonbey 3Ton
MaTpULbl LOJIKEH COCTOATb U3 KOIMPULMEHTOB Mpu x,, BTOPON - N3 KOIPPULNEHTOB
npwn x,, TPETUN - N3 KOIPPULIMEHTOB NPU 5.

Co3panTe BekTOp-cTOoNbey B cBOHGOOHLIX Y1EHOB (YMcen, CTOAWMX B MpaBbiX YacTaX
ypaBHEHUN).

—4
Co3panTe BeKkTOp-cTONbel X, coAep KAl pelleHne CUCTembl: X = ( 3 )
2

MNpoBepbTe, 4TO X SABNAETCA PELUEHUEM, YMHOXXUB MaTpuLly A Ha BeKTop X. Pe3yb-
TaT YMHOXXEHMS LOJKEH COBMaAaTb C BEKTOPOM B.

HH#HH#HH#

PeweHune
A=1[222;113;141];
B =1[2; 5; 10];

X =1[-4; 3; 2];

A * X

=3apaHue 2
HdaHa cncrteMa NMHENHbIX YpaBHEHNN:

I1+$3:0,5.
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MNepeHecnTe cnaraemMble C HEN3BECTHbLIMU B JIEBbIE YacTU ypaBHEeHUN, a cBoboaHble
YfleHbl - B Mpasble YacTu. Ynopano4ybTe claraemMble C HeM3BeCTHbIMUY MO BO3pacTaHUIo
NX HOMepoB. B TpeTbeM ypaBHEHUN OTCYTCTBYET HEN3BECTHasN z,, N03ToMy AobaBbTe
ee B ypaBHeHue C KoappuueHTom 0.

3aTeM co3gmanTe B Engee maTpuuy A cuctembl n BeKTop-cTtonbel, B cBOOOAHBIX Ye-
HOB.

—0,75
Co3panTe BeKkTOp-cTONbeL X, coAep>Xallnn peweHne cuctemsl: X = | 2,25
1,25

MNpoBepbTe, 4TO X ABNAAETCA PELUEHUEM, YMHOXXUB MaTpuLly A Ha BeKTop X. Pe3ynb-
TaT YMHOXXEHMNS LOJKEH COBMaAaTb C BEKTOPOM B.

MNoackaska

Mocne npeobpasoBaHUin OOSXKHA MNONYYUTLCS Cheaylolas MaTpuua CUCTEMbl: A =
3 2 -1
2 =2 4
1 0 1

1

N BEKTOP CBOOOAHLIX Y1eHOB: B = | —1
0,5

HHSEHSE

PewweHne

=[32 -1; 2 -2 4; 10 1];
= [1; -1; 0.5];

[-0.75; 2.25; 1.25];
X

A
B
X
A

*

PelleHMe CUCTEM JIMHENHbIX YypaBHeHU B Engee

B Engee cncteMbl IMHENHbIX yPaBHEHUN BUAa A-X = B pellatoTcsa NyTEM BblHYUCTIEHUS
1IeBOro YaCcTHOro MmaTpuu A 1 B € NoOMOLLbIO onepaTopa (obpaTHasa Kocas YepTa).

X =AB.
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Hanpumep, cncrtemy ypaBHeHUn

1‘1‘1’1‘2“‘3-%3:5
331+4SU2+£L‘3=10

MO>XHO peLmnTb clegyowmnm obpasom:

A=1[222;113;141];
B=1[2; 5; 10];
X=A\B

Coenaem NMpoBepKY, YMHOXNB MaTpuLy A Ha BEKTOpP X:
A* X

Kak Mbl BUOUM, pe3ynbTaT YMHOXEHNA coBMadaeT C BEKTOPOM B.

MpumMmep. JaHa cncTemMa IMHENHbIX YPaBHEHNN:

CHavana peLlunM cuctemy rpauyeckn. [1na 3Toro nocTPoMm Ha 0AHOM rpaduke nps-
Mble y =6—2 Ny =2+ 3z U1 HANOEM KOOpPAMHATbl TOYKN NMepecevyeHuns 3TuxX NpsmbiX.

using Plots;

x = LinRange(-5, 5, 100);

yl =6 .- X;

y2 =2 .+ 3 * Xx;

plot(x, yl, xlabel="x", ylabel="y", label="y=6-x")
plot!(x, y2, label="y=2+3x")

N3 rpadmka BUOHO, 4TO TOYKa NMepecevyeHns npsiMmbiX UMeeT KoopauHaTbl z = 1,y = 5.
ITO 1 eCTb peleHne AAaHHOW CUCTEMbI JINHENHbIX YPaHEeHUN.

Tenepb pewmnMm 3Ty CUCTEMY YpaBHEHUI C NOMOLLbIO onepaTopa \. 118 3Toro cHavyana
npeobpasyem cnctemy K Buay, Tpebyemomy onsa 3agaHma matpuuy A u B:

lx+1y =6
=3z 4+ 1y = 2.

A=1[11; -31];
B = [6; 2];
X=A\B

CoenaeM npoBepkKy:
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A * X

=3apaHuve 3

Pewunte B Engee cucTeMy SIMHENHbIX YPaBHEHUI C MOMOLLIbIO ornepaTopa \:

7%1 + 2:132 + 3.%3 - 15
9T — 3Ty + 225 =15

n coenanTe NpPoOBepKY.

HHEHH

PeweHne

A=1[723;5 -32; 10 -11 5];
B = [15; 15; 36];

X=A\B

println("X =");

display(X);

println("A*X =");
display(A * X);

dopmynbl Kpamepa

HeBblpoXxaeHHas cucTema 13 N JIMHENHbIX YPaBHEHWUI C N HEM3BECTHLIMU UMEET eANH-
CTBEHHOEe pelleHne, KOTopoe MoXXeT 6biTb HaaeHo nNo popmynam Kpamepa:

e RN | _ 2
A2 = AT = A

-:Ulz

roe A - onpegenutesib CACTEMbI, A, - onpeaenuTesb, NOJyYeHHbIN U3 onpeaennTtens
A nyTem 3aMeHbl NnepBoro ctonbua KodhppunumeHToB cToNdbuom cBob6OAHbIX YEHOB,
A, - onpepennTesib, NOJIyYeHHbIA U3 A NyTeM 3aMeHbl BTOporo ctonbua Koahhuunm-
€HTOB CTON6LO0M CBOBOAHbLIX YJIEHOB U T.4.

®opmy bl Kpamepa 06bI4HO NPUMEHSAIOTCA AN pelleHns HebobLUMX CUCTEM (C ABYMS
NN TPeMs HEN3BECTHbLIMN).




MpumMmep. Pewunm no popmynam Kpamepa cucteMmy ypaBHEHUN

2$1 — 41‘2 + 9$3 — 28
7:1:1 + 3$2 - 6.’1:3 - _].

[ 1: using LinearAlgebra;
A=1[2-49; 73 -6; 79 -9]; # MaTpuua CUCTEMbI
D = det(A); # onpepenuTtesib CUCTEMbI
D1 = det([28 -4 9; -1 3 -6; 59 -9]); # onpepenutenb Deltal
#
#

D2 = det([2 28 9; 7 -1 -6; 7 5 -9]); onpepenutenb Delta2
D3 = det([2 -4 28; 7 3 -1; 7 9 5]); onpepenutenb Delta3
X[1] = D1 / D;

X[2] = D2 / D;

X[3] = D3 / D;

print("X =
display(X);
println("A*X =");
display(A * X); # nposepka

")

MaTpu4iHbIN CNOCOO pewleHna CUCTEM JIMHENHbIX YPaBHEHUHN
PelwleHne HEBbIPOXXOEHHOW CUCTEMBI U3 n JIMHENHbIX YPAaBHEHUA C n HEU3BECTHbLIMN
X = A- B MoxXeT bbITb HaNAEHO MaTPUYHbLIM CriocoboM:
X=A"1 B,

rpe A-! - maTtpuua, obpaTtHaa K MaTpuue cuctembl A4, B - BeKTOp-
cTonbeu, cBOOOAHBIX 4YJIEHOB.
=3apaHue 4
Pewnte B Engee MaTpUYHbIM CNOCOOOM CUCTEMY JIMHENHbBIX YPABHEHUN:

$1 + 332 — l‘3 = 36

T1— Ty + x5 =13

_xl + .T2 + 373 = 7
n caenanTe NpoBepKY.

[ 1:

HH#EH#HH

NMoacka3ka
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ObpaTHasa maTpuua B Engee BblYMCISETCA C MOMOLWbIO PYHKLMN inv.
HHEHHH

PeweHne

A=1[11-1;1-11; -1111;
B = [36; 13; 7];

X = inv(A) * B;

println("X =");

display(X);

println("A*X =");
display(A * X);

UccnepoBaHMe COBMECTHOCTU CUCTEM JIMHEUHDbIX YPaBHEHUH

MycTb AaHa cMcTeMa U3 m JINHENHbIX YPAaBHEHUI C n HEU3BECTHbLIMU:

G;llml + a/12$2 + + alniL'n - bl
a21x1 + a/22.f[,'2 + + a2nl'n - b2

G121 + Cppooy + ... + Gy, = by,

Teopema KpoHekepa-Kanennu. Cucrtema nmHenHbix anrebpanyveckux
YPaBHEHMN COBMECTHa TOrAda W TOJIbKO Torga, Korga paHr paclimpeHHoOn
MaTpULbl CACTEMbI PaBEH pPaHry MaTpuLbl CUCTEMBI.

Ecnn paHr COBMeCTHOM CUCTEMbl paBEeH 4YUC/y HEU3BECTHbIX, TO cMcTemMa
NnMeeT eANHCTBEHHOE pewleHne. Ecnm paHr COBMECTHOW CUCTEMbl MeHbLLUE
4ynucsaa Hen3BeCTHbIX, TO cucTtemMa nMmeeT 6eCcKoHEeYHOEe MHOXXEeCTBO pelue-
HUI.

MpumMmep. iccneayem COBMECTHOCTb CUCTEMbI JIMHENHbIX YPaBHEHUN

22, —3x9 + Dx3+ Ty =1
4561 — 6.’)52 + 211‘3 + 3334 == 2
22y — 3z — 1125 — 1524 = 1.

Takas cnctema ypaBHEHUN, B KOTOPOW YyPaBHEHNN MeHbLUE, YeM HEN3BECTHbIX, Ha3bl-
BaeTCs HepoonpeneNeHHON.

Ona opmmpoBaHusa paclMpeHHOW MaTpuubl BOCNoOab3yeMcsa yHKUmMen cat, KoTo-
pas BbINOJHAET KOHKaTeHaumuo (0bbegnHeHne) maTpuu n cogepxmntcsa B bubnnorteke
LinearAlgebra. AprymeHTamMun 3Ton YHKLUKN ABAAIOTCA MMeHa obbeanHAeMbIX MaT-
puu A n B, a TakXe nepeMeHHas dims, yKka3sbiBatoLllas, N0 Kakow pa3mepHocTu byneTt
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npon3soanTcs obvegnHeHne maTpul. 3HavyeHne dims=2 cooTBeTCTBYeT obbeanHe-
HWUIO MO FOPU30HTANN.

using LinearAlgebra;
A=1[2-357;4-623; 2 -3 -11 -15]; # MaTpuua CUCTEMbI

B=1[1; 2; 11; # cTtonbeu, cBOOOOHLIX YIEHOB
D = cat(A, B; dims=2); # pacuwumpeHHas MaTpuua
println("rank(A)=", rank(A)); # paHr MaTpuubl CUCTEM.
println("rank(D)=", rank(D)); # paHr pacWMpPeHHOW MaTpuubl

Mbl BUWOWM, 4TO paHr pacCWMpPEeHHOW MaTpuubl PaBEeH PaHry MaTpuubl CUCTEMbI:
Rg(D) = Rg(A) = 2. CnepoBsaTeNibHO, AaHHaA CUCTeMa ypaBHEHUN COBMeCTHa. PaHr
CUCTeMbl (2) MeHbLUe 4Yucna Hen3BeCTHbIX (3), ciegoBaTesibHO, cMcTeMa umeet bec-
KOHEYHOe MHOXXeCTBO peLUueHUN.

=3apaHue 5

Nccnepnyinte B Engee COBMECTHOCTb CUCTEMbI JIMHENHbIX YPaBHEHUIA

7$1_4$2+$3+3l’4:5
5351 +7$2 _41;3 _6354 == 3

HHEHH

PeweHne

using LinearAlgebra;
A=1[3-524;7-413;57 -4 -6];
B =1[2; 5; 31;

D cat(A, B; dims=2);
println("rank(A)=", rank(A));
println("rank(D)=", rank(D));

Mbl BUAWM, YTO pPaHr paclMPEHHON MaTpuubl (3) He paBeH paHry MaTpuLbl CUCTEMBI
(2), cnepoBaTe/IbHO, CUCTEMA HECOBMECTHaA.

=3apaHve 6

Nccnepyinte B Engee COBMECTHOCTb CUCTEMbI JIMHENHBIX YPaBHEHUI
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2z, + 51y — 8x3 =8
4xy + 329 — 925 =9
2z, +3x9 — D253 =7
zq + 8xy — Ty = 12.

Ecnn cuctema coBMeCTHa, TO HanguTte ee peweHune.

Takasa cuCcTeMa ypaBHEHUIN, B KOTOPOW ypaBHEHUI 6onblue, 4eM HEN3BECTHbIX, Ha3bl-
BaeTCA nepeonpeneneHHoM.

HA#HA

PewweHne

using LinearAlgebra;

A=1[25 -8, 43 -9; 23 -5;18 -7];
B=1[08; 9; 7; 12];

D cat(A, B; dims=2);
println("rank(A)=", rank(A));
println("rank(D)=", rank(D));

Mbl BUWOWM, H4TO paHr pacWMpPEeHHOW MaTpuubl PaBEeH PaHry MaTpuubl CUCTEMbI:
Rg(D) = Rg(A) = 3. CnepoBsaTeNibHO, AaHHaA CUCTeMa ypaBHEHUN COBMeCTHa. PaHr
cucTeMsbl (3) paBeH 4MCy HeM3BeCTHbIX (3), cnegoBaTelbHO, CUCTeMa MMeeT eAnH-
CTBEHHOE peLlleHue.

Ons HaxoXAeHWs 3Toro eAVHCTBEHHOr0 peLlleHns NCKIYnM noboe ypaBHeHne n3
cucTeMmsbl, Hanpumep, YetsepToe. M 3aTeM pewwnMm Nosly4eHHY CUCTEMY C NMOMOLLbIO
CTaHpapTHbIX cpencTs Engee.

A=1[25 -8; 43 -9; 23 -5];
B [8; 9; 71;
X=A\B

MeTop lNaycca

MeTop MNaycca an4 peweHns CUCTEM JIMHENHbIX anrebpanyecknx ypaBHEHUI COCTO-
UT U3 OBYX 3TanosB. Ha nepsBoM 3Tane (NPAMOM XOA) C NOMOLLbLIO 3/IEMEHTAPHbIX
npeobpa3oBaHUN paCLUMPEHHON MaTpULbl CUCTEMA NPUBOAUTCSH K CTyrneH4YaToMy (B
YaCTHOCTW, TPEYroJsibHOMY) BUAY:

10
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anl‘l + a121’2 + + G;lkwk + + alnl‘n == b1
Q9oTg + ... + A9 Tp + ... + g, T, = by

akkxk + + aknl'n = bk

roe k<mn,a; #0.

Ha BTOpOM 3Tane (0GpaTHbIA XOA) 13 3TON CTYNeH4YaTON CUCTEMbI NOC/1Ief0BaTEeNbHO
BbIYNCNAKTCA HEN3BECTHbIE.

Ecnun cTyneH4yaTass CUCTEMa OKa3blBaeTCs TpeyronbHOM (k = n), TO UCX0AQHas CUCTeEMa
NMeeT eQMHCTBEHHOE pelleHne. Torga u3 nocnefHero ypaBHeEHUS HAaXo0AUTCS x,, U3
npeanocnefHero ypaBHeHWs - z,, 4, ..., U3 NePBOro ypaBHEHUA - ;.

MpumMmep. Peunm B Engee meTonoM Naycca cucteMy ypaBHEHUN

xl +:U2+$3 :36
2z, — 345 = —17
6.1‘1 _51'3 == 7

CHavana 3agagmm matpuubl A u B. O6beANHUB NX, COCTAaBMM PaCCLUMPEHHYIO MaTpu-
by D.

A [111; 20 -3; 60 -5];
B = [36; -17; 71;
D cat(A, B; dims=2)

NcKNoYMM HEM3BECTHYIO 2, U3 BTOPOro U TPeTbero ypaBHeHUR. 11 3TOro Ko BTOpPOu
CTPOKe pacLUMPEHHON MaTpuLbl NPpMbaBUM NEPBYIO CTPOKY, YMHOXEHHYIO Ha (—2), a
K TpeTbel CTpoke NprubaBuM NepByt0 CTPOKY, YMHOXKEHHYIO Ha (—6).

D[2,:] = D[2,:]1 + D[1,:] * (-2);
D[3,:] = D[3,:] + D[1,:] * (-6);
display(D);

3aTeM MCKJIIOYMM HEU3BECTHYIO z; U3 TPETbEero ypaBHeHUs. [N 3TOro K TpeTben
CTPOKEe pacCLUMPEHHON MaTpuULbl NpUbaBNM BTOPYH CTPOKY, YMHOXEHHYIO Ha 3.

D[3,:] = D[3,:] + D[2,:] * (-3);
display(D)

Mbl NpnBeNnn paclMPEHHYIO MaTpULy K TPeyrosibHOMY BUAy (BCe ee 3/1eMeHTbl HU-
»Xe rJlaBHOW amaroHasan pasHbl Hyst0). CoOTBETCTBYOWAaa CUCTEMa ypaBHEHNN NMeeT
BUA:

11
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xl + -:Uz + 1'3 = 36

Tenepb BbINOJIHUM 0bpaTHbLIN X04 MeToaa Naycca. I3 TpeTbero ypaBHEHUS Bblpa3nM
Z3, N3 BTOPOIO - x5, N3 MEPOBIro - z;:

X[3] = D[3,4] / DI[3,3];
X[2] = (D[2,4] - D[2,3] * XI[3] ) / D[2,2];
X[1] = (p[1,4] - D[1,2] * X[2] - D[1,3] * XI[31) / D[1,1];

println("X =");
display(X);

CoenaeM nNpoBepKy:

A * X

TecT ona nonyyeHua ceptudukara

MponTwn TecT no pasgeny »
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