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Outline

• Multiplicities of eigenvalues

• Canonical forms by similarity transformation: 
diagonal form, Jordan form, Schur form

• Singular value decomposition (SVD 
factorization)

• Relation between Schur and SVD 
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Consider a matrix 
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Multiplicities of eigenvalues
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Consider a matrix 

matrix: ( ) is simple ( ( ) 1)

matrix:  ( ) is

  simple 
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all eigenvectors  are linear independent.
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Simple, derogatory and defective matrices
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t

If  is a square matrix, sometimes we can reduce it to a simpler

form (diagonal, bidiagonal, trid

s

  simi

i

lar

g

i

a onal, etc.)

Reduction means a , which pre erves eigenvalues.
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1

1

of matrix  is the matrix D, such that , 

where  is nonsingular, ( ,..., ),  ( )

Diagonal form   is similar to initial matrix A: ~

Matrix  is calle

  Diagonal form 
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.  has a diagonal form: , ( ,..., ) 

  has  linear independent eigenvectors   is semisimple
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Reduction to a  is possible for any :

 :  , where  is block-diagonal matrix, consisting of Jordan
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placed in any order.

Reduction to Jordan form: existence and uniqueness 

Matlab command: 

 jordan(A)
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Each Jordan cell  corresponds to a different eigenvector, associated with 

1 0 0 0 0 0

0 2 0 0 0 0

0 0 4 1 0 0
Example. 

0 0 0 4 0 0

0 0 0 0 4 1

0 0 0 0 0 4

Jordan form is not used in numerical analysis, as it is 
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Jordan form and perturbations
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1 1

1

 

Reduction to a  is possible for any :

 :  , where  is unitary ( ),  is upper triangular,

( ) ( ,..., )

Since Q is unitary, reduction to a Schu
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Reduction to Schur form: existence and uniqueness 
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When matrix is real ,  but its spectrum is complex: ( ) ,

there is a :

,  where  is 1 1 block for real eigenvalue,
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Quasi-Schur form (real Schur form)

Matlab commands: 
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 schur(A, ‘complex’)



Schur form in Matlab
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2

of a matrix 
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Singular value decomposition (SVD): existence and 
uniqueness 

Matlab command: 

 svd(A)
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SVD in Matlab
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A*A’ is Hermitian positive definite, its eigenvalues are real and positive (theorem will be given 
later)

Singular values are 
positive



SVD in Matlab
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. If  ,  then diagonal matrix  is Schur 
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Relation between Schur form and SVD
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1 1
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Schur and svd in Matlab
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For this matrix eigenvalues are all real

Schur form contains eigenvalues on the diagonal

SVD contains singular values on the diagonal



Schur and svd in Matlab
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Schur form contains eigenvalues on the diagonal
SVD contains singular values on the diagonal



Schur and svd for symmetric pos. definite matrix
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Eigenvalues and singular values are the same

Hence matrices S and T are the same up to the 
order of values on the diagonal



Schur and svd for Hermitian pos. definite matrix

22
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