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Outline

« Subspace, range and kernel.

- Existence of solution.

- Orthogonality of vectors and subspaces.
« Gram-Schmidt process

« QR-factorization
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Subspace and linear independence

e Subpace S < C”"
S 1s called the subspace of the complex linear vector space C”,

if § 1s the subset of C" and also a vector space

e [inear combination of vectors
_ k n
z=aqVv, +a,v, +..+a,v,, where o, € C, {v,},_, €C
. _ n
Consider a vector set G = {v,,v,,...,v,} € C

e Linear span of the vector set G 1is the set all linear combinations:

k
_ 2 : k n

i=1

span(G) = {z eC”

e Linear independent vector set G = {v,,v,,...,v,} € C”
av,tov,+.+av,=0=>ag=a,=..=a, =0

e Linear dependent vector set = otherwise
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Basis and dimension of a subspace

e Basis of a subspace 1s the vector set of linear independent vectors
that spans this subspace (every vector of the subspace can be uniquely

represented as a linear combination of the basis vectors)
The vector set G 1s the basis of span(G), if G is linear independent

e Dimension of a subspace § 1s the number of vectors in its basis
If S cC" and G = {v,,v,,...,v, } 1s the basis in §, then dim(S) =%
For the whole space C" dim(C") =n

Important: we can define different bases in S, but every basis of S will

have the same number of vectors
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Sum and direct sum of subspaces

e Sum of two subspaces
S=S,+ S, 1s the sum of §, and §,, if

VveSv=v +v,, vyel§,v, el

e Direct sum of two subspaces

S=38§ @ §, is the direct sum of S, and §,, if

HVveSv=v +v,, vel,,v,eSs,

2) Intersection S, N §,={0}, otherwise the sum 1s not direct

If $S=C"= 3y eS,v,el,:v=yv+v,

1 stands for "exists", 3! stands for "exists unique"




Range and kernel of matrix

e Range of a matrix 4 € C*"
Ran(A) ={Ax|x e C"}, Ran(A) < C"

Range is the linear span of matrix columns:

Ran(A4) = span(a,,a,,...,a,}, where A=|a, a, .. a,
| |
dim(Ran(A)) 1s the number of linear independent columns

e Kernel (null space) of a matrix 4 € C™"
Null(A)={x e C" | Ax =0}, Null(A) c C"

Properties
1) C" = Ran(A)® Null(4")
2) C" = Ran(A") @ Null(A4)
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Rank and invariant subspace of matrix

e Rank of a matrix 4 € C™ is the number of linear independent

columns: rank(A) = dim(Ran( A4))

Column rank is equal to row rank (the number of linear independent rows)
e Matrix 4 € C™" is the matrix of full rank, if

rank(A) = min{m,n}

Rank - nullity theorem
For a matrix A € C*" dim(Ran(A4)) +dim(Null(A)) = m

e [nvariant subspace of a matrix 4 € C™"
If AS < §, then § i1s called invariant subspace of 4
Property. Null(A— Al) 1s invariant subspace of 4 for any eigenvalue A

e Eigenspace of a matrix 4 € C™™
Null(A— AI) 1is called eigensubspace of 4




Existence of solution for a linear system

Consider a linear system Ax = b for a square matrix 4 € C™
b € C" 1s the right-hand side vector

x € C" 1s the vector of unknowns
r =b— Ax 1s called residual vector

Usually we need residual norm HrH , for estimation.

x 1s exact solution << r =0, x 1s approximate solution << r =0

e The system is called consistent, if it has a least one solution.

e The system i1s called inconsistent, if 1t has no solutions.

There are three cases of the solution existence:
1) unique solution

2) many solutions

3) no solutions
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Existence of solution: unique solution

1) unique solution

when 4 is nonsingular (34~", det(A4) # 0)

3! x = A7'b is the solution

Example of consistent system with unique solution.

x—y=1
x+2y=4
x =2; y =1 1s the solution

Matrix form:

a3 ) e[l)

2
X = (IJ 1s the solution

2

T

|

1 2 3
X
Two lines intersect in one point

> J




Existence of solution: many solutions

2) infinitely many solutions

when 4 is singular (det(A) =0) and b € Ran(A) ={Au|u € C"}

dx,: Ax, =b=> x,+v 1s also the solution for Vv € Null(4) ={u € C" | Au =0}
dim(Null(A)) > 1

Example of consistent system with many solutions.

x_y:1 2_
—2x+2y=-2
y = x—1 1s the solution

Matrix form:
1 -1 1 _
A - ) b — 0
2 2 —2 1 2 3
X ). : | *
X = o is the solution L Two coincident lines

O




Existence of solution: no solutions

3) no solutions (inconsistent system)

when A i1s singular (det(A) =0) and b ¢ Ran(A) ={Au|u e C"}

Example of inconsistent system (no solutions).

x—y=1
x—y=-1 2

Matrix form:

SIS

Two parallel lines

O
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Existence of solution: summary

Matrix A of the system Ax = b

/\

nonsingular

y

unique solution

singular

b € Ran(A)

A 4

many solutions

b & Ran(A)

no solutions
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Existence of solution for a system with rectangular
matrix

Consider a linear system Ax = b for rectangular matrix A € C*"
b € C" 1s the right-hand side vector

x € C" 1s the vector of unknowns
n rows = n equations

m columns = m unknowns

e The system is called overdefined, if n > m.

e The system is called underdefined, i1f n < m.

For the case n > m we can find solutions of a least square problem:

findx e C": HrH2 = Hb — AxH2 — min (minimize the residual norm)

O
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Orthogonality of vectors and subspaces

e orthogonal vectors e orthogonal complement
The set of vectors G = {v,,v,,...,v,} € C” St={x|xLls VseS}
is called orthogonal, if (v;,v;) =0 Vi j. Property. C"'=S® S~

Notation: v, L v,
e orthogonal projector

e orthonormal vectors is the mapping S — S~
0,i#]
(vi 3 vj ) — . . 1 . f
L, i= ¢ normalization of a vector
v,|, =1 (the Eucledian norm ||v,|, =/(v,,v;) Y _ 4, where lq], =1

M.

of every vector equals one)

e orthogonality of vector to a subspace x L §
VseSxlse(x,s)=0

O




Gram-Schmidt process

This 1s a process of orthonormalization for a set of vectors.

Consider a set of vectors {x,, x,,...,x, } € C"

The goal 1s to build an orthonormal set of vectors
. 0,i#]

9959, €C", where (g;,9;) = Liz;

If {x.}* contains /inear dependent vectors, then the resulting

orthonormal set will have less number of vectors: {g,}7,, p <k

Get the formalas to compute ¢,

(

X =4

% X, = N"oq, T 1Y,

X = T g Tt g,




Gram-Schmidt process

Form matrices that contain The entries of R are
the columns of initial and computed as 7, = (x;,q,)

resulting vectors

| | X
1) Tak = g, =—
x=lx x, . x yakex = a=pr

| | | 2) Take X, = Xy =X, _(xza%)ql;

| | X,
q, =
O=\la, 9, - 4, Hx2H2
| | | i) Take x, =x, —(x,,9, ,)q, | =
o hy o o T _ oK
0 =X 499 9, =
R " M2k , Lilly
0 0 .. r, This process gives X = OR

where R € C**, R is upper triangular

O




Classic Gram-Schmidt algorithm

1) 1/11:=Hx1H2 A, =0 = stop, else g, = ;C—l
11

2) Loop forj from 2 to £.
21) ’/;'j = (xjaqi)a izlaj_l

j-1
22)q=x,— Zrl.qu.
i=1

g 1s auxilary vector othogonal to all previous vectors

23)r, = HqHz Itr,=0 = stop, else

2.4)q, =L

Note that in this algorithm all diagonal entries r; of R
J

O

are computed as norms. Therefore r, >0
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Modified Gram-Schmidt algorithm

For actual programming use modified G-S algorithm
* In modified G-S the sum at step 2.2 is computed in iterative process

e Modified G-S is more stable than classic G-S when initial set of
vectors is almost linear dependent

D rll::Hlez' If ,,=0 = stop, else g, = ;C—l
11

2) Loop forj from 2 to k.
2.1) g=x,
2.2) Loop for i from 1 toj -1 r,:=(q,q,), 4:=q—1,q,
23)r, = HqHz Itr,=0 = stop, else

24)q, =L

JJ




QR-factorization

e Factorization of a matrix is its representation as a product of several

matrices, usually two or three

e (QR-factorization of amatrix A e C"™", n>m

A= QR, where Q i1s unitary and R is upper triangular
The sizes of these two matrices can be diffent

e Thin (reduced) QR-factorization 1s

A=0R, where Q€ C"™™ and R € C™"

e Full QR-factorization is

A=0R, where Q € C™" and R € C™™"

e G-S process applied to the columns of A gives a thin QR-factorization

— n ._
A=la, a, .. a,|,a,€C",j=1m

m

O
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