CobcTBeHHble 3Ha4YeHUA U coOCcTBeHHble BEKTOPbI

OcHOBHble onpepneneHus

HeHyneBol BEKTOp v Ha3blBaeTCs COOCTBEHHbIM BEKTOPOM (eigenvector)
KBaApPaTHOM MaTpuLbl A, €C/IN BbINOJHAETCS PaBEHCTBO

A-v=X\ v,

raoe \ - HEKOTOpPbI CKansip, Ha3blBA€Mbll COOCTBEHHbLIM 3HA4YE€HUeM (1nn
cobcTBEHHBbIM YuCNIOM, eigenvalue) MaTpuubl A, COOTBETCTBYOLWMNM COb-
CTBEHHOMY BEKTOPY v.

Ecnm v - HeKoTopbIn COBCTBEHHbIN BEKTOP, TO BEKTOP kv (k # 0) Takxe sABNseTCA
COBCTBEHHbLIM BEKTOPOM.

FeomeTpunyeckunin cMbica COBCTBEHHOIO BEKTOPA: YMHOXXeHMe cOBCTBEHHOIro BEKTOpa
v HA MaTpuuy A OaeT BEKTOpP Av, KOIMHEAPHbIN BeKTopy v. MNpu 3TOM ero anamHa
n3MeHAeTCqa B A pas.

Ecnm A paccMmaTpmBaTb Kak MaTpuLy HEKOTOPOro JIMHEMHOro orepaTtopa, To cob-
CTBEHHbIW BEKTOP 3TOro ornepartopa - /tobon HeEHY/IeBON BEKTOP v, KOTOPLIA Orne-
paTopoM A oTobpa)kaeTca B KOMJIMHEAPHbIN €My BEKTOP Av, @ COOTBETCTBYBIOLLMNNA
CKansap A Ha3blBaeTCs COOCTBEHHbLIM 3HAYeHUeM orepaTopa.
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DTO ypaBHEHME Ha3blBaeTCs XapakKTepUuCTU4eCKMM ypaBHeHUeM. PackpbiBasi onpe-
nennTenb, Nosy4yaeM MHOIMOYEH n- CTENEHN OTHOCUTESNIbHO \:

A"+ p A+ p, A+ p, =0.

KOpHN XapaKTePUCTMYECKOro YyPaBHEHUA U ABNAIOTCA COBCTBEHHBLIMU 3HAYEHUAMMU
MaTpuubl. 118 HaxoXXaeHnsa cCOBCTBEHHbIX BEKTPOB HY>XXHO Ka)kaoe cobCcTBeHHOe 3Ha-
yeHne \, NOACTaBUTb B OOHOPOAHYIO CUCTEMY YPABHEHUN U pelnTb ee. DTN CucTe-
Mbl By iy T MeTb BeCKOHEeYHoe MHOXXEeCTBO peLleHNN, HO OJ19 KaXKA0ro A\, 4OCTaTO4YHO
HalTWN TONILKO OQHO HEHY/IEBOE peLleHMe.

CobCcTBEHHbIE BEKTOPbI M COBCTBEHHbIE 3HAYEHMS LUMPOKO NCMNOJIb3YIOTCA B Pa3iny-
HbIX MPUIOXKEHUAX NTMHENHON anrebpbl. 9TO CBA3aHO C TEM, YTO MHOIME COOTHOLLEHNS
CYLEeCTBEHHO YNpOLLalTCsa B CMCTEME KOOpAWHAT, NocTpoeHHon B 6a3uce n3 cob-
CTBEHHbIX BEKTOPOB. A MHO)XeCTBO COBCTBEHHbIX 3HAYEHUA JINHENHOIrO onepaTopa
XapaKTepusyeT Ba)KHble CBOWCTBa onepaTtopa 6e3 npmnBA3KN K Kakon-nnbo cucteme
KoopAuHaT.

HaxoxpeHue CcOOCTBEHHbIX 3HAa4Y€HUM U COOCTBEHHbIX BEKTOPOB B
Engee

B Engee cobcTBeHHbIe 3Ha4YeHNA U COBCTBEHHbIE BEKTOPbI MaTPULLbl A BbIMNCAAIOTCA
C NoMoLLbo PYHKLMK eigen, copepxxawlencsa B bubnumoteke LinearAlgebra. 9Ta dyHkK-
uMa nMeeT ABa BbIXOAHbIX MapaMeTpa: BEKTOP COBCTBEHHbIX 3Ha4YeHUn MaTpuubl A
val u MmaTpuua vec, cTonbLbl KOTOPOW ABAAIOTCA COOCTBEHHLIMY BEKTOPAMN MaTpuULLbl
A.

Mpumep. Hangem B Engee CoOCTBEHHbIE 3HAYEHNA N COBCTBEHHbIE BEKTOPbLI MaTpU-
bl A= 0 1.
HetA=1_o _3)

using LinearAlgebra;
A=1[01;, -2 -3];

val, vec = eigen(A);
println("eigenvalues =");
display(val);
println("eigenvectors =");
display(vec);

Takum obpa3oM, MaTpuua A uMeeT ABa COOCTBEHHbIX 3HAYEHUSA \; = —2 U A\, = —1 1
[JBa COOTBETCTBYIOLLMNX UM CODCTBEHHbIX BEKTOPa v; = —0,447214 _ (V707107
y Pa v =1 894427 2= \0,707107 )

Coenaem nNpoBepKy. Bbl4mcanm pasHocTn Av; — A\jv; U Avy — Ayuy M yBEeamMMcs B TOM,
4TO OHM PaBHbl HYJIEBbIM BEKTOPaM.

display(A * vec[:,1] - val[l] * vec[:,1]);
display(A * vec[:,2] - val[2] * vec[:,2]);



=3apaHue 1

Hanoute B Engee cob6CTBEHHbIE 3HAYEHUSA U COBCTBEHHbIE BEKTOPbI MATPULbl A =

1 -1 0
-1 2 —11.
0 -1 1

CoenanTte NpoBepKY.

HHEHH

PelwweHne

: using LinearAlgebra;

A=1[1-10; -12 -1; 0 -1 1];

val, vec = eigen(A);

println("eigenvalues =");

display(val);

println("eigenvectors =");

display(vec);

display(A * vec[:,1] - val[l] * vec[:,1]);
display(A * vec[:,2] - val[2] * vec[:,2]);
display(A * vec[:,3] - val[3] * vec[:,3]);

=3apaHue 2

Hangnte B Engee cobcTBeHHblIe 3HAa4YeHNS N CODCTBEHHbIE BEKTOPbI AMaroHasibHON

1 00
MaTpuubl A=10 2 0.

00 3

ChenanTe NpoBeEpPKY.

HHEHH

PeweHne

: using LinearAlgebra;
A=[100; 020; 00 3];
val, vec = eigen(A);
println(“"eigenvalues =");
display(val);
println("eigenvectors =");



display(A * vec[:,1] - val[l] * vec[:,1]);
display(A * vec[:,2] - val[2] * vec[:,2]);
display(A * vec[:,3] - val[3] * vec[:,3])

display(vec);

’

Kak Mbl BUAUM, COBCTBEHHbIE 3HAYEHUS AMaroHabHON MaTpPMLbl COBNadaloT C 3Je-
MeHTaMU, NieXXKallnMmM Ha ee r1aBHOM gnaroHanun. A cobcTBeHHble BEKTOPbI 06pa3yioT
JINHENHO HEe3aBUCUMYIO CUCTEMY BEKTOPOB.

NMpuMeHeHUue cOO6CTBEHHbIX 3HA4Y€HUU U COOCTBEHHbIX BEeKTOPOB A,Jif Bbl-
YUCNIeHUA peluTUHra Beb-cTpaHuy

MonckoBble CUCTEMbl PACCHMTLIBAOT PENTUHI BEBO-CTpaHUL, B COOTBETCTBUN C MOMy-
NISIPHOCTbLIO KaXk[0N CTPaHULLbI.

PaccmoTpuM 4eTbipe Beb-cTpaHuubl A, B, C n D. OHK copep>XaT CCbIIKU ApYyr Ha Apy-
ra. Hanpumep, cTpaHnua A coaep>XunT Cccbinkn Ha B n D. Bzanmocsasb mexnay Beb-
CTpaHuLAMN MOXHO NMpeacTaBnTb B Buae rpada. Ctpenka mexay A n B o3HavaerT,
4YTO CTpaHuUa A COOepPXUT CCbIJIKY Ha CTpaHuuy B.

“Alinks to B”
A B

C D

TO0T rpaq) MO>XHO NpeAcCTaBUTb B BUAEe MaTpPULlbl NepexonoB A:

A) B C D
0.1 0 0 0.45]
045 0.1 09 0

0 0 0.1 045
045 09 0 0.1 |

OO0 w>

KaxAabll 351eMeHT MaTpuubl a;; - 3TO BEPOATHOCTb Nepexofa rnoJib30BaTesis Co CTpa-
HULbI i Ha CTpaHuLy j. CyMMa BEPOSTHOCTEN B Ka)kAoM cTonbLe Bcerga paBHa eau-
HuUe. BepossTHOCTb 0 03HaYaeT, YTO CCblJIka MexXay CTPaHMLUaMK i U j OTCYyTCTBYET.
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OwnaroHasibHble 3/1eMeHTbl, paBHble 0,1, 03HaYaloT, 4TO CcyLecTByeT BepoATHOCTL 0,1
TOro, 4TO MOJIb30BaTesIb OCTAHETCS Ha TOW e CTpaHuLe.

0

MycTb BekTOp-cTONbEL ¢ = C eANHULIEN B TPETbEN CTPOKE 03HAYaAEeT MNoJib30Ba-

1
0
Tensl, KOTOPbIN HAa4YMHAET CBOK HaBUraLWUo co cTpaHuubl C.

3apaanm B Engee MaTpuuy A 1 BEKTOP c¢. YMHOXMB MaTpuuy A Ha BEKTOP c¢, MoJy-
4ynm BekTOp cProb BeposaTHOCTEl Nepexona nosb3oBaTens co cTpaHuubl C Ha apyrue
CTPaHULbI:

A [0.1 0 0 0.45;0.45 0.1 0.9 0;0 0 0.1 0.45;0.45 0.9 0 0.1];

c = [0; 0; 1; 0];
cProb = A *c

BekTop cProb nokasbiBaeT, 4TO NMosb3oBaTesb, HaXxo4AWMNCA Ha cTpaHuue C, ¢ Be-
poATHOCTbIO 90% nepenpgeT Ha cTpaHuuy B n ¢ BepoaTHocTbio 10% ocTaHeTCHa Ha
cTpaHuue C.

Ecnn noBTOpUTL 3TY onepauunto MHOro pas (A-A-...- A-c), TO B pe3ynbTaTe Noay4unT-
CS AOMMHMPYIOLLUA COOCTBEHHbIW BEKTOP (COOTBETCTBYWOLWMM Hanbonbwemy no
MoAyto COBCTBEHHOMY 3HAYEHUIO) MaTpPULbl A .

DN1eMEHTbl 3TOr0 BEKTOPA OA0T BEPOATHOCTb TOr0, YTO MOJIb30BaTE/Ib OKaXKETCSH Ha
onpenesnieHHoN CTpaHuLe nocsie HaBMraunm No CTpaHMLam B Te4eHne 6eCKoOHeYHOoro
BPEMEHMN.

Hanpem cobcTBeHHbIE 3HAYEHUSA N COBCTBEHHbIE BEKTOPbLI MaTpuLbl A:
val, vec = eigen(A)

[Ba cobCTBEHHbIX 3HAYEHNA KOMMJIEKCHbIE; B AAHHOM 3a[aye UX MOXHO NrHopupo-
BaThb.

IBa opyrux cobCTBEHHbIX 3HaYeHUs paBHbl 1 1 0,1. JOMUHUPYIOLWNA COBCTBEHHDIN
BeKTop (4-n cTtonbey MaTpuubl veCc) COOTBETCTBYeT HambonbwemMy cobCTBEHHOMY
3HaYeHuo (1).

CoxpaHMM OOMUHUNPYOLWMINA COBCTBEHHbIN BEKTOP B nepemMeHom vl:
vl = vec[:,4]

Yem 6osibLe 3HAYEHUSA 31eMeHTOB cOBCTBEHHOI0 BEKTOpa, TeM Bosiee BbICOKUIN peit-
TUHr BygeT y 3TOn cTpaHuubl. T.e. y nonb3oBaTens 6obLue BCEro WaHCOB OKa3aTbCA
Ha cTpaHuue D.

HanomMHuM, 4TO nponsBeneHne cOBCTBEHHOro BEKTOPA Ha YMCIO0 TakXe ABASeTCS
cobcTBEHHbIM BEKTOpPOM. Ecnm npoMacwtabupoBaTb BeKTOp V1 Tak, 4Tobbl cyMMa ero
3J1IEMEHTOB paBHsack 1, TO B pe3ybTaTe NoJy4nTCs BEKTOP BEPOSITHOCTEN TOFO, YTO
NnoJsib30BaTe b OKaXKeTCS Ha KaXKoM U3 YeTblpex CTpaHuL, No npowecTeumn beckoHeu-
HOIrO BPEMEHMN.
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PazpenuB BeKTOp V1 Ha CyMMy €ro 3JIEMEHTOB, MOJIyYMM BEKTOP BEPOSATHOCTEWN
v1Prob:

v1lProb = vl / sum(vl)

Taknm obpasoMm, Nosib3oBaTeNb, NepPexonsann mexay 4 cTpaHMuaMmu, MMeeT Bepo-
ATHOCTb NpubnnsnTensHo 18% okasaTbCa Ha cTpaHuuax A n C, 27% - Ha cTpaHuue
B n 36% - Ha cTpaHuue D.

=3apaHuve 3

Hanoute B Engee BepOSITHOCTU OKa3aTbCA Ha KaXaoh U3 4 CTpaHuL, no npo-
LIecTBUN OECKOHEYHOro BPEMeHW, ecqin MaTpuua NepexonoB umeeT Bua: A =
0,1 O 0 0

0,5 0,5 0,5 0,5

0 0 0,5 0,45

0,4 0,5 0 0,05

H#HH#HA
MNoacka3ka

CHavana 3apanTe mMaTpuuy nepexonoB A. 3aTeM HangutTe ee COBCTBEHHbIE 3HaYe-
HNA N cobCTBEHHbIE BEKTOPLI C MOMOLLbIO BbipakeHusi val, vec = eigen(A). Coxpa-
HUTe B NepeMeHHoON V1 JOMUHUPYIOLLMA COBCTBEHHbIM BEKTOP - TOT cToNbeL, maTpu-
Lbl VEC, KOTOPbIN COOTBETCTBYET HanbonbLweMy No Moayto CO6CTBEHHOMY 3HAYEHUIO
(T.e. HanbonbLIeMy NO MOAYJIIO dNEMEHTY BeKTopa val). 3aTeM pa3gennte JOMUHU-
PYIOLLMA BEKTOP Ha CYMMY €ro 3/IeMeHTOB, B pe3y/ibTaTe MoAy4YnTCAa BEKTOP MCKOMbIX
BEPOATHOCTEMN.

HHEHHH

PeweHne

A=[0.1000; 0.50.50.50.5; 00 0.50.45; 0.4 0.50 0.05];
val, vec = eigen(A)

Kak Mbl Buanm, Hanbonbwee no moaynto cobcTBeHHOE 3HaYeHME paBHO eanHuue (4-
M anemMeHT BeKToOpa val). EMy cooTBeTCcTBYET 4-11 COBCTBEHHLIN BEKTOP (OOMUHUPYIO-
wnim Bektop). CoxpaHUM ero B nepemMeHHon v1 u npoHOpMUMpyeM, pa3aesiuB Ha CyMMy
€ro 3/1IEMEeHTOB:

vl = vec[:,4];
vlProb = v1 / sum(vl)

Taknm obpa3om, Nosb3oBaTENlb UMEET BEPOSATHOCTb 50% OKa3aTbCA Ha CTpaHuue B,
npnbnunsntensHo 24% - Ha cTpaHuue C, 26% - Ha cTpaHuue D n HyneByl BepoAaT-
HOCTb - Ha CTpaHuue A.
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