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Definition 1. On a random variable (r.v.)
Given Q - sample space and probability
distribution P. A random variable § is a
function defined on Q, taking values in R

€E:Q-R

(We think, probabilistic space (Q,A,P) is
given))

Definition 2. About the outcome

The elementary events (outcomes) of a
random experiment are such events
(atoms of the events) which exactly one
of them occurs during the experiment.

Lecture 2 § 2.

wexarcn - Random variable (r.v.). Sample, l
"based on single elementary outcome. ¥
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Table of probabilities of &+ (distribution density )

Let’s introduce new random variable &€x, which
takes values x1,x,.. ,xn on single elementary
outcome as n-surfaces dice with the same

probability.
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X1 | x| ..o | x

e

P

Im|ln|... | 1/n

The distribution function:

E (y) = Z "

xI. c::}!

1 numberx; € (—,y)

Ay, III':I
IE1

n

-- Distribution function for built &




[“j Descriptive statistics of §

1
ES = E —X; = — E x; = x;  Expectation E(E)k = xk;
n

Variance :

DE = ¥ =(q —EE)? ==Zi (- 0> =5% (D

&
Eg(E*)=; g(x;) = g(x);

It we allow an elementary outcome to change — obtamnr.v. £
Er(y), x, S%, x*, g(x) asfunctions of r.v. xy, ... , x, instead (1).
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Empirical distribution function determined on the sample x = (x;, ... ,x,,)
volume n — 1s random function F; (y):R x Q1 — [0,1], Vy € R, such that

number X;€(—c0,y) 1

B ()= n = 2= [ ( <y); Definition 1. EDF
I(x; <y) = {:[L}: X e?si - indicator function.
Definition 2. EDF (after reordering):
Remark. X(1) S X@) € v S X X = minlx, xg) = max(x)

For any y indicator of event xi Xy — k-th element, or k-th order statistics.
<y, has Bernouli [ba nju:li]
distribution with p —
parameter: p = P(xi<y) = F(y),
rv. I (xi<y ) € B(F(y)), 0,  y=xu

m
F;(}’) =3\ y € (x(m)rx(m-l-lj)
Lecture 2 § 3. 1 Y > X

E’(y) has jumps in each point x; with height %

m — number of elements are equal to x;

FOK
(

Joreesx Distribution Function (EDF) vt

(H
)}

S F(y) =P (x1<y) - Empirical ),
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e Histogram of relative frequencies

e Table exists for discrete
distributions

e Density function — for absolutely
continuous distributions



avcivt - Histogram - empirical analogue of theé@bé,f__

MEXAHWMKHW

ot density function of distribution

VHUBEPCUTET
HAYK

Histogram 1s based on grouped data: the range of data values x,,,, — X, 15
devided into several bins A4, ..., Ay (consecutive, non-overlapping intervals, often
equal size - length): v; — number elements of the sample got into j — th bin 4;. Let
construct rectangle R; with  f; — rectangle height and [; — rectangle length (see
pic.). where

v = {numberxi € Aj}z zI(xi € 4),

fi = J k i=1
R §
n= v for VA4
j=1
fj y, | |
fi = T analogue of the density function
n* [
J
R; I. i .
j - relative frequency

Figure, consisting of union of k such rectangles, is called histogram, the
total squares of rectangles is equal to 1 (S=1).
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I‘“‘On relation between a histogram = ”'é-

EXA } 1r\L b1V
|“” ” > KOTEPHbBIX VI 11|||< 1|||

HAVK and a density function

__M,’/

_,_.

Remark: Let density function of the sample, belongin
to General population — continuous function. If
number of intervals k=k(n) tends to infinity

k (n)/ n-0, then histogram tends to density function

for Vy.

Task: Model such an example for any arbitrary
distribution (Normal, Students, Chi-squared),
shows the trend corresponding to the remark.

bHbBIN



MHCTHUTYT
MATEMATUKH
MEXAHUKH
KOMIMBKOTEPHBIX
HAYK

Remark. Let &€ — random variable belongs to General Population with true known

Sample and true moments
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characteristics; x1(or any xi) — we can consider as outcome (result of experiment) of € and

random variable too.

True moments

Estimation for true moments

EE: Exl =a

I
Q

DE — Dx1 2

E& = Exf =my

Eg(®)

1 X
n i=1"%1-

X

Szzi " (x; —%)* —biased:

S2 = leggl(xi — )2 — unbiased:
—

o=

k1
S“==Y"  x¥- k moments
n

1 n
907 == g(x)
i=1
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Definition 1: Sequence of r.v. {X,} almost probably converge tor.v. X, if

P{lim X, — X} = 1.

n—oo

Definition 2. Sequence of r.v. {X,} converges in probability to r.v. X, if

lim P{|X, — X| < &} = 1.

n—oo

Definition 3: Sequence of r.v. {X,} converges in the distribution tor.v. X
(or weakly converges) if for all points of continuity of the probability
distribution function the equality holds

lim B, (1) =B or By, (1) = E(x)

Remark 1. Convergence almost probably infepiies convergence in probability!
include

Remark 2: Convergence in probability implies convergence in distribution!
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Theorem 1. On convergence in probability EDF to theoretical distribution function.

Let xq, ... ,x,, — sample from distribution family ~ with distribution function

F and let F,; — empirical distribution function, built in accordance with the sample.

then
P

E;(yv)—=F(y). whenn— « for Vy € R.

Open Lecture 2 § 4. Have you questions?

Conclusion. With an increase in the sample size, the
empirical distribution function tends in probability to an
unknown theoretical distribution for Vy€ER.

10
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Proof of Theorem1 ..

Theorem 1.0n convergence in probability EDF to theoretical distribution function.

Proof
Using definition of EDF :
* number X;E(—o0,y) 1 v
E(y) = L =iz [0 < y).

n

Rand bles I(x; < I(x, <), Remarlk:
andom variables I(x y), I(x y . ]

) ! 2 B With increasing
1ndependent and Ldentlcally distributed == sample volume took

El(x; <y)=1#P(x; <y)+0+P(x; 2y) =Plx; <y) = from Ge.neral I
- Population, empirical

= F!-Z! < oo; the consistency property of r.v. BT e ion

tends in probability
to unknown the same
S _Gtete distribution for VyeR

n
— ;
n n

Repetition r.v. &,..,5: E§, < o, Ef, =a

according to LLN

FG)= S 0a<y) ©
n
Expectation of sum 1s equal sum of expectation forr.v. as ( * )

- El(x; <y)=F(y) O

11




(without proof)

Stuxiav  Theorems of Convergence

Theorem 2.

(Glivenko—Cantell1)

In the condition of the theorem 1 we have:

Theorem 3.

Let xq, ...

Kolmogorov

sup | E; (y) — F(y)|
YER

empirical distribution function for Vy € R, then

Vnsup |[F;(0) =F(»)| = n, n-o

YER

and n have Kolmogorov distribution with continuous function

Fiy) = K(y) = j_zm(_l

s _ 2.2
)JQZJY’

0, y<O0

y=0

n — oo

_>

0

, X, sample of F with continuous distribution function F, F,; (y) —

12
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|Theare:m 4.|(0n empirical distribution function)

Foranyy € R:

1) EE;(y)=F(y), E — unbiased estimation
, F(y)(1-F
2) DE; (y) = £2LE0),

n

3) Vn(E; (y) — F(y)) = N(0,F(y)(1 — F(y))) tends asymptotically

F(y)#0,1
4) n E;(y) has Binomial distribution B(n, F(y))
Proof:
Known: I(x; < y) have Beroulli distribution

I(xf <Yy)E BF(J,), =>
El(x; <y)=F(y), DIx<y)=FQy)(A-F))

13



Theorem 4 Proof

1) 1(x; < y) identically distributed, so EE; (y) = F 2=ty —
_ nEl (x,<y) _ F(y) n

n

explain each step!
2) I(x; <y)— independentﬁd ideuticallyldistributeﬂ
) ¥ F)U-F()).

nDI (x1<y

DF;: (y) =D E?:l f?(tx;'<y) { 2?21 DI(x;<y)

n? n? n

3) Based on central limit theorem

Vn(E; (v) = F(y)) =+vn (Zilzlfixm) = F(y)) N (ZELII(XEWJ_"F@)) -

Vn

_ Ef:ll(xfﬂj;‘-'?"(xl"‘y) =>N(0,DI(x; <y)) =N(0,F(y)(1 —F()):

4) HFJ(}’) - I(xl < y) + -+ ](xn < y) € B(an(y))*
(according  to property: the stability of the summation)
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Let F — absolutely continuous distribution,

f — true density, k 1ntervals of histogram 2l

1s not depends on n — sample volume. "

With increasing n square of histogram column |

tends to square under density function. &l

10 r

Theorem 5:| (without proot)

n—-oo, forVj=1,..k; 60
V; 40

L * f; = #—)P(xl €A) = Lf(x)dx
j 20

v Histogram properties

FOKHBIM

I olume=60
m— f theoretical | 1
&  mean
& median

-\.-’olume=9[]
= f theoretical | 1
& mean
& median

-\-"nlume=15[]

= { theoretical
& mean
& medan

15

\ABHBIM
YHUBEPCHUTET



MHCTUTYT Skewness. Cha raCtenSth _g’/&,__

MATEMATHUKHA

MEXAHWKU O EAEPAAHBIA
KOMMBKOTEPHbIX Of EDF Syl I " I IEtry VHUBEPCUTET
HAYK

Skewness | for univariate data Y7y, Y5, ..., Yy, 1is:

Sy (Yi—-Y)? /N

g1 =
=

where Y is the mean, s 1s the standard deviation, and NV
1s the number of data points.

Alternative definitions:
— 2
Galton skewness|= @1 + Qs P
Qs — Q1
here O1, O3 —lower and upper quartiles, 02 is the median.
Y - Y
Pearson2 skewness | = 3( )
S
where Y is the sample median. T




~ ioaime ' Practical approach — Y

positive skew

mean > median > mode

—» PULL See: Teams

A A .. . .
: E Ji\ positive direction ”Practical manua|.pdf"
Lo pp. 16-21
1 1 I
S
maode : mean
median
Correspondent MatLab functions: negative skew
mean, median mean < median < mode

«—— PULL

negative direction

modal - the most frequently value
(existing depends on ML version)
var — variance, std — standard deviation
moment

mear
skewness, kurtosis median

=

B

histogram
histfit — histogram and density function of standard Normal
distribution, density function is built with effective parameters

17



St Moments of univariate data. (),
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Definition of Kurtosis | Kurtosis indicates how much data resides in the tails

For univariate data ¥}, ¥, ..., Y, the formula for kurtosis 1s:

S (Y —Y)YN

gl

kurtosis =

where Y is the mean, s is the standard deviation, and N is the number of data points.

Alternative Definition of Kurtosis

The kurtosis for a standard normal distribution is three. For this reason,

some sources use the following definition of kurtosis ( "excess kurtosis"):

Sy (Yi-Y)/N

gl

-3
A large kurtosis — heavy data tails !

This definition is used so that the standard normal distribution has a kurtosis of three.
In addition, with the second definition positive kurtosis indicates a "heavy-tailed"
distribution and negative kurtosis indicates a "light tailed" distribution.

kurtosis =

18
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200 Asymmetry: asymA=0.0609 asymB=-0.148 asymC=-0.0526 Excess: excA=3.11 excB=3.05 excC=3.04
I [ [ [ [ [ [ [ I [ [
[_IC:NormLargeVar
The kurtosis for a standard normal — Crhistfit
. . . . -A:StandNormaI
600 - distribution is threel — Achistfit .
-B:NormSmaIIVar
— B:histfit
500 [ -
/ The skewness for a normal
distribution is zero!
400 | .
300 |- -
200 [ -
100 | ~
0 M l l l ! |

-10 -8 -6 4 2 0 2 4 6 8 10
SkewnessKurtosis.m - script,

corresponding to this plot. If you need, you can use Debug step by step! -
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Asymmetry, N=100: Normal=0.126 Chi2=-0.15

50
Blchi2 »=2
—histfit Chi2

407 I:’StandNDrmal
—histfit StandNormal

307

20

10 1

0
-5 15

20
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The sample mean X is unbiased,"consistent and jasymptotically normal lestimation
for the theoretical mean (expectation of r.v.)

Theorem 6
1) IfE|X;| < oo, then EX = EX, =a

2) IfE|X;| < o, then X EEX1=a, n— w

3) IfD|X;| < o, DX; # 0. then Vn(X — EX;) = N(0, DX,)
(X 1s an asymptotically normal estimate for the true expectation EX; )

Proof: According to properties of expectation:

1) EX = %(EX1+..+EXH) = %nEXl = EX, = a — unbiased
2) and LIN: X = %(X1 +o+%x) PEx,=a

_ " X;—nEX; _ X;—EX;+-+X,—EX,
3) \/H(X—Exl)zzi—lﬁ R, =

Xi—a++X,—a
Vn
. . 2 1 0’2
thatis if X; € N(a,c°) then S, = ;Z X; € N(a,?),

X;—a+-+X,—a
and as result we obtain ... = e N(0,1)

o /\n 22

[according to (CLT): = N(0,DX,), DX, = o — true variance],
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Theorem 7

1. IfE|X;|¥ < o, then EX* = EXF =m,
) IEIX,[F <. then¥* L EX¥ =my, n > w
3. If DX{ < oo, and DXY # 0 then Vn(X* — EX{) = N (0,DXY)

Theorem 8 Variance properties. Let DX, < oo, then

1. Sample variance s = —Z"(X — X)? and s& = —Z (X, — X)?are consistent

L P P
estimation for true variance: s> ., DX, = ¢%andsi _ DX, = ¢?

2. Value s? — biased estimation of variance and s?- unbiased one:
0
n—1
DX, = % # 0%,
n

3. If0<D(X; — EX,)? < o0, then 52 and s& — asymptotically normal estimation
of the true variance: Vn(s? — DX;) = N(0,D(X; — EX|)?)

23
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—

n n j2
— 1, so s§5=

Proof:| |1 s2 = X2 — (X)? PEXf — (EX))* = ¢%. (theorem 7.1)

n—1

2. ES?*=E(X2—-X?)=prorE= EX2 — E(X?) = theor.7 = EX{ — E(X?)=
[T.k. D(X) = EX* —(EX)?] = EX? — ((EX)*+D(X)) = EX? — (EX;)* —
) Jz n— n
D(=¥, X)) =0 ——nDX, = c? - ="=q?, ES}= -ES? = o

n n n n n —

3. Introduce new variablesY; = X; —a: DY, =DX,=0% EY, =0
Sample variance s* =% izl(Xi —a— (X - a))z =Y2 - (V)2

sovn(s* —a?) = Vn(Y2 - (V)? - ¢*) =Vn(YZ - EY?) —Vn(V)* ©

t Y —nEYY
(theorem 7) @[ s L =ltends to} (0, DY) =
Vn
= N(0,D(X, — a)?), because:if ¥ fEYl =0, then

24
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X - first order momemt of the sample is unbiased
(converge in averadge) and consistent (converge in
probability)!

xk - k-order momemts (k>2) of the sample are unbiased
and consistent!

i - 2 2 -
Both empirical variances So, S° are consistent!
But only S, - unbiased!

Empirical moments are ASYMPTOTICALLY normal estimate
of true moments.

25
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