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Definition of a sparse matrix
 A sparse matrix is a matrix which has very few nonzero 

elements.

 Sparsity is the fraction of zero elements in a matrix

 Density is the fraction of non-zero elements in a matrix 

 Example of sparse matrix: 64 elements, 52 zero elements 
and 12 nonzero elements (82% sparsity, 18% density)
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Types of sparse matrices
 Structured matrix: location of nonzero entries form a regular 

pattern (block-diagonal, band, several diagonals)

➢ Finite difference method (FDM) on rectangular grids produces 
structured matrices

 Unstructured matrix: nonzero entries are located irregularly

➢ Finite element method (FEM) and finite volume method (FVM) 
produce unstructured matrices

 The difference between structured and unstructured matrices is 
important for iterative methods that use matrix-by-vector 
multiplication Av, because of the storage of elements. For direct
methods, this difference is less important
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Example of unstructured matrix
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 Finite element mesh and corresponding sparse 
matrix



Pattern of a sparse matrix
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Consider a sparse, in general, rectangular matrix 
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Types of sparse matrix patterns
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Graph representations of sparse matrices
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1 2 ( , ) consists of the  { , ,..., } 

and the  {( , )},  , 1, ,  ,  which is the set of 
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Adjacency graph and pattern of a sparse matrix
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Consider a linear system , ,  

for a matrix 
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Linear system of equations and its matrix 
representation
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The problem of fill-ins in the direct methods for 
linear systems
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If we apply a  method to solve the linear system  

(i.e. obtain exact solution in a finite number of steps), we can get less

sparse matrix as a result of such called  (for example, in 
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Permutations
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Interchange and permutation matrices
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Permutation matrix
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1 1 1 1,* , , ,
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Permutation: reordering and renumeration
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Step 1

1 1

1
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Step 2

2. Permute rows with the same permutation {4,1,3,2}:  
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Symmetric permutation
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Importance of renumeration of vertices in the 
adjacency graph
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Consider two examples

In a star graph, if we enumerate the vertices starting from the center 

clockwise in ascending order, the pattern of the matrix will look like an
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Importance of renumeration of vertices in the 
adjacency graph
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However, if we enumerate the vertices starting from the center 

clockwise in descending order, the pattern of the matrix will look like an
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Reordering for star matrices

 No fill-ins during 
Gaussian 
elimination

 A lot of fill-ins 
during Gaussian 
elimination
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Examples of reordering algorithms: 
standard and reverse Cuthill-McKee
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