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Discretization of PDEs

Discretization methods
Finite differences for 1D and 2D problems

Discretization of Poisson’s equation with finite
difference method




Discretization of Partial Differential
Equations

e Partial differential equations (PDEs) are the
main source of linear systems with sparse
matrices of large and extra-large size

e Discretization of PDE is the approximation of a
boundary-value problem by a linear system of
equations with finite number of unknowns
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Discretization methods

e Finite difference method (FDM): the derivatives are
approximated using the finite difference formulas based
on low order Taylor series expansions

e Finite element method (FEM): unknown functions are
approximated by piecewise-polynomial functions that
are continuous on small elements of simple shape

e Finite volume method (FVM): volume integrals that
contain a divergence term are converted to surface
integrals, using the divergence theorem

e other methods
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Poisson’s equation

e Poisson’s equation is a classic case to study
discretization methods

Consider 2D Poisson's equation
—Au(x) = f(x) for x =(x,,x,) in a bounded open domain Q = R?,
['=0Q 1s the boundary of €, Q=QuUaQ is the closed domain

u(x) =u(x,,x,) 1s a scalar unknown function, f(x)is a known function

o 0 . : o'u  O’u
=—5+— 1s Laplacian: Au = — +—; .
ox,  Ox, Y, OX, —
n 1s external unit vector normal to I' 7 . Q »
(directed outwards) '1\ e |
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Types of boundary conditions

> There are three common types of boundary conditions
(BC) for PDEs

» Equation together with boundary conditions form a
boundary-value problem

e Dirichlet (essential, BC of the 1st kind)
u(x)=@(x) on I,
e Neumann (natural BC of the 2nd kind)

Ou(x) =0onl,
on
e Robin (BC of the 3rd kind)
ou(x
() + f) %42 = y(x) on,




Poisson’s equation in 1D and 2D

1D Poisson's equation
- d “u(x)
dx’
Consider domain as a segment on R :
Q=(0,7), Q=[0,], T =Q

Consider homogeneous boundary conditions: u(x) | ~r=0oru(0)=u(l/)=0

=f(x), xeQcR

2D Poisson's equation
—Au(x,,x,) = f(x,x,) or
B O°u(x,,x,) B O°u(x,,x,)
Ox? Ox;
Consider rectangular domain on R :
Q=(0,1)x(0,1,), Q=[0,11x[0,1,], T = 6Q

Consider homogeneous boundary conditions: u(x,, x, ) | -=0

= f(x,,%,), x=(x,,x,)€eQ R?

)




1D domain for rectangular grid

1D domain Q = (0, 1)

Take n internal nodes with the step h = .

n+1
Points: xq, x1, X5, ..., Xy, Xn41
x;=1ih,1=0,1,2,..,nn+1
Internal points: x4, x,, ..., x,
h h h




2D domain for rectangular grids

2D domain Q = [0, 1] X [0, [;]
Take n, internal nodes in horizontal direction with the step

I : :
1= m’ xl,i — lh17 1 = O; 1)21 "'Inl’nl + 1

Take n, internal nodes in vertical direction with the step

_ b . .
2 _n2+1’ xz;] _]h’Z’] - 0) 1)2; ---;nZ;nZ + 1 xZA

L

(x1 — hl' X9 + hz) (xl, X9 + hz) (xl + hl' X2 + h’Z)

i—1,j+ i,j+1 [+ 1,7+




Basic approximations by finite differences

Idea of FDM is to use expansion in Taylor series in the vicinity of

points x+ /4 and x — A

= 1" dMu(x)
u(x+h)=
( ) kz(;k' dx*

u(x—h) = Z( 1) “n* d u(x)

dx*
du(x) h’ d2u(x) h d3u(x)
dx 2! dx’ 3' a7
du(x) h’ dzu(x) I d3u(x)
dx 2! dx’ 31 dx*
W) . om)

dx

u(x— i) = u(x) — b )
dx

u(x+h)y=u(x)+nhn

u(x—h)=u(x)—nh

u(x+h)=u(x)+n

+O(h)

™




Approximations for the 1% derivative

uGe+ ) =u@+ D Lomy ()
dx
=) =)D Lom @)

From these two formulas we can get

Approximations for the first derivative
Forward difference:
du(x) u(x+h)—u(x)
dx h
Backward difference:

du(x) u(x)—u(x—nh)
dx h

Centered difference:

du(x) u(x+h)—u(x—h)
dx 2h

from(l) = u'=

from (2) = u'=

—Uu

Z’li+1 I

U, —u;

U —Ui,

from (1)-(2) = u'~ -

2h

)




e

Approximations for the 2"d derivative

du(x) h* d*u(x)

u(x+h)=u(x)+nhn +0(h*) (1)
X 2! dx’
B a’u(x) h’ dzu(x)
u(x—h)=u(x)—nh 'y 2! o +0(h*)  (2)

From these two formulas we can get

Approximations for the second derivative
u(x+h)—2u(x)+u(x—nh) dzu(x)

h’ dx’
L d’u Ui —2u, +u,_,

dx’ h?

from (1)+(2)




Finite differences: derivatives for
univariate functions

F(x+h)—F(x)

e Forward difference F'(x)= +O(h)

F(x)—F(x—h)+0(h)

e Backward difference F'(x)=

F(x+h)—F(x—h)

+O(h?
> (h™)

e Centered difference f'(x)=

e Centered difference for 2" derivative
F(x+h)-2F(x)+F(x—h)

e +O0(h?)

F''(x)=

)




e

Finite differences: derivatives for
bivariate functions

OF(x,y) F(x+h,y)-F(x—h,y)

F (x,y)=
(X)) ax o
Fy(x,y):f?F(x,y)zF(x,y+h2)—F(x,y—h2)
oy 2h,
0 F(x, F(x+h,y)-2F(x,9)+ F(x—h,
F(x,y)= (2y)z( M, y) (zy) (x—h,y)
Ox h,
O F (x, F(x,y+h)-2F(x,v)+F(x,y—h
F(x,7)= (2y)z (x,y+h) (2y) (x,y—h,)
Oy hz
0’ F(x,)
F (x,y)= ~
o (X)) o0y

zF(x+h|ay+h2)_F(x+l'ﬁay_hz)_F(x_hpy"'hz)"'F(x_hlay_hz)

4,
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Finite differences for 1D Poisson’s

eguation
—u"(x)= f(x) for x €(0,/)
u(0)=u(l)=0

x, =ixh, i=0,1,...,n+1

Discretized equation
—u, +2u,—u., =h"f,+h’c, t,is the residual from Taylor series

—U; |+ 2ui — U,

1 _
J % = f +71,




Obtain the matrix for 1D Poisson’s equation
~u,  +2u —u., ,=hf+h’t,i=12,..,n

We get a system of n equations

i=1: —u,+2u, —u, =h>f, +h’c,, u, =0 from BC

i=2: —u +2u,—u,=h’f, +h’r,

i=3: —u,+2u,—u, =h’f,+h’r,
i=n: —u,_ +2u, —u_ =h’f +h’ct,, u , =0fromBC

Write n equations one below another for corresponding variables

2

2u; —u, ~h" f,
2

—u, +2u, —u, ~h”f,
2

2
—u, +2u, ~hf

™
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Obtain the matrix for 1D Poisson’s equation

Write n equations in matrix form:

(2 -1 0 . 0\ u
-1 2 -1 0 | u,
0 -1 2 —l}lu,

\O 0 —1 2/\1/!” )

The resulting system Au = h° f can be written as Tu =h’f,

where the matrix 4 =7, =tridiag(-1,2—-1) € R™

/fl\
/5

o

S

™

O




Finite differences for 1D Poisson’s

eguation

—u"(x) = f(x) for x €(0,/)
u(0)=u(l)=0
x,=ixh, i=0,1,..,n+1

Discretized equation

lzﬂ

—U, +2u, —u,
h2

Matrix of the system Au = f
2 -1
-1 2 -1
-1 2 -1
-1 2
-1

™
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Finite differences for 2D Poisson’s
equation

Fu  u .
— (E?-ri' + 3-1?5') = f mQ = (0,01)x(0,1)
-1 =2
w = 0 onl
T =1X% hi.i=0,....n1+1 94 = jxho,j=0,...,10 +1
/ [
n, internal nodes in hi = - j_ 7 hy = ‘j_ 7
X, horizontal direction " 2
|
[ |
X2n,+1 = lzi O O O O
X2,n,0 Q O -
2,3 Q ¢ ? | n, internal nodes in
X2,2 O ( vertical direction
X210 _|
hl xl,l x1,2 x1,n1 xl,n1+1 — ll




Finite differences for 2D Poisson’s
eguation

u(xlyl.;xzyj) =u,
Obtain discretized equation for the case when
=L =1, h=h=h n=n,=n

. 2
Uy ; +4ui,j U, U U in h f +h't
uOJ

':un+1,j:ui,0 ln+1_o lJ_lz

We get the system with n° equations and #n> unknowns.

When n, # n, we get n, -n, unknowns.

Forn, #n,, h #h,

2 2 2 2 2 2 272
_hz U ;T 2(h1 + hz )ui,j _hz U1, _h1 U, i1 — h] U in = h] hz (fu + Ti,j)

)
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Node renumeration for 2D Poisson’s
equation

To get the system of linear algebraic equations,

we need to renumerate the nodes to one index:

u, ; > v, where k=12,...,n, -n,

There are many different algorithms of renumeration.

We'll use the algorithm of natural ordering.
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Node renumeration for 2D Poisson’s equation:
natural ordering

e Example of 12 unknowns and 12

t equations: ny = 4,n, = 3,h; =
*2 h, = h
, =
U4 Uza U3zg Ugyg Usy _
Usy O O O OO e Natural ordering: renumerate the
) ) \/ \/ \/ \/ \
9 o |11 |12 nodes from bottom up and from
Ho3 () O 0 0 O U left to right
5" 16 tr. L8 : :
Uo,2 () e & —o O Us 2 e n, = 4 internal nodes in
"11\,2\ Upp TU32 [Usp T : . . .
U 1 T 4 horizontal direction, i = 1,2,3,4
01— @ —@—0>—® O Us: | -
h { 11 [Uz1 [ Uz [Usn e n, = 3 internal nodes in vertical
) ' ) ) ) ( 3 ] ; —
uO‘OCJ o tho e Uag u\go—x>1 direction, j = 1,2,3
— e Total number of unknowns is
h

nl' nz = 12
e Renumerate unknowns u;; to one index
U11 = V1, Up1=TVp, U31= V3, Ug1= V4,
U12 = Vs, U= TVg, U32=7TV7, Uyr= Vg,
U13 = Vg, Up3= V10, U33= V11, Uy3= V12

e The same for the values of known function f;; and residual 7;;

™
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Obtain the matrix for 2D Poisson’s equation
For the example n, =4, n, =3, h = h, = h discretized equation 1s

U T U =h’ f +h’t i=1,_4, ]:19_3

l]’

We get a system of 12 equations with 12 unknowns u; ;, i=14, j=1,

Consider i=1,4, j is fixed. We get n, =3 blocks of n, =4 equations

Block 1
Hi=1j=1: — Uy, + 4ul,1 Uy, — U~ U, = hsz1 + hzz'u, Uy, = Uy = 0 from BC
0 vi v, 0 v 1 T,

2)i=2,j=1: —u +au,, —uy, —u,y—u,, = hzfl1 + hzrzjl, u,, =0 from BC

4 V) Vs 0 v /5 (&

3)i=3,j=1: —u,, +4uy, —u,, —uy,—uy, =h° f;, + 1’1y, u;, =0 from BC
v, v, v, 0 v 1 T,

DHi=4,j=1: —uy, +du, —us, —u,,—u,, = hzf4,1 + h274,1, u,, =0 from BC
V3 V4 Vs 0 Ja Ty




4 Obtain the matrix for 2D Poisson’s equation

Block 2
5)i=1,7=2: —uy, +4u, —u,, —u —u ;= hsz2 + hzz'ljz, u,, =0 from BC
0 Vs Ve Vi Vo /s Ts
6)i=2,j=2: —u,+4u,, —uy, —u,, —U,; = hsz’2 + hzrz’z,
Vs Vo V7 Voo oV Js Ts
Ni=3,j=2: —uy, tAuy, — Uy, — Uy —Uyy = h2f3,2 +hzr3’2,
Ve vy Vg V3 Vi /3 &
)i=4,j=2: —Uy, H AUy, — U, Uy U = hzf4’2 + h22'4,2, us, =0 from BC
V7 Vg 0 v v I Ty
Block 3
Ni=Lj=3: —uy;+4u ;—u;—u, —u, = hZfL3 + hzrm, uy3 =u,, =0 from BC
0 Vo  Viy Vs 0 /s 7,
10)i=2,j=3: —u;+4uy; —us;—uy, —U,, = hZfZ’3 +h2r2’3, u,, =0 from BC
Vo Vio Vi ve 0 Jio Tho
11)i=3,/=3: —uys+4uy s~y —ty, —ty, =1’ fy,+h’t, 5, uy,, =0 from BC
V1o Vi v, v, 0 Ju T
12)i=4,j=3: —uys+du, s —us;—uy, —u,, = hf,, +hzr4’3, us 3 =u,, =0 from BC

Vi Vi 0 v 0 Sz

71




0 +v,+4v,

4v, —v, +0 +0
v, +4v,—v, +0
_v4

0 +0 —v;, +4v,

-v, +0 +0 +0
+0 -v, +0 +0
+0 +0 -v, +0

+0 +0 +0 —v,

" Obtain the matrix for 2D Poisson’s equation

Write 12 equations one below another for corresponding variables v,,v,,...,v,,

+0 +0 +0 +0 =A°(f,+1)
+0 +0 +0 +0 =A°(f, +71,)
+0 +0 +0 +0 =h*(f,+71,)
+0 +0 +0 +0 =h’(f, +1,)

—v, +0 +0 +0 =h*(f,+7,)

-v, +0 40 —vn:hz(f8+f8)

—vy t4v, —v; +0 th(ﬁo+f1o)

2
+0 —v, T4y, —v, =h"(f,, 7))

v, +0 +0 +0 #4v, —v, +0 +0

0 —v, +0 +0 —v, +4v, —v, +0 |+0 —v, +0 +0 =A°(f, +1,)
0 +0 —v, +0 H0 —v, +4v, —v |[+0 +0 —v,, +0 =R*(f,+7,)
0 +0 +0 -y, +0 +0 —v, +4y,

0 +0 +0 +0 ~v; +0 +0 +0 |+4v, —v,, +0 +0 =h*(f, +7,)
0 +0 +0 +0 +0 —-v, +0 +0

0 +0 +0 +0 0 +0 —-v, +0

0 +0 +0 +0 #+0 +0 +0 -y

+0 +0 —v, +4v12=h2(f12+r12)

™
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Obtain the matrix for 2D Poisson’s equation

Write 12 equations in matrix form:

4 -1 0 0 |-1 0 0 0 10 0 0 0)y
-1 4 -1 0,0 -1 0 0 [0 0 0 0]w
0 -1 4 -1,0 0 -1 0 [0 0 0 0w
0o 0 -1 4,0 0 0 -1 (0 0 0 0|0y,
-1 0 0 0 |4 -1 0 0 -1 0 0 0]fpw
-1 0 0 |-1 4 -1 0 0 -1 0 0]pv

-1 0 |0 -1 4 -1 10 0 -1 0]pv

o O O O O O O
o O O O o O
o O O O O
o O O O

o

()

|

U

()

(e

I

[EN—Y

N

I

[EN

=

e
/5
fa
Js
Js
/5
Js
Js
Jro
S
Jia

™




4 N
Obtain the matrix for 2D Poisson’s equation

The resulting system Av = h” f can be written as T,V = hf,

where the matrix 4 =7, € R"™™ consists of n, xn, =3x3 blocks,

Ny xn,

each block has the size n, xn, =4x4

‘T +2I, -1, 0 )
1y X1y = _]”1 ]-;11 T ZInl _[nl
.0 -1, T, +21,

Here T, =tridiag(—1,2—1), the matrix from 1D case,

[ 1s the 1dentity matrix of the size n, xn,

1
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Finite differences for 2D Poisson’s
equahon . . .

Grid and corresponding matrix

Matrix of the system Av = f for 53 internal nodes

B ; 4 -1 0 0 0
1 1 4 -1 0 0
A:ﬁ LB B=[0 -1 4 -1 0
-I B 0o 0 -1 4 -l
0 0 0 -1 4
O—O—O—0O0—O0—0—0 o
| B0 [ ]
O—O—O—O—O—O—0 -
| N | [ |
[ | HENE [ |
O e, S ¢, S S— S— "2 "E2En 'm
| _____®____Em_ _____ N
I | B |
P—O—O—O—O—0O—0 | " MEEm
| [ I HENE
! [ ] [ 1]
O—O—O0—0O0—O0—0O0—0




Renumeration algorithms and matrix patterns

Different algorithms for node enumeration reflect different permutations

of matrix rows and columns

. ,

Natural ordering /4 1 0
-1 4 -1
* From bottom up and 0 1 4
. 7 8 9

from left to right -1 0 0
A=] 0 -1 0
4 5 6 0 0 -1
0 0 0
— - 0 0 0
\ 0 0 0

UL. ..]1—»

Black-white ordering P

. 1 o
e First enumerate the (4 0 0
. 0 4 0
nodes with even sum of 0 0 4

. . 4 9 5

two indices, then 00 0
A=| 0 0 o0
enumerate the nodes ——t—1; 1.1 1
with odd sum of two —ﬂl [3'1 B
indices I R F \ 0 0 -1

0 1

-1 0
0 -1
0 0
1 -1

-1 4
0 -1

-1 0
0 -1
0 0

0 0
0 0
0 0

0 4
0 0
10
0 -1
1 -1

™

00 0 0
00 0 0
-1 0 0 0
0 -1 0 0
-1 0 -1 0
1 0 0 -1
0 4 0 0
0 -1 4 —1
-1 0 -1 4}

-1 -1 0 0 )
-1 0 -1 0
-1 -1 -1 -1
0 -1 0 -1
0 0 -1 -1
4 0 0 0
0 4 0 0
0 0 4 0
00 0 4 )

>J
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