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Discretization of PDEs

Finite element method: overview and assembly 
process



Overview of finite element method

 Finite element method (FEM): unknown functions are 
approximated by piecewise-polynomial functions that 
are continuous on small elements of simple shape

 These functions are called shape functions, or test 
functions

 In FEM, we use weak formulation of the problem, which 
is based on Green’s formula
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Weak formulation of Poisson’s equation
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Apply Green's formula:
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( , )
 is the vector-function, 

After applying Green's formula, we get: 
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Weak formulation of Poisson’s equation
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Weak formulation of Poisson’s equation
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Finite elements at glance
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Rule to discretize the domain: adjacent elements should share the same 
nodes in the vertices; vertex of one element should no lie on the edge of 
another element

correct wrong



Finite element approximation
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Finite element approximation
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Assembly process in FEM
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Element stiffness matrix for triangle with 
the nodes 𝑖, 𝑗, 𝑘

Assembly process

𝑖

𝑗

𝑘

𝐾𝑒



Mesh refinement in 
finite element method

Original mesh and assembled 
matrix

Refined mesh and assembled 
matrix
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Direct and iterative methods for 
sparse linear systems

13

Direct methods vs Iterative methods

Gaussian elimination

Gaussian elimination with partial pivoting, sparse 
version 



Direct methods vs Iterative methods
 Approximate solution in 

finite number of iterations

 Preserve  structure of the 
matrix

 Suitable for large sparse 
matrices

 Do not always have 
“black-box” performance

 Exact solution in finite 
number of steps

 Do not preserve 
structure of the matrix

 Not suitable for large 
sparse matrices

 Modification: sparse 
direct methods (try to 
preserve matrix 
sparsity)

 “Black-box” 
performance is typical
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Examples of direct and iterative methods

 Direct methods
➢ Gaussian elimination with partial pivoting (based on LU-factorization)

➢ Cholessky factorization

 Iterative methods

 Classic iterative methods
➢ Jacobi, Gauss-Seidel, SOR (Successive Over Relaxation), SSOR 

(Symmetric successive over relaxation), etc.

 Projection methods
 One-dimensional projection methods

➢ Steepest Descent, Minimal Residual Iteration, Residual Norm Steepest 
Descent

 Multi-dimensional projection methods: Krylov subspace methods

➢ FOM (Full Orthogonalization Method), GMRES (Generalized Minimal 
Residual), CG (Conjugate Gradient), BiCG (Biconjugate gradient), etc.

➢ Preconditioned methods
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Review of direct methods: Gaussian 
elimination
 LU-factorization, if it exists for a given matrix, is not 

unique and is defined up to at least n degrees of freedom

 Steps of direct method (Gaussian elimination)

1. Factorize A

2. Solve the system by forward substitution

3. Solve the system by backward substitution  
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Gaussian elimination with partial 
pivoting: direct sparse method

 PLU-factorization is possible for any matrix: A=PLU, 
where P is permutation matrix

 Steps of direct sparse method (Gaussian elimination 
with partial pivoting)

1. Preordering (find P)

2. Symbolic factorization PA=LU

3. Numerical factorization

4. Forward and backward substitution
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Classical iterative methods for linear 
systems

Formulation of classical iterative method

Convergence of iterative methods
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Formulation of classical iterative method
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Formulation of classical iterative method
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Convergence of iterative methods
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Necessary and sufficient condition of convergence : 
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