
Lecture 4
Matrix factorizations (QR, LU, Cholesky)

Anna Nasedkina, PhD, Assoc. prof.

Department of Mathematical Modeling

Institute of Mathematics, Mechanics and Computer Science

Southern Federal University

Numerical Methods of Linear 
Algebra for Sparse Matrices



Outline

• QR-factorization

• LU-factorization 

• Cholesky factorization
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QR-factorization
 of a matrix is its representation as a product of several 

matrices, usually two or three

 of a matrix , 

,  where  is unitary and  is upper triangular
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• G-S process applied to 
the columns of A gives a 
thin QR-factorization

• Also, QR-factorization 
can be computed by 
Givens rotations or 
Housholder reflections
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Theorems on QR-factorization: existence and 
uniqueness

. ,   unitary matrix  and  

upper triangular matrix ,  such that . 

In addition,  ,  where  is  with the last  

columns skipped and  is  with th
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. For any full rank matrix , ,  ( )  

thin QR-factorization is unique ( !  and ! ),  when all diagonal 

entries of R are positive: >0

In the case

n m

ii

n m

A n m rank A m

Q R
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Theorem 2 
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 when diagonal entries are not restricted to be all positive, 

full QR-factorization is not unique: A Q R Q R= =

• It’s possible to find QR-factorization for any matrix
• In general, QR-factorization is not unique
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Relation between thin and full QR

n

m

=A ෨𝑄 𝑄

n

n

m

𝑅
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m

n

m0
0
0
0
00………….0
00………….0

 ෨𝑄 is 𝑄 with the last 𝑛 −𝑚
column skipped, ෨𝑅 is 𝑅 with 
the last 𝑛 − 𝑚 rows skipped

QR

full
𝐴 = 𝑄 ∗ 𝑅

𝑛 ×𝑚 𝑛 × 𝑛 𝑛 ×𝑚

thin
𝐴 = ෨𝑄 ∗ ෨𝑅

𝑛 ×𝑚 𝑛 ×𝑚 𝑚×𝑚

𝑛 ≥ 𝑚



QR-factorization in Matlab
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QR-factorization in Matlab
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Using QR-factorization to solve linear system

1

Any matrix factorization can be used to either solve or analyze 

some problem. 

Use QR-factorization to solve the system 

If    (this is formal writing, as we shall never

compute the invers

Ax b

Ax b x A b−

=

=  =

1

1 1 1 1

1

1

e  in numerical algorithms).

If   ( )   

( ,  as  is unitary).

Hence  is the solution of 

 is upper triangular matrix, so this system is faster to solve.

H

H

H H
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A QR x QR b R Q b R Q b

Q Q Q

x R Q b Rx Q b

R

−

− − − −

−

−

=  = = =

=

= =

Matlab: 

 [Q,R]=qr(A)

 x=R\(Q’*b)

Matrix left division mldivide, \: A\B ~ inv(A)*B
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LU- and PLU-factorization
Consider a nonsingular square matrix 

 of a matrix 

,  where  is low

  LU-fact

i

orization
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ar and  is upper tr angular

of a matrixg  
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 (it contains 1

at -th position and all zeros as other elements ),  1, ; then  is permutation 

of ,  i.e. columns of P are ,  taken in a certain order.

. Permutation matrix is orthogonal: 

t

j j

j j n P

e e

=

Property
1

 permutes the rows of ,   permutes the columns of   

TP P

PA A AP A

− =

•
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Theorems on LU-factorization: existence and 
uniqueness

1

.  nonsingular    , ,  such that  

,  where  is permutation matrix,   is lower triangular and

 is upper triangular matrix. 

. Assume nonsingular  has LU-fact

n n n n

n n
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Theorem 1

Theorem 2
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 orization: .

Then for any set of nonzero numbers { },  0,  1,  there is another 

LU-factorization: ,  where { } are diagonal entries of either  or .
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i i
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 Theorem 3
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11 22

factorization ,  

where = =...= =1 is unique (if exists).nn

A LU

l l l

=

• It’s not always possible to find LU-factorization for any matrix
• However, PLU-factorization is possible to find for any matrix
• In general, LU-factorization is not unique
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Note of uniqueness of LU-factorization

1 1

If exists, LU-factorization  nonsingular  is defined up to 

at least n degrees of freedom, because if ,  where

,   or ,  ,  where D is any diagonal

matrix.

n nA

A LU A LU

L LD U D U L LD U DU



− −

 

=  =

= = = =







• In Matlab we can compute 𝐿𝐷−1 as L/D (right division or 

mrdivide(L,D)

• Matrix right division B/A = B*inv(A) solves the system of linear 

equations X*A = B for X 



LU-factorization in Matlab
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LU-factorization in Matlab
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LU-factorization in Matlab: illustration of non-uniqueness
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LU-factorization in Matlab: illustration of non-uniqueness
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Using LU-factorization to solve linear system
Use LU-factorization to solve the system 

If   .

Denote  . We get two systems: 

1) System  with lower-triangular matrix

(can be solved using forward substitution)

 formal so

Ax b

A LU LUx b

Ux y Ly b

Ly b

Ly b

=

=  =

=  =

=

=  1

1

1 1

lution 

2) System  with upper-triangular matrix

(can be solved using back substitution)

 formal solution 

Hence  is the solution of initial system 

y L b

Ux y

Ux y x U y

x U L b Ax b

−

−

− −

=

=

=  =

= =

Matlab: 

 [L,U]=lu(A)

 x=U\(L\b)
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Cholesky factorization, theorems on existence and 
uniqueness
When ,  we can try to compute  as  to preserve symmetry:

 or  

(R is usual notation for upper triangular matrix in Cholesky factorization)

 of a Hermitian mat  Cholesky-factorization

H H

H H H

A A U L

A LL A U U R R

•

=

= = =

rix 

,  where  is lower triangular

n n

H

A

A LL L



=



• Cholesky factorization for Hermitian matrix is not always 
possible, the matrix should be also positive definite (definition 
will be given later)

. If for nonsingular     such that ,  

then  is unique.

.     :   A is Hermitian positive definite.

. Cholesky-factorization is unique, if 

n n n n H

n n n n H
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    = 

Theorem 1

Theorem 2

Theorem 3





all diagonal entries of  

are positive.

R



Cholesky factorization in Matlab
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Ways to solve linear system in Matlab

Consider linear system Ax=b 

1. x=A\b or x=mldivide(A,b)

2. x=linsolve(A,b)

3. x=inv(A)*b

4. Use factorizations of A
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