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• Subspace, range and kernel. 

• Existence of solution. 
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• Gram-Schmidt process
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Subspace and linear independence
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Basis and dimension of a subspace

 is the vector set of linear independent vectors 
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Sum and direct sum of subspaces
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Range and kernel of matrix
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Rank and invariant subspace of matrix
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Existence of solution for a linear system
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Consider a linear system  for a square matrix  

 is the right-hand side vector

 is th

n

resid

e vector of unknowns

 is called 

Usually we need residua

l

l norm 

a

 for

r

 e

e

sti

u  v cto

matio

n n

n

n

Ax b A

b

x

r b Ax

r

= 





= −







.

 is 0,   is 0

The system is called , if it has a least one solution.

The system is called , if it has no solutions.

There are three cas

exact solution approximate solution

  consistent

  inconsistent

x r x r=  

•

•



es of the solution existence:

1) unique solution

2) many solutions

3) no solutions



9

Existence of solution: unique solution
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Existence of solution: many solutions
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Existence of solution: no solutions

when  is singular (det(A) 0) and ( ) { | }
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Existence of solution: summary

Matrix 𝐴 of the system 𝐴𝑥 = 𝑏

singularnonsingular

unique solution

𝑏 ∈ 𝑅𝑎𝑛(𝐴) 𝑏 ∉ 𝑅𝑎𝑛(𝐴)

many solutions no solutions
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Existence of solution for a system with rectangular 
matrix

d

Consider a linear system  for  matrix  

 is the right-hand side vector

 is the vector of unknowns

 rows   equations

 columns

 

 

  ovec rdm eft iy na e

  unknowns

The s s e  is lled

n m

n

m

Ax b rectangular A

b

x

n n

m m



•

= 















2 2

, if .

The system is called , if .

For the case  we can find solutions of a least square problem:

find :  min  (minimize the residual norm)

  underdefined

m

n m

n m

n m

x r b Ax







 = − →

•





14

Orthogonality of vectors and subspaces
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Gram-Schmidt process
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Gram-Schmidt process
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Classic Gram-Schmidt algorithm
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Modified Gram-Schmidt algorithm
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For actual programming use modified G-S algorithm

 In modified G-S the sum at step 2.2 is computed in iterative process

 Modified G-S is more stable than classic G-S when initial set of 
vectors is almost linear dependent
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QR-factorization

 of a matrix is its representation as a product of several 
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