Scientific Computing Software.

Maple

Lecture 4. Linear Algebra and ODE in Maple

Matrix operations and linear system solving. Symbolic
solution of ODEs and PDEs. Plotting solutions and
phase portraits
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Basic matrix and vector operations

» Definition of vectors and matrices

» Access to elements of vectors and matrices
»Determining the dimensions of vectors and matrices
» Operations with columns and rows of a matrix

» Addition and multiplication by scalar

»Matrix multiplication

»Matrix powers

» Reverse matrix, transpose and Hermitian conjugate
»Determinant, rank, trace
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Defining Vectors: Standard Library Commands

How to define a vector?

e Using angle brackets:

<al,a2,..,an> is a column vector

<al|a2|...]an> is a row vector

e Using the Vector constructor command (great capabilities,
(see Help)

Vector([al,a2,...,an]) - column vector
Vector[row]([al,a2,...,an]) - row vector

> vl =1, 2, 3), whattype(v1) (> 2= Vector([4, 5, 6]); whattype (v2)
1 4]
vli=12 y2 =15
3 6
Vector _ -
colmn Vector

L i
> wl = (1|2|3), whattype (wl) = S
> w2 = Vector[row]([4, 5, 6]); whattype (w2)

wi=[123] w2i=|456 |

)

k Vecto . Vecto F s
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Vector command and its arguments

Vector|o](n, init, ro, sym, sh, st, dt, f, a, 0) - all arguments are optional

0 - vector orientation: row ( line) or column ( column - default), or you can set
the last parameter o in the form: orientation=name

n is the number of elements in the vector

init - the values of the vector elements can be specified by a function,
procedure, list, array, etc.

ro - a Boolean expression in the form readonly = true or false , determines
whether the elements of the vector can be changed

sym - specifies the symbolic values of vector elements in the form
symbol=name

sh - specifies one or more indexing functions for the elements of a vector in
the form shape=name or shape=list

st - specifies the storage method for elements in the form storage=name (ex:
sparse)

dt - specifies the data type of elements in the form datatype =name

f - fills unspecified elements of a vector in the form fill=value , where is value
— value of type datatype

ka — specifies additional properties of the vector in the form attributes=list °/




By default all Vector elements are zeros

> Vector(2)

> Vector(1.2,1.25)
1.25

1.25

> Vector(4, symbol=v, orientation = row)
[ i V3 Yy
> Vector|row](3, fill=1)

(111

> v := Vector(4, |5, 8]) + Vector(4, fili=10)
15

18
10
10

/Vector command: Examples

> g= {1=28,2=-1+ 1} :Vector(2, s)
28
1 —1

Vector elements are generated using a function
> f=j—=x':Vector(3,f)

> Vector(3, shape = scalar[2, 100])
0
100

0

Read-only Vector
> v = Vector[row]([1, 2, 3], readonly = frue) :
> v[1]:=10

Error, cannot assign to a read-only

Vector

)




Defining Matrices: Standard Library Commands

How to define a matrix?
e Using angle brackets:

<<all,..,an1>|<al2,..,an2>|....|<alm,...,, anm >> - matrix of size nxm,

given by by columns

<<al1l]..]alm><a2l]|...|]a2Zm>,..,<an 1 |...| anm >> - size matrix

nxm, specified by lines

e Matrix constructor command (great possibilities,

(see Help)

Matrix([[a11,a12,..,a1m],[a21,a22,...,a2m], .., [an1,an2,..., anm ]])

A= (1,2, 3)|(4, 5, 6)|(7. 8, 10)[(11, 12, 13)):

whattype (A4 )
14 711
A=125 812
361013
Matrix

> B = ((1213), (415]6)); whattype B)
1 2 3

4 56

B =

Matrix

(> M= Marrix([[1,2], [3, 4]])

1 2
M=

Y e
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Matrix command and its arguments

Matrix(r, ¢, init, ro, sym, sc, sh, st, o, dt, f, a) - all arguments are optional

r is the number of matrix rows

¢ - number of matrix columns

init - the values of the matrix elements can be specified by a function, procedure, list,
matrix, vector, etc.

ro - a Boolean expression in the form readonly = true or false, determines whether the
matrix elements can be changed

sym - specifies the symbolic values of the matrix elements in the form symbol=name

s ¢ — determines the method of filling the matrix with elements init in the form
scan=name or scan=list (for example, scan=columns - filling by columns )

sh - specifies one or more indexing functions for matrix elements in the form
shape=name or shape=list (e.g. diagonal, triangular[upper], triangular[lower],
symmetric, identity , etc.)

st - specifies the storage method for elements in the form storage=name ( sparse,
diagonal, etc.)

o - specifies the method for storing the matrix structure: order= C_order ( row-based
storage) or order= Fortran_order ( column-based storage - default)

dt - specifies the data type of elements in the form datatype =name

f - fills unspecified matrix elements in the form fill=value , where is value - value of type

datatype e
y/

\q— specifies additional properties of the matrix in the form attributes=list




/I\/Iatrix command: Examples

> Matrix(2)
00

00

i Specify matrix size and elements
> Matrix(1.2,1.3,50)

50 50 50
50 50 50

(> Matrix(3,2, [[1, 2], [3,4]])
12
3 4
00
> A= Marrix(3,2, [1,2,3,4,5,6])
12
A=|3 4
5 6
(> Marrix(4,3,4, fill =87)
1 2 87
3 487
5 687
87 87 87

Square matrix 2 by 2 with all zero elements

> Matrix(2, 3, symbol =m)

m mn mn

1,1 1,2 1,3

m

2.1 ™

2,2 ™

2.3

> s={(1,1)=55,(1,2)=66, (2,1)=77};
Matrix(2, 3, 5)
s={(1,1)=55(1,2)=66, (2,1)=77}

55 66 0
77 0 0

Specify matrix shape (symmetric)
> Matrix(3, {(1,1) =50, (1,2) =60}, fill = 1,
shape = symmetric )

50 60 1
60 1 1
1 11

Generate identity matrix
> Matrix(3, shape = identity)
1 00

010
001

Upper triangular matrix with fill option
> Matrix(3, fill = 1, shape = triangular)
111
011

0 01




/
Viewing large matrices

e Matrices and vectors larger than 10 are not displayed on the
screen; elements can be viewed in the browser.

-

;} with( Lineardlgebra) : Browse Matrix

>  RandomMatrix(15)

15 x 15 Matrix

Data Type: anything

Storage: rectangular

Order: Fortran order

= |

Double-click =)

-

Table | Image | Options

1 2 3 4 5 6 Fi
1 144 Q0 83 -29 20 -04 35 A
2 |92 -41 -45 9 -46 27 -26 |
3 |73 -79 68 81 35 18 -86
4 |-39 9 58 35 -54 18 50
5 B2 45 -43 80 -17 63 -04
o |11 -10 -85 20 =20 B0 97 |=
7 Bl -3 -85 39 78 -51 -38
g8 |28 47 19 -35 23 51 -36
9 |48 -54 25 26 -67 38 -69
10 |-63 -72 17 -74 28 -38 69 |
11 |27 -79 81 13 -81 -19 -15
12 |58 73 89 32 -36 -35 2
13 12 -85 a2 48 -RR 71 a8

< | i |

[nsert | Export || Do

P.
- Q@




/LinearAIgebra package

Use LinearAlgebra package to work with matrices and vectors, most of the
commands for solving linear algegra problems are inside this package

Use the following syntax to use add the package:

- LinearAlgebraJcommand](arguments)

- with(LinearAlgebra): command(arguments)

> with( Lineardlgebra)

[ &x, Add, Adjoint, BackwardSubstitute, BandMatrix, Basis, BezoutMatrix, BidiagonalForm, BilinearForm,
CharacteristicMatrix, CharacteristicPolynomial, Column, ColumnDimension, ColumnOperation,
ColumnSpace, CompanionMatrix, ConditionNumber, ConstantMatrix, ConstantVector, Copy,
CreatePermutation, CrossProduct, DeleteColurm, DeleteRow, Determinant, Diagonal, DiagonalMatrix,
Dimension, Dimensions, DotProduct, EigenConditionNumbers, Eigenvalues, Eigenvectors, Equal,
ForwardSubstitute, FrobeniusForm, GaussianElimination, Generate Equations, GenerateMatrix, Generic,
GetResultDataType, GetResultShape, GivensRotationMatrix, GramSchmidt, HankelMatrix, HermiteForm,
HermitianTranspose, HessenbergForm, HilbertMatrix, HouseholderMatrix, IdentityMatrix,

IntersectionBasis, IsDefinite, IsOrthogonal, IsSimilar, IsUnitary, JordanBlockMatrix, JordanForm,
1A Main, LUDecomposition, LeastSquares, LinearSolve, Map, Map2, MatrixAdd, MatrixExponential,
MatrixFunction, Matrixinverse, MatrixMatrixMultiply, MatrixNorm, MatrixPower, MatrixScalarMultiply,
MatrixVectorMultiply, MinimalPolynomial, Minor, Modular, Multiply, NoUserValue, Norm, Normalize,
NullSpace, OuterProductMatrix, Permanent, Pivot, PopovForm, ORDecomposition, RandomMatrix,
RandomVector, Rank, RationalCanonicalForm, ReducedRowEchelonForm, Row, RowDimension,
RowOperation, RowSpace, ScalarMatrix, ScalarMultiply, ScalarVector, SclhurForm, SingularValues,
SmithForm, StronglyConnectedBlocks, SubMatrix, SubVector, SumBasis, SylvesterMatrix, ToeplitzMatrix,
Trace, Transpose, TridiagonalForm, UnitVector, VandermondeMatrix, Vectorddd, VectorAngle,

k VectorMatrixMultiply, VectorNorm, VectorScalarMultiply, ZeroMatrix, ZeroVector, Zip |

O




" Constructor commands for defining matrices and A
vectors of a special type

| > with(LinearAlgebra) : > IdentityMatrix(2)
Matrix with zero values 1 0
> ZeroMatrix(3) 01
0 00 _
Diagonal matrix with vector [a,b,c] on the main diagonal
000 : .
> DiagonalMatrix([a, b, c])
_ 000 | a 00
[ Vector with zero values 0b 0
> ZeroVector(2) 00 ¢
0 L L .
Random matrix with integer values
0 >  RandomMatrix( 3 )
| UnitVector(, d) 27 99 92
Unit Vector is the vector with d entries, where all entries are 8 20 -3]
zero except one with 1 at i-th position
> UnitVector(2,3) _ 69 44 67 _
0 L
1
Integer range: —99..99
0 Changing the range — option generator=a..b (

t . not necessarily an integer) range, see Help)
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Access to elements of vectors and matrices
Z:’ v = (23.5,-1.7, 8.2) ] _ Submatrix with specified rows (1st
235 argument) and columns (2nd argument)
v=| -1.7 > M[1.2,2.3]
8.2 5 6
> y[1] -8 -9
23.5 =
" Subvector
> v[1.2]
23.5
-1.7
> v -1]
8.2
4 5 6 |
> M= -7 -8 -9
i _ 101 102 103 |
> M[21]

K -




matrices

/Finding out the dimensions of vectors and

LinearAlgebra:

e Dimension(A) - the dimension of a matrix or vector
e RowDimension (A) - the number of matrix rows
e ColumnDimension (A) - the number of columns of the matrix

:Z> with( Lineardlgebra) :
> M = RandomMuatrix(2,3)
33 =77 27
M=
-98 57 -93
=> Dimension (M)
2,3
> v:= Vector([5,6,7]) : Dimension(v)
3

> A= Matrix([[1,2.3]. [4.5,6]]

1 23
A=
4 5 6
B RowDimension(A)
2
> ColumnDimension(4)
3

)

)




" Matrix Row and Column Operations: Deleting A
Rows and Columns

LinearAlgebra :

* DeleteRow (A, L, outopts ) - deleting rows of matrix A
e DeleteColumn (A, L, outopts ) - deleting columns of matrix A

L - numbers of rows (columns) to be deleted, can be in the form of an interval or a list
outopts - ( optional parameter) output options for the resulting object, for example
outputoptions = [ datatype = float,shape =....]

:} with( LinearAlgebra) : -
> A=(1,2,3|4.5.6(7,8,9) |~ DeleteCohmmn(4,2.3)
1 47 1
A=12 58 2
3609 3
> DeleteRow (4, 2) B DeleteRow (A4, [1,3])
1 4 7 lz 5 8]
3609 —

O




 Matrix Column and Row Operations: Extracting A
Rows and Columns

LinearAlgebra :

e Row(A, L, outopts) - extract rows of matrix A
e Column(A, L, outopts) - extract columns of matrix A

L - numbers of the rows (columns) to be extracted, can be in the form of an interval or

a list
outopts - (optional parameter) output options for the resulting object, for example

outputoptions = [ datatype = float,shape =....]

:} with( Lineardlgebra) : > :Z%W(Aéz);gw;?ag?p;rg) B Row(A,1.3),;
> A = RandomMatrix(4) 2| ] whattype(B[1])
12 -16 45 87| L Vector ou B—|12 -16 45 87 |,
> ¢3 = Column(A, 3), whattype (c3)
) 2 -9 -81 33 s ] [—2 ~9 -81 33 ]
50 -50 -38 -98 I [ 50 -50 -38 -98 |
-38
_ 10 -22 -18 —77_ g Vector
L ] | _ Yow
Vector_,

O




/Operations with columns and rows of a matrix:
elementary permutation of rows and columns

™

LinearAlgebra :

RowOperation (A, K, s, ip, outopts ) - operations with rows of matrix A
ColumnOperation (A, K, s, ip, outopts ) - operations with columns of matrix A

A - matrix ; Kis an integer or a list of two integers ; s is an algebraic expression ; ip -
an expression of the form inplace =true/false (optional), determines whether to

modify the matrix A; outopts — an expression of the form outputoptions =list; inplace
and outputopts are mutually exclusive

e RowOperation (A, [ ri,rj ]) - permutation of two strings ri And rj of matrix A

e ColumnOperation (A, [ ci,cj ]) - permutation of two columns ci And cj of matrix A

A=

-61 9 -80

;:‘:- with( Lineardlgebra) :
> A4 = RandomMatrix(3)

86 -48 31 |
20 77 -50

> RowOperation(A, [1,3])

-61 9 -380
20 77 -30
86 -48 31

86 31
20 -30

-61 -80

B ColumnOperation(A, [2, 3])

- 48
77
9

O




/Operations with columns and rows of a matrix: addition
and multiplication of rows and columns

e RowOperation (A, [ ri,rj ], expr ) - change the line ri : ri := ri+rj * expr, where
expr is a number or expression (analogous to addrow™ ), addition of strings

e ColumnOperation (A, [ ci,cj ], expr ) - change column ci : ci := ci+cj * expr, where
expr is a number or expression (similar to addcol ), addition of columns

e RowOperation (A, r, expr ) - row multiplication r on the expression expr:

r:=r* expr
e ColumnOperation (A, ¢, expr ) - multiplication of column ¢ on the expression expr:
c:=c* expr
-~ wzrh(Lmea.rAlgebra) : > ColummOperation(A4, [ 3, 2], 10)
> A= Matrix([[1,2,3], [4,5,6], [7.8,9]]) - -
i ] 1 2 23
1 23
A=|1456 45036
g 9 ] 7889

B RowOperation(4, [1, 3], 100)

[ 701 802 903 |
45 6
7 8 9




e

Addition and multiplication by a number

LinearAlgebra:

e A+B - matrix addition or vectors A And B

e A*c - multiplication of the elements of the matrix (vector) A by the scalar c
e Commands: Add(A,B) or MatrixAdd (A,B) and Multiply( A,c)

=> with( Lineardlgebra) A == Matrix([[1,2], [3,4]]);
B = Matrix(2, [ 10, 20, 30, 40])
1 2
A=
3 4
10 20
| 30 40

[~ A+ B.A-100

> yvri=(1,2,3):10-v

I1122

33 44

100 200
300 400

o]
20
30

|

|

O




e

Matrix and matrix-vector multiplication

LinearAlgebra:

e General command: Multiply(A,B)

e A.B - matrix (non-commutative) multiplication of matrices and vectors
e MatrixVectorMultiply (A, u) - multiplication of matrix A by vector u
e MatrixMatrixMultiply (A, B) - multiplication of matrix A by matrix B

=> with( Lineardigebra) A = Matrix([[1,2], [3, 4]]):
B = Matrix(2, [ 10, 20, 30, 40])

1 2
A=

3 4

10 20‘
B:

30 40

> A5

70 100
150 220

> v = (100, 150) : 4.v,
400
900

> MatrixMatrixMultiply (A, B)
70 100

150 220

- MatrixVectorMultiply (A, v)
400 ‘

900
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Matrix powers and inverse

LinearAlgebra :

* A”n - construction of a square matrix A to the power n

* A”(-1) - calculation of the inverse matrix. If inverse doesn’t exist (determinant
iz zero), then the matrix is called singular

e MatrixInverse (A). Full syntax : MatrixInverse (A, m, mopts, c, out,
outopts ) - see Help

| > with( Lineardlgebra) . Example of matrix with linear dependent columns
> A= Matrix([[1,2], [3,4]]) |~ €= Matrix([[3,3], [6, 10]], scan = columns)
3 6
A= e “Tls 10
3 4 _
L Such matrix is singular (inverse does not exist)
> Matrixinverse (A) > Matrixlnverse (C)
-7 1 Error, (in LinearAlgebra:-LA Main:-
MatrixInverse) singular matrix
ER |
2 2

)




/" Calculating the transpose and

Hermitian conjugate transpose of a matrix

LinearAlgebra:
e A™(% T) - transposed matrix AT
Transpose(A)

and complex conjugation of elements), command:

HermitianTranspose (A)

If 4= A", the matrix is called Hermitian.

e A”(% H) is a Hermitian conjugate matrix A" = AT (operation of transposition

If A= A", the matrix is called symmetric (nonsymmetric otherwise).

| > restart, with(Lineardigebra) : [ pi= Randombdatriz(3, 4)
> A= Matriz([[1, 2], [3,4]]); -322799 92
4= 12 B:=|-74 829 -31
! 34 -4 69 44 67
> A%TZ Transpose (A) =:_-:, p7T
13 [ =32 -74 -4
24 | 27 8 69
(13 ] 99 29 44
N (24| | 92 -31 67|

I

-1

-1

> W= Matrix([[1 + 2-5 1), [3 — 4 L-1]])

1+211
3—41 -1

(1 4+213—41]

-1

s HermitianTranspose (W)
[1—213+41]

I

(1 —213+441]

I

|

)




e

Determinant, rank and trace of a matrix

LinearAlgebra:
* Determinant(A) - calculation of the determinant of the matrix A
e RankKk(A) - rank of the matrix

e Trace(A) - trace of the matrix (sum of diagonal elements)

B with( Lineardlgebra) -4 = Matrix([[1,2], [3,4]]);

1 2
A=
3 4
B Determinant(A)
-2
> Rank(A)
2
> Trace(A)
5




Solving linear algebra problems

» Norms of matrices and vectors

» Checking the equality of two matrices

» Spectral analysis: eigenvalues and eigenvectors, characteristic
polynomial

» Finding out the type of matrix (positive / negative definiteness ;
orthogonality and unitarity)

» Solving systems of linear equations

» Matrix factorizations: QR and LU decomposition




Vector norms

LinearAlgebra:

e Norm(A, p, ¢) - p- norm of a matrix or vector

e VectorNorm (A, p, ¢) - p is the norm of the vector, cis
(optional) options for the resulting object

Values of the p parameter (default = infinity)
> for vectors

e 2, Euclidean, Frobenius - Euclidean norm |x||, = /Z|x =Jx-x
i=1

( vector length)
e p (>0) - p- norm

VectorNorm ( A,p )= add( abs(V[i]) " p,
i =1 .. Dimension(V)) ~ (1/p)
e infinity - the maximum element by modulus

)




/Matrix norms

LinearAlgebra:
e Norm(A, p, ¢) - p-norm of a matrix or vector

e MatrixNorm (A, p, ¢) - p-norm of the matrix, ¢ - (optional) options for
the resulting object

Values of the p parameter (default = infinity)
> for matrices

e 1 - maximum column norm

4], _maxZ\ | vdec™

j=1,m

MatrixNorm (A, 1) = max( seq ( VectorNorm (A[l..-1,
31, 1), 3 =1 .. ColumnDimension (A)))

e infinity - maximum row norm

4], = VAe ™
i=l,n
MatrlxNorm(A, infinity) = max(seqg(VectorNorm(A[l1,
1..-1], 1), 1 =1 .. RowDimension (A)))

-

O




e

Matrix Norms (continued)

™

Values of the p parameter (default = infinity)

e 2 or Euclidean - spectral norm (the root of the maximum absolute value of
the matrix eigenvalues A" A)

1All, = \/m_axlxli(AHA)l =\/max|ﬂi(AAH)| VA € cm AH = AT
l l
MatrixNorm (A, 2) = sqgrt (max( seq (Eigenvalues (A.
AM(sH))[ 1 ], 1 =1 .. RowDimension (A))))

2

YAeC™"

e Frobenius - Frobenius norm HAHF - \/ZZ

j=1 i=1

(not a true matrix norm, since it is not related to vector norms)

MatrixNorm (A, Frobenius ) = sqgrt (add(add(abs (Al 1,7
1y*2, 3 =1 .. ColumnDimension (A)), 1 =1
RowDimension (A)))

O




/Examples of calculating norms of vectors and matrices A

| > with(LinearAlgebra) - (> 4= Matrix([[10,0,2], [0,% 1] [2 4, 1]])
> ver= Pactor([1,-2, 3]) 1oz
! A= 091
vi=| -4 24 1
3

| =E-§,r default: mfirty-norm for matrices (masmum absolute row surm)
By default: infinity-norm for vectors (enty with masamurmn absolute | > MatrixNom (4)

walue) i 12
> VectarMNarm (v 1-nortn: masmum absolute column sum
| 3 = MatrizNomm (4, 1)
1-nortn (sum of absolute values) _ 13
= VectorMNome (v, 1) Spectral norm (masmum absolute eigenvalue
fi = MatriziNom (4, 2)
Eucledian norm J Roatof(-196 + 2% — 207 2% + 10577 _Z, index = 1)

> Vectorlom (v, 2) [Often can be calculated as approximate value

p—
i v 14 > evalf (%)
= FectorMorm (v, Euclidean) I 10.773324341
J14 Eucledian matriz norm = spectral norm
> NatriziNomm (A, Buclidean)

(> VectorNom (v, Frobenms ) , ; 5
J1F J RootOf (196 + 27 — 207 _Z% + 10577 _Z, index=13)

[ 3-norm (the cube root of the surm of the moduli of the cubes of the | Frobemus norm (not true matri norm,
eletnents) = Muatrixiomn (A, Frobeniurs)

= VectorMNom (v, 3) i
361 X

=inﬁzﬁt3r-nl:|nn (tnasmmum absolute walue)
= VectorMom (v, o) L

=i11ﬁnity-nn:urm (tnasmum absolute row sutr)
= AMatrixiomm (4, o)
12

3

)




Checking the equality of two matrices

LinearAlgebra :

e Equal(A,B) - checks the logical equality of matrices A and B, the result is

true/false

[f A=B, then A-B is a zero matrix whose norm is close to zero.

MatrixNorm (AB,1) or MatrixNorm (A- B, infinity ) - checking the equality of
matrices by norm, for approximate values of coefficients

| > with(Lineardigebra) :

> A= Randomddatriz(3)

2799 92
8 29 -31

69 44 67

A=

Inverse matrix

> invA = Matrixinverse(A)

3307 5737
327244 327244
| 2675 1573
A= 3amaaa 327244
1649 9
327244 327244 327244

> AdnvA

—

> F= IdentityMatrix(3)

Check that A*A™(-1)=E (identity matrix)

[ 100]
010
(001

(100 |
=010

001

[ Use Equal command to check equality A*A”(-1)=E
> Equal(A.invA, E)

trie

)




/Checking the equality of two matrices:
example for approximate values

=‘;;, with ( E:if neardigebra) Inverse matrix with approximate values
(> 4= Randomdfatriz(3) > invAl = evalf (invA)
7799 92 -0.01010560927 0.007899304494 0.01753126108
4=| 829 -31 invAl == | 0.008174328636 0.01387038418 -0.004806810820
. €9 44 67 0.005039053428 -0.01724401364 0.00002750241410
, [ Check that A*AN(-1)=E (identity matrix)
B . _ > AidnvAl
= E = MdentityMatriz(3) 10 1
100 1.00000000005000000  2.78000057002403268 10"~ 7.71999649536864175 10
F=|010 1.60000259569192949 1011 1.00000000001199996  2.28999896844696294 107"
001 3.00000597280858372 10"'! 1.26000026384742726 107" 1.00000000018470004

i Use Equal command to check equality: A*A”(-1)=E
> Equal(A.invAl, E)
Jalse

[ Gives false because equality is approximate, use comparison by matrix norm instead
> MatrixNorm(A.invAl — E, 1)
4.16000039971109458 10
B MatrixNorm(A.invAl — E, infinity)
4.05200026093108234 10™"°

-10




/ Spectral Analysis: General Information on N
Eigenvalues and Eigenvectors

Definitions from a linear algebra course
Let A be a square matrix of size nxn, in general with complex values.

e [f Au = Au, then the vector u is called an eigenvector of the matrix 4, and the number A is
called an eigenvalue corresponding to the given eigenvector.

* The set of all eigenvalues of a matrix is called the spectrum of the matrix.
e For a matrix of size nxn, the total number of eigenvalues is n.

e [f the same eigenvalue occurs k times in the spectrum of a matrix, then we say that this
eigenvalue is multiple and its (algebraic) multiplicity is equal to k.

» Eigenvalues of the matrix A4 are the roots of the characteristic polynomial P,(1) = det(4 — AE),
where E is the identity matrix.

e The algebraic multiplicity of an eigenvalue A is its multiplicity as a root of characteristic
polynomial.

e Matrix A — AE is called the characteristic matrix for the matrix 4

LinearAlgebra package commands :
* Eigenvalues(A) - returns the eigenvalues of the matrix A

* Eigenvectors(A) - returns sequence with two arguments: the eigenvalues of matrix A as a
column vector and a matrix of eigenvectors (column-wise)

e CharacteristicPolynomial (A, lambda) - characteristic polynomial

>

K. CharacteristicMatrix (A, lambda, outopts ) - characteristic matrix




Spectral Analysis: Eigenvalues

e Eigenvalues(A, C, imp, o, outopts) - the remaining arguments are optional

C is the matrix for solving the generalized eigenvalue problem, i.e. the roots of the
equation det(lambda * C - A) are found

imp - the type of roots of the characteristic polynomial; if implicit =true or simply
implicit, then the calculation will be implicit RootOf

0 - sets the output format of the result in the form: output = obj, where obj can take
the values 'Vector[row]', 'Vector[column]', 'list’ or a list of these values

outopts - sets output options constructor for the resulting object, for example
outputoptions = [datatype= float,shape =....]

* Eigenvectors(A) - returns the eigenvalues of matrix A as a column vector and a
matrix of column-wise eigenvectors . The full syntax is:

e Eigenvectors(A, C,imp, o, outopts ) - the remaining arguments are optional

C is the matrix for solving the generalized eigenvalue problem, i.e., the equations
det(lambda * C - A) are found

imp - specifies the form in which the roots of the characteristic polynomial will be
calculated; if implicit =true or simply implicit, then the calculation will be implicit
RootOf

0 - sets the output format of the result in the form: output =obj , where obj can take

the values 'values', 'vectors', 'list’ or a list of these values @
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Examples of calculating eigenvalues: Eigenvalues

:> with( LinearAlgebra) :
> A= Matrix(3, 3, [x,0,y,x,y,0,5,0,x])
20y

A=|xy 0

y 0 x

Matrix eigenvalues as a column vector

> Eigenvalues(A)
y
b B

Xy

Matrix eigenvalues as a list

> Eigenvalues(A, output = list)
|y +x2—y]

> B:= Matrix([[3,-1,0), [Z,3,0], [0,0,4]])

3 ~-10
B=|1 30
0 0 4
> Eigenvalues( B, output = list)
[2, 4, 4]

Matrix eigenvalues as vector-row

™

= M=(1, 4, -2)(-1,0, (-1, 2, 1)

1 -1 -1
M=| 4 0 2
-2 1 1
=> Figenvalues (M, output = list)
[2,1, -1]

Symmetric random matrix with float values
> R = RandomMatrix(3, outputoptions = | shape = symmelric, storage
= rectangular, datatype = float |)

30. —23. 9l.
R=] —23. 63. —38.
91. —38. —38.

> Eigenvalues (R, output = Vector| row])
[ —103.221603816942689,36.3950990097986775,

121.826504807143976 |
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:> with( Lineardlgebra) :
> 4 = Ma’frix(3: 33 [x3 ans . 03y3 ij:l)
x 0y
A=]x vy 0

y 0 x

vector-column and 2) matrix of eigenvectors by columns
> FEigenvectors(A)

1 0 -1
y+x
X
Y | 11 -2y+x
TV 10 |

Only matrix of eigenvectors by columns
> Eigenvectors(A, output = vectors)

[0 1 -1

X
b -2y+x
01 ]

Examples of calculating eigenvectors

" List of eigenvalues and eigenvectors where each eigenvalue is
shown with its multiplicity and corresponding eigenvector
> FEigenvectors(A, output = list)

0 1 -1

.V, l'.' l ] y+x:'l.1 l
0 1

X
“2y+x
1

x=y 1 -

| Default output for Eigenvectors command: sequence of 1) eigenvalues as

> B = Matrix([[3,-1,0], [£3,0],[0,0,4]])
3 -10
B=|13 0
00 4

" Example of multiple eigenvalue (i=4 repeats twice)
> Eigenvectors( B, output = list)

1 -1l o
21,4 1L 4,2, 1] 1 0
0 0 1




/Spectral analysis: characteristic polynomial and
characteristic matrix

™

LinearAlgebra:

e CharacteristicPolynomial (A, lambda) - characteristic polynomial
P,(1) = det(4A — AE), where E is the identity matrix

e MinimalPolynomial (A, lambda) - minimal polynomial (divisor)

e CharacteristicMatrix (A, lambda, outopts ) - characteristic matrix in the
form lambda *E - A

> with(Lineardigebra) : E Figenvalues (M, output =ist')
> M= Matris([[1,1,0], [0, 1,3],[0,0,2]]) | [2,1,1]
110 [ > CharacteristicMatrix (14, lambda)
M=1013 (=1 -1 o |
] 002 0 A-—1 -3
[ > Characteristic Polynomial (M, x) 0 T

242 —4x 451 -

> solve(%, x)
2,1,1




/Example conducting spectral analysis in various ways \

> with(Lineardlgebra) . [The first pair of eigenvalues and eigenvector

= A= Matrix([[1,1,0} [0, 1,3} [0,0, 2]]) > A, = lambdas[1], v, = vectors[1][3][1]
110 A s
%
A=]0173
00z 3
vy =3

;C ompute eigenvalues

= lambdar = EBigemvaliues(4) :

2 > Equaf{ﬂ.vl, Ay -vl}
lambdas = | 1 I fre
1 The second pair of eigenvalues and eigenvector

> 1.2 lambdas| 2], vy = vectars[2][3][1]
Cnmpute elgenvectors using hs output (sigenvalues with multiplicities and

corresponding eigenvector Ay =1
= vectors = Figemvectors( 4, cutput =\list') i
: [ : vy = | 0
veckors = |4, 1, (| 3 L1124 0

I 1 0

L B Equaf{ﬂ.vg, 1‘2""2}
Compute eigenvalues as the roots of charactenstic polyhormal

> Characteristic Polynomial( 4, ) L
S —dant s

= vroots = salve| %, A
vrools =2, 1,1

trie

[Check computed eigenvalues and corresponding eigenvector by substiniting
| thetn i the equation Av=Av

-




/Determining the type of matrix: positive (negative)\
definiteness

LinearAlgebra:

» IsDefinite (A, q) - checks the positive/negative definiteness of the matrix A,
parameter q has the form query = attribute , where attribute can have one
of the values:

e 'positive_definite' - positive definite, i.e.:

X Ax>0 VxeC", x#0, AeC™ fora complex matrix, where x”’

is conjugate transposed vector, A - Hermitian matrix: 4 = A"

For a real matrix, such a query will return true if x’ Ax>0 Vxe R", x#0, AeR™
Where x is transposed vector.

In this case, the matrix A4 may be asymmetrical (i.e.) A# A"

Equivalent definition: all eigenvalues are positive : A > 0

 'positive_semidefinite' - positive semidefinite: (A >=0) x” Ax>0

e 'negative_definite' - negative definite: (A < 0) x"Ax <0

e 'negative_semidefinite' - negative semidefinite: (A <=0) x” Ax <0
e 'indefinite’ - indefinite

e IsDefinite (A ) - checks whether the matrix A is positive definite, i.e. by

\ default query = 'positive_definite'
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Positive/Negative Definiteness of a Matrix: Examples
;‘.} with( Lineardigebra) - (> A7 = Matriz([[3, 2], [L4]])
= B= DiggonalMatrix([-5 0,-1]) [ 3 2 ]
_ Al =
50 0 L4
E=| 00 0 L -
10 -1 > A2 = Diggonalbdatriz([2, 2])
L 21
The matrix is not positive definite Az = 02
= rDefinite(B) B i ]
_ Jalse > A= Diggonalldatriz(| A1, AZ2])
The matrz 15 not positrve sermdefinte 3200 |
> Defimite( B'query'='positive _semidefinite')
false 1400
L A=
| Quatation marks are not necessary 0020
The matrez 15 not negative definite ooon 2
> IrDefimite( B, guery = negative definite) _ o N . ) !
false The matrez 15 positive definite
[The matrix is negative sermidefinite > IDefiniie(4) ;
> IrDefinite (B, guery = negalive remidefinile ) L e
The matrx 13 not symrmetric
_ trie > Rgual {ﬂ, A ”’ET]
> Figemvalues(B), Jailse
Al ergenvalues are nonnegative (ATl eigenvalues are positive .
0 > Higemvaluss(4),
_1 | 5 ]
_5 2
[ The matriz is Sytrtretic 2
2T
> Egual {B, B ] 3
\ bride L .




and unitarity

/Determining the type of a matrix: orthogonality

™

LinearAlgebra:

e IsOrthogonal (A) - checks whether the matrix A is orthogonal i.e. such that
AAT = ATA = E, where E is the identity matrix. Equivalently: AT= 471

e IsUnitary (A ) - tests whether a complex matrix A is unitary: i.e. such that
AA" = AHA = E, where E is the identity matrix. Equivalently: A= A~1

:> with(LinearAdlgebra) :
> A= Matrix([[1, 2], [3, 4]])

12
A=
34
> IsOrthogonal (A)
i Jalse
> B = Mairix([[cos(x),-sin(x) ], [sin(x), cos(x)]])

| cos(x) -sin(x)

sin(x) cos(x)

> IsOrthogonal (B)

frue

-

> B
cos(x) sin (x)
cos(x)z—l—sin(x)2 cos(sz—l—sin(x)2
_ sin (x) cos(x)
cos(x)2+sin(x)2 c;os(x)2+sin(x)2
> B

cos(x) sin(x)

-gin(x) cos(x)
> Equal(simphﬁ/(B_l), B%T)

frue

O




™

Solution of systems of linear equations, matrix kernel

LinearAlgebra:

e LinearSolve (A,B) - solves the equation AX=B, where B is the matrix or vector on
the right-hand side and X is the matrix or vector of unknowns. Full syntax:

LinearSolve (A, B, m, t, ¢, ip, outopts , methopts ) - the remaining arguments are
optional ( for details, see Help) . The meanings of some parameters:

m is the parameter of the method to be used in the form method = name , where
name can take the values 'none’, 'solve’, 'subs’, ' Cholesky ', 'LU’, 'QR’, "hybrid’,
'modular’, ' SparseLU ', ' SparseDirect ' or ' Sparselterative '

e NullSpace (A, outopts ) - search for the basis of the matrix kernel, i.e. vectors {x:
Ax=0} is equivalent to solving a homogeneous system of equations

e GenerateEquations (A, v, B) - generating a system of linear equations Av=B, where
A is a coefficient matrix of size mxn, v is a list of unknowns of length n, B is the
vector of the right-hand side

GenerateEquations (A, [x,y,Z],b)

* GenerateMatrix ( eqns, vars ) - generates a matrix of coefficients from a list (set)
of equations eqns and a list (set) of unknown vars . Option augmented=true
outputs a matrix with an added column from the right-hand side vector

GenerateMatrix ( [eql, e2, eq3], [X, vV, Z])

O

-




e

;> with(LinearAlgebra) :
> sps = [3361 +2x,+3x, =1, x, +x,+x,=3,x;

i +2x,-x;, = 1] ;
_> vars = [xl, Xy x3] :
> A, b= GenerateMatrix(sys, vars)
32 3 1
A,b=111 11|13
12 -1 1

> M = GenerateMatrix(sys, vars, augmented = true)

32 31
M=]11 13
12-11
> LinearSolve(A4, b)
-10
8
5

> 5= GenerateEquations (4, [x, y, z], b)
s=[3x+2y+3z=Lx+y+z=3,x+2y—z=1]

> solve(s)

N

{x=-10,y=8,z=5}

Examples of solving a system of linear equations and
finding the kernel of a matrix

> with({LinearAlgebra):

A = <£6,3,0>1<4,2,0>1<2,1,0>>;
6 4 2
321

000

A=

Matrix kernel: vectors that satisfy Ax=0

> kern := HullSpace(Aa) ;
X 1 . 2 .
3 3
kern = 0 q
| 1 0

> A.kern[l];A.kexrn[2];
0

0
0

" Check that substitution into equation gives zero vector

O
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Matrix factorization: QR factorization

LinearAlgebra:

* QRDecomposition (A) - QR-decomposition of the matrix: A=QR, where Q
is an orthogonal matrix, R is an upper triangular matrix.

e Full syntax:

QRDecomposition (A, fs, out, ¢, outopts, ...) - the remaining arguments are
optional (see Help for details) . The meanings of some parameters are:

fs — alogical parameter in the form fullspan = 'false’ ( default, partial QR-
decomposition) or fullspan = 'true’ (or simply fullspan, full QR-
decomposition)

out - the parameter of the output matrix in the form output = obj, where
obj can take the values 'Q’, 'R’, 'NAG', 'rank’ or a list of these values.

outopts - sets outputoptions options for the resulting object

O




/An example of calculating the QR decomposition of a matrix

;> with(Lineardigebra) .

> A= ((z, 3, 1|4, 6.-1) (-1,-%,-2))
2 4 -1

3

A=|3 6 - 5

1 -1 -2

(> Rank(4)  Since Rank(A)=2, this matrix has incomplete rank

(less than number of rows)
2

Thin (reduced) QR-decomposition
> (O, R = QRDecomposition(A)
%‘/1_4 %JW — 25 17 —
Ji4 =14 - /14
14 182 ’ 3 —_— 3 —
0 F\/ISZ ﬁ\/lez

1 — 1 —
m J14 m J182
Compute sizes of Q and R
> mQ, nQ = Dimensions((Q); mR, nR = Dimensions(R),

mQ, nQ) =3, 2
mR, nR =23
~  Check that A=QR
> DR
2 4 -1
3
3 6 o
1 -1 -2
> Egqual(A, O.R)
true

-

™

Full QR-decomposition (R is square upper-triangular)

> Of, Rf = QRDecomposition(A, fullspan)

Lar Ly ym
O Rf=| ST T8 -2 T3 |,
'ﬁ\/ﬁ-ﬁ\/ﬁ 0
. . -%m'
0 f—ﬂm;_g\/m
0 0 0

C(;n_lpute sizes of Qf and Rf
> mQOf, nQf = Dimensions(Qf); mR, nR = Dimensions(Rf);

mQf, nQf =3, 3
mR, nR=3,3
[ Check that multiplication gives initial matrix
> OfRf
2 4 -1
3
3 6 - 5
1 -1 -2
> Equal (A, OFRY)
true

2J
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Matrix factorization: LU decomposition

LinearAlgebra :

 LUDecomposition (A) - LU- decomposition of a matrix such that: A=PLU,
where L is a lower triangular matrix, U is an upper triangular matrix, P is a
permutation matrix (the identity matrix with its rows rearranged).

e Full syntax:

LUDecomposition (A, m, out, ¢, ip, outopts, ...) - the remaining arguments are
optional ( for details, see Help) . The meanings of some parameters:

m is the parameter of the method used in the form method ="
GaussianElimination ' ( normal Gaussian method, default), method ="'
FractionFree ' (Gaussian method without division), method = 'RREF’, method
= ' Cholesky ' or method = 'none’

out - the parameter of the output matrix in the form output = obj, where obj
can take the values 'P’, 'L, 'U"; 'U1’, 'R ' ( for A=PLU1R); 'NAG', 'determinant’,
'rank’ or a list of these values.

outopts - sets outputoptions options for the resulting object

O




/An example of calculating the LU decomposition of a matrix A

;‘} with( LinearAlgebra) :
> A= ((0,-2,0,3)(1,3,0,1)|(1,1,0,0)|(-3,4,1,0))
[ 011 -3]
-231 4
000 1

310 0|

[~ PLU-factorization: P is permutation matrix, L is lower-triangular, U is upper-triangular

A=

> B LU= LUD@CO@DSM_CM (A4) o [ Display only upper-triangular matrix
(0100 1 0 00 -23 1 4 > LUDecomposition (A, output ='0U")
1000 0 1 00 011 -3 [ -2 3 1 4 |
P, LU= . » -
o001 |->tL 10| o0o0-42 011 -3
2 2 2 15
0019 0 001|000 1 | 0 0 -4~
Check that A=PLU _ 000 1
> PLU . B GaussianElimination(A)
011 -3 [ -23 1 4
000 1 0 0 -4 45
| 310 0] 2
> Egqual(A, P.L.U) 000 1
true ~




Solving ordinary differential equations in
Maple: analytical solution

» The dsolve and odetest
» Analytical solutions of ODEs
» General solution
»Fundamental system of solutions
»Solution of the Cauchy problem or boundary value
problem
» Graphical representation of the solution
» Solution of systems of differential equations




The dsolve and odetest

Solution of ODE ( ordinary differential equations)

e dsolve (ODE)

e dsolve (ODE, y(x), options)

e dsolve ( {ODE, ICs}, y(x), options)

ODE - an ODE or a system of ODEs in the form of a set or list

y(x) is an indefinite function of one variable either a set or list of such
functions (unknown equations)

ICs - initial conditions in the form y(x0)=a, D(y)(x0)=b, ..., (D@@n)(y)(x0)=c

options - additional options, for example :
e type = exact (analytical solution is the default option),

e type = series (approximate solution in the form of a power series),
e type = numeric (numerical solution),
e output = basis (fundamental system of decisions)

e method=laplace (solution using integral transformations)
Checking the found solution
e odetest ( sol,ode)

-




Analytical solution of ODE

e dsolve ( ode, var, options )
e An analytical solution is sought by default ( type=exact ).

e If the desired function cannot be identified, the solution is output implicitly. To
output the solution explicitly, specify the type= explicit option or set

_ EnvExplicit := true before executing the dsolve command.

e The general solution of a differential equation depends on arbitrary constants, the
number of these constants is equal to the order of the differential equation. In
Maple , such constants are typically denoted as _C1, _C2, and so on.

e In the output line, the solution of a non-homogeneous linear ODE always consists of
terms that contain arbitrary constants (this is the general solution of the
corresponding homogeneous ODE), and terms without arbitrary constants (this is
a particular solution of the same non-homogeneous ODE).

e dsolve command produces a solution to a differential equation in the format
y(x)=....In order to work with the solution further (for example, to plot a solution
graph), the right-hand side of the resulting solution should be separated with the
command rhs (%) .

)
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Analytical solution of one ODE: examples

| The first order differential equation
= restart,

de = diff (y

(x),x) +v(x) *cos(x) =sm(x) *cos(x);
dsolve (de, y(x)

):
de = %y[x) + v(x) cos(x) =sin(x) cos(x)

y(x) =sin(x) — 1 + ¢ S ¢
Using prime notation to denote derivatives
> dsolve(y'+ v-cos(x) =sin(x) cos(x));

y(x) =sin(x) — 1 + ¢ ) ¢

 The second order differential equation
2

> restart, deq = d—zy(x] —2 (iy(x]) + y(x) =sin(x) +e
dx dx

=:> dsolve(deq, y(x));

y(x)=¢ C2+¢ex CI+ % e (2cos(x) e +1)
_Using prime notation to denote derivatives
= dsofve(y”—Z '+ y=gin(x) + e_x);
y(x)=¢" C2+ex CI+ % e ™ (2cos(x) e +1)




Solution of the Cauchy problem or boundary value problem

™

e dsolve command can find a solution to a Cauchy problem or a boundary value
problem if, in addition to the ODE, initial or boundary conditions are specified for the
unknown function.

e dsolve ( {ODE, ICs}, y(x), options)
Set initial or boundary conditions

e using a differential operator y(a)=ya, D(y)(b)=yb, (D@@2)(y)(c)=yc,
(P@@3)(y)(d)=yd,..., (D@@n)(y)(e)=ye

e using prime notation (2 D-Math): y(a) =ya.y'(8) =yb,y"(¢) =yc, y"(d) =yd,..y" (e) = ye

Use D-operator to set initial conditions
> de = diff (v(x), x$4) + diff (y(x),x82) =2 *cos(x);

> cond = ¥(0)=-2,D(¥)(0) =1, (D@@2) (»)
cond=y(0)=-2,D(y)(

B dsolve( {de, cond}, y(x));

I
|
[ ]
o
=]
[ ]
e
|
zﬁ-
5
e
e
+
e

y(x)

Use prime notation to set initial conditions
| > dsys = {y"+ y"=2-cos(x),¥(0) =-2,¥'(0) = 1,"(0) =0, y"(0) =0} :
> dsolve(dsys, y(x));
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Solution of a boundary value problem : the exact solution and its graph

| restart;

> de = diff (y(x), x82) + y(x) =2%x — W cond == y(0) =0, y(m/2) =0

dsolve ({de, cond}, v(x));
2
d

de :=—2y{x] +y(x)=2x—m
dx

cond = y(0) =D,y(%n] =0

ylx)=cos(x)m+ 2x— =
B yi = rhz(%) : plot(yi, x =-10..20, thiciness=12);

30+
20+

10 1

I T T T T 1
-10 10 20
10 +

=20




/Solving ODE systems A

o dsolve ({sys },{x(t), y(t),...}, options ) is the solution of the ODE system

e dsolve ({sys, cond }, {x(t),y(t),...} , options ) is the solution of Cauchy problem or
boundary value problem with a system of ODEs ; x(t), y(t),... is a set of unknown functions

2 d 3
» 7 y(8) =6x(7) +3y(t) —
et— 1 ds et— 1
2 d 3
» 3o y(t) =6x(8) +3y(2) —
et—l dr et—l

> pestart, sys = %x(:) =-4x(1) —2y(2) +

sys = %x(:) =-4x(t) —2y(2) +
=C0mpare list and set when specifying the sytem of equations and the unknown functions
> soll =dsolve([sys], [x(f),¥y(?)])

_ _ £ _
soll = {X(t)=—%_Cz+%e‘f_cu+2e‘fm(ef—1) +2e () = — 3111(;? 1) =3
e

+ 2

> sol2 = dsolve ( {sys}, {x(1),y(1)})

t_ J—
s0l2 == 136(:) _ 2420 f 1) - cr + C2,y(f)=-2 C2—3e"—3e (" —1) + % et c1
e
=> simplify (rhs(soll[ 1)) ); simplify (rhs(s0i2[1]))
—%_cz + % et cr+2efm(ef—1) +2e7f

2e_t—|—2e_t]ﬂ(et— 1) —et
> simplify (rhs(s0ll[2])); simplify(rhs(s0i2[2]))
e c1—3em(ef—1)—3eT+ 2

2 c2—3et—3e (e —1) + % et c1

Cl+ €2

=Check that solution satisfies the given system of equations
> odetest(soll, [sys])
[0,0]

- odetest(sol2, {sys})

L {0)




e

Solution of a system of ODEs with initial conditions
(Cauchy problem): examples

| > restart,

> sys = diff (x(1), £, 1) + 5-diff (x(1), ¢) + 2-diff (y(1), 1) +y(1) =0,
3d{ff( (f; Ef)]Jr ((}er{ff’( y(1),¢) +3-y(2) =0,x(0)
(x 0)=0,

Syﬁ——x +5(% J [dy()Jer(f):O:

dz Jrﬁx[)—ki (£) +3¥(#)=0,x(0) =1
dt2 a Y ¥ : :

- D()(0)=0,»(0)=1
> sol == dsolve( {sys}, {x(1),¥(£)})
1 3 o

SGEZ:{I(I):—?E_r‘l—? —26e 4 y(8) = ZE_E—EE+4EEI}

=Chec:k that solution satisfies the given system of equations
> odetest(sol, {sys}).

{0}

™




Solving ordinary differential equations in
Maple: approximate and numerical solutions

» Approximate solutions (power series)
» Numerical solutions
» odeplot command




/Approximate solutions of ODEs

e For many types of ODEs, an exact analytical solution cannot be found. In these
cases, the ODE can be solved using approximate methods, in particular, by expanding
the unknown function into a power series.
* dsolve (ODE, y(x), 'type=series’)

dsolve ( {ODE, ICs}, y(x), 'type=series’)

dsolve ( { sysODE, ICs }, { funcs }, 'type=series’)

* Instead of type=series You can simply specify series

e The order of the series expansion (default = 6) can be changed using an
environment variable Order. To specify the order of decomposition n, precede the
dsolve command with Order:=n.

e [fageneral solution of an ODE is sought in the form of an expansion in a power
series, then the coefficients at the powers of x of the found expansion will contain
unknown values of the function at zero y (0) and its derivatives D(y )(0),

(D@@2)(y)(0), etc.

» To isolate a particular solution, one must specify initial conditions, the number of
which must coincide with the order of the corresponding ODE.

e The power series expansion has the type series. In order to work with the solution
further (for example, to plot the solution), it should be converted to a polynomial

using the convert (%, polynom ), and then select the right side of the resulting
K expression using the rhs (%) command.




/Approximate solutions of ODEs: examples

Solution of the Cauchy problem as a power series expansion up to the 5-th order
> restart, Order =5

> dso;’ve( {%y[x] =y(x) +x ey(x],y(()) ZO},y[x], Iypezserfes)

Order =5
1 2, 1 3, 1 4 5
= — — O
y(x) 5 + ¢ + p + (x )
Obtain general solution as a power series expansion up to the 4-th order
> restart; Order := 4; de := diff(v(x), %, ®)-v(x)"3 = exp(-x) *cos(x) ;
Order = 4
_ d2 3 -x
de = —Zy(x) —y(x) =e " cos(x)
dx

derivatives evaluated at the ongin
> fr=dsolve{de,y(x) ,series);

y(x)=1 X %x:; + O(x4)

-

F=3()=3(0) + D) (0) x + (5 3(0)° + 3 |+ (5 5(0° D) (0) — | ¥+ 0l
' Set initial conditions
> subs(3(0) = 1,D(»)(0) =0,7)
~

 When the initial conditions are not given, the answer 1s expressed in terms of the indeterminate function and its

*)

O




exact and approximate solutions

> restart, dsys = y”'—y'=3-(2—xz)-sin(x),y(O)=1,y'(0)=1,y”(0)=1;
3
d :
doys =5 () — (33 ] =3 (2 #) sin(),5(0) = 1.D(») (0) = 1. D) () (0)
dx
=1
| Exact solution
> dsolve( {dsys}, y(x))
o 3 -3 7 ks 21 . 3 2
y(x}—Ie +Ie +Tcos[x)+6sm(x)x——cos[x)x — 12

2
[ Take right-hand side for the plot
> yl=rhs(%)

/Approximate solutions of ODEs: an example of comparing A

— Exact seluion
—— Approximate solution

yl = 3 e * + 7 e + 21 cos(x) + 6sin(x) x — 3 cos(x) =12
4 4 2 2
| Approximate solution as series expansion
> Order =06, dsolve( {dsys}, v(x), series)
Order =6 \\
1 2, 1 3 7 4 1 s 6 \
= — — — \
yF) =ltat -+ o+ ooa s +0(x°) \
Convert to polynom (neglect the residual) and take right-hand side for the plot R
> y2 = convert(rhs(%), polynom) 34
_ 1 2 1 3, 7 4 I
y2.1+x+2 +6x+24x+120x
> plot([yl, y2|,x=-3 .3, color = | black, biue |, thickness =2, linestyle = | solid, dash |, legend
= [ "Exact soluion", "Approximate solution" |, legendstyle = [ font = [ "TIMES", 20]])

O




e

Numerical solution of ODE and its graph : odeplot

e dsolve (ODE, y(x), 'type=numeric')
dsolve ({ODE, ICs}, y(x), 'type=numeric')
dsolve ({ sysODE, ICs }, { funcs }, 'type=numeric')

e Instead of type=numeric one can simply specify numeric

e In additional options, one can specify the method of numerical integration of the
differential equation in the form method = numeric_method, where as
numeric_method can be one of the following: rkf45, rosenbrock, bvp,
rkf45_dae, rosenbrock_dae, dverk78, Isode, gear, taylorseries , mebdfi,
classical.

e For example, method = rkf 45 — Runge-Kutta-Felberg method of 4-5th order (set
by default); method = dverk 78 - Runge-Kutta method of 7-8th order; method =
classical - classical Runge-Kutta method of 3rd order; method = gear - Gere's
method.

e dsolve command with the parameter type=numeric creates a procedure that can
be accessed to calculate the solution for a given value of the variable and to plot a
graph over a given interval.

e plots| odeplot] ( sol_num, [x, y(x)], x=x1..x2 ,options ) is the graph of
the numerical solution of the ODE, where sol_num is the numerical

solution obtained using the dsolve command with the numeric option e/




/Numerical solutions of ODEs: examples A
> restart, eq :=d—22y(x) —xsn(y(x)) =sn(2x)
dx
eq = d—zy[x) —xsin(y(x)) =sm(2x)
dx

> cond=y(0)=0,D(y)(0)=1

cond =y(0)=0,D(y)(0)
B sol num =dsolve( {eq, cond}, y(x), mumeric)
sol_mum = proc(x_rkf45) ... end proc

=Solution for x=0.5 (function value and the values of the derivative at this point)
> sol num(0.5)

1

x=035,y(x) =0.544926322815993624, %y(x) =1.27250331302082364

=Graph of numerical solution for x from (-10,10):
> with(plots) : odeplot(sol num, [x, v(x) ], —10..10, rmumpoints = 200)
N




Graphical representation of solutions of
ordinary differential equations

» odeplot command and graphical commands of the
DEtools package
» 2 D Solution Plots, DEplot command
» Construction of a phase portrait and a direction field
» DEplot
» phaseportrait
» dfieldplot




Graphical commands for representing solutions of
ODEs and systems of ODEs

™

Plots package graphical commands for ODEs

DEtools

odeplot ( dsn, vars, range, options) - plot of numerical solution of ODE
or ODE systems

DEplot - a graph of the numerical solution of an ODE or a system of ODEs

DEplot3d - 3D graph of the numerical solution of an ODE or a system of
ODES

phaseportrait - phase portrait for a system of two first-order ODEs or one
ODE of any order; for an autonomous system of first-order ODEs the
direction field is also drawn

dfieldplot - plot of a two-dimensional direction field (vector field) for a
system of two autonomous first-order ODEs or one first-order ODE

0




4 Plotting the numerical solution of the Cauchy problem for
a first-order ODE system using the odeplot command

> restart, cond =x(0) =1, y(0) =2
cond =x(0)=1,y(0)=2

> Sys = %x(r) =2y(¢) sin(f) —x(t) — 1, %y(r) =x(1)
sYs = %x(r) =2y(2) sin(#) —x(f) — £, %y(r) =x(7)

> F=dsolve( {sys, cond}, [x(t), y(t) ], numeric)
F =proc(x rkf45) ... end proc

> with(plots) :

> pl =odeplot(F, [t,x(1)], -3 .7, color=black, thickness =2, linestyle =3, legend
— "X(t)”] :

> p2 =odeplot(F, [t,y(1)], -3 .7, color = green, thickness =2, legend ="vy(t)") :

> display(pl, p2)




e

DEplot

Two-dimensional graphs of solutions of ODEs or systems of ODEs

e DEplot command from the DEtools package plots (two-dimensional) graphs of

ODE solutions, as well as phase portraits and the direction field. This command is

similar to the odeplot command, but is more powerful.

» For differential equations of the order higher than first, the DEplot command plots

only the solution curves of the ODE, while for the first-order ODE systems, phase
portraits with a direction field can be plotted.

e Unlike odeplot, the DEplot command itself finds a numerical solution to the
differential equation .

 DEplot ( deqns, vars, trange , options)
e DEplot ( deqns, vars, trange, inits, options)

 DEplot ( deqns, vars, trange , xrange , yrange , options)
 DEplot ( deqns, vars, trange, inits, xrange , yrange , options)

* The main parameters of DEplot are similar to those of odeplot :
e deqgns - an equation or list of equations
e vars - list of unknown functions;
e trange - range of change of the independent variable;
 inits - a list of lists of initial conditions for each integral curve;
e xrange and yrange - ranges for the first and second dependent variables (functions);
options - additional parameters

)




/DEpIot command (continued) A

The most commonly used graphics options for the DEplot command

To solve a differential equation of the n-th order, the initial conditions can be
specified in a compact form: [x0, y0,y'0,y"0,...], where x0 is the point at which the
initial conditions are specified, y0 is the value of the desired function at the point
x0;y'0y"0,... are the values of first, second, etc. respective derivatives, up to the

(n—1)-th order.

linecolor — line color
color - color of the arrows

arrows = SMALL , MEDIUM, LARGE, LINE or NONE - arrow type ( value NONE is
set by default)

scene — determines which variables to display on the graph: scene = [Xx,y] - two-
dimensional phase portrait, scene = [t, X] or scene = [t, y] - integral curves

iterations — the number of iterations required to improve the accuracy of
calculations (by default this number is 1)

stepsize — a number equal to the distance between the points on the graph, by
default for the interval [a,b] it is equal to abs((ba)) /48, used to output a smoother
curve

obsrange = true/false — option to interrupt calculations if the solution graph goe
beyond the interval set for drawing @/




/" Plot of the numerical solution of the Cauchy problem for a )

system of first-order ODEs using the DEplot command

> s = dff (s(0), 1) = 2y(1) sin(t) — x() — £ dF(1(0), 1) = (0);
s = o x(0) =2y (1) sin(#) = x() = £, 5o y(5) = (1)
2

:} cond = x(0) =1, y(0) =

| > with(DEtools) :

> DEplot([sys], [2(2), ¥(
DEplot([svs], [x(t
linecolor = green)

)], t==3.7,x==-10.15, [[cond]], scene = [, x(t) |, {inecolor = blue=);

t) ]
Joy(t) ], t==-3..7, x==20.135, y==-10..20, [ [cond]], scene = [¢t, ¥(¢)].
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4 Plotting the solution of the Cauchy problem (integral
curve) for a third-order ODE using the DEplot command

;> restart, with( DEtools)
The 3rd order differential equation

& d
= de3:=§y(x)—|—xl/ a_}f(x]

| Define initial conditions using D-operator and plot an integral curve for them

> DEplot(de3, {y(x)},x=-4.5, [[y(0)=0,D(y)(0) =1. D) (3) (0) =1]], stepsize
= 0.1, linecolor = black, thickness = 2)

—|—x2y(x)=0:

S0+

40_

30+

i)

20+

10

—-20 4

™




e

Plotting the solution of the Cauchy problem (integral curves and direction field)
for a first-order ODE using the DEplot command

> restart, with( DEtools)
The 1st order differential equation

> del = %x(;‘) =gin(x(f)) :

' Plot integral curves for several imitial conditions in the plane (t,x(t))
Use compact form [x0,v0,v'0,...] for imitial conditions

> DEplot(del, x(t),t=-n.xm, [[0,1],[0, -1],[0,2], [0, -2]],x= -2 m.2m, arrows
= LINE)

)

™




Phase portraits and direction fields A

e In order to draw the entire phase portrait (the set of different phase trajectories), it
is necessary to indicate the initial conditions for each phase trajectory .

e The initial conditions can be specified in a compact form: [ t0, x0, y0], where
t0 is the point at which the initial conditions are set, X0 and yO0 are the values of the
functions x and y at the point t0 .

e For autonomous systems of differential equations (i.e., not explicitly dependent on
t) the direction field in the form of arrows will be constructed.

DEplot, phaseportrait commands and dfieldplot

» Using the DEplot command, one can construct a phase portrait on the (x, y) plane
for a system of two first-order ODEs x'(t)=f x,y,t), y'(t)=g(x,y,t) if scene=[ X,y ] is
specified in the parameters of this command.

* phaseportrait(deqns, vars, trange, inits, options) - phase portrait for a system
of two first-order ODEs or one ODE of any order, for an autonomous system of first-
order ODEs the direction field is also drawn

o dfieldplot ( deqns, vars, trange , xrange , yrange , options) - direction field for
a system of two autonomous first-order ODEs or one first-order ODE . The
dfieldplot command does not require initial conditions.

)




Direction field of a first-order nonlinear ODE using the
DEplot command

* First order ODE of the form > restart, with( DEtools) - nonlin_ode :=%y(x) = S;l(gcx)) :
dy(x) = O(x, y(x)) (1) > DEplot(noniin ode, y(x),x=-10.10, y= -5 .5, stepsize = 0.05)
dx  P(x, y(x))
is equivalent to a system of two Y S
first-order ODEs of the form R
dx(t e
X0 _ p(x(ey, y(0) o e
2 - PR P
dy(t A
DD _ o ato), v SRATANAPAS .

. An equilibrium point of
equation (1) or system (2) is D N NEN
a point (x0,y0) which is a R I
solution of the system

P(x,y) =0,

{Q(x,y)=0- _

= O = numer(rhs(nonfin ode) )

> P= denom( rhs(noniin_ode) )
P=y(x)

=Fmd the equilibrium points
> EmvAliSohitions == true . solve([P=0, 0= 0] [x y(x
[[x=n_Zi-y 0]]

)




4 N

Phase trajectories with direction field for a nonlinear first-order
ODE system with given initial conditions (using the DEplot
command )

S restart, with( DEtools) -
Equvalent system of two first-order ODEs

> = Lx(0) =), L y(0) =sin(x(n)

> DEplot({sys}, [x(#),¥(#)],t=0.4x=, [[0,1,0],[0, -1,0],[0,=®, 1], [0, -®, 1], [0, 3 m,
02],[0,3®,1],[0,37, 1.8], [0, -27, 1]], stepsize = 0.1, linecolor = black)

s =S x(1) =y(1), -5 y(1) =sin(x(1))




™

/Phase trajectories without direction field for a nonlinear
first-order ODE system with given initial conditions (using
the DEplot command )

S restart, with( DEtools) :
_Nonlinear autonomous system of two first-order ODEs

> = x (1) = (1), 4oy (1) =x(1) = (1)

s =S x(1) = (1), -5 3(0) =x(1) = x(1)°

> DEplor( {sys), [x(1), ¥(1) 1. £=0.20, [ [0, 1,02], [0, 0, 1], [0, 1, 0.4], [0, 1, 0.75],
[0,0,1.5], [0, 0.1, 0.7]], stepsize = 0.1, arrows = none, linecolor = black)

7
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™

Phase portraits of linear autonomous systems for the
first-order differential equations

_ . . . . —::ax+by, dy _cx+dy 2)
Consider a linear dynamic system or a single equation 0 (1) dx  ax+by
—=cx+dy
L dt
An equilibrium point of equation (2) or system (1) is a solution of the linear system | ax+by =0,
cx+dy=0

It is obvious that for a homogeneous linear system the solution depends on the determinant of
the system matrix a b
A=

c d

« Ifdet(A)#0, i.e. the matrix is non-singular, then the solution of the linear system will be the
point {x=0, y=0} .

« Ifdet(A)=0, i.e. the matrix is singular, then the solution of the linear system will be all points
of the line ax+by =0 (or y=—a*x/b), since in this case the coefficients will be proportional:
a/b=c/d . In this case, instead of an equilibrium point we have an equilibrium line y=—a*x/b

The type of phase portrait of a linear autonomous first-order differential equation system is
determined by the eigenvalues A1, A2 of the matrix A, i.e., the roots of the characteristic
polynomial P, (1) = det(4 — AE), where E is the identity matrix:

a—A~A b
c d—A

=0

)




Nodes

Focuses (Spirals)

Types of phase portraits of linear autonomous systems for the first-
order differential equations

Lines of Equilibria

Stable Node (Sink)
A1, A2 are real and
negative

&

Stable Degenerate Node
A1=A2 is real and negative

*

Special case:

Stable Degenerate

Star Node

A1=A2 is real and negative
(many eigenvectors)

Unstable Node (Source)
A1, A2 are real and
positive

&

Unstable Degenerate Node
A1=A2 is real and positive

*

Special case:

Unstable Degenerate
Star Node

A1=A2 is real and positive
(many eigenvectors)

Unstable Focus
(Spiral Source)

A1, A2 are complex
and RelAl, ReA2 are
positive)

Stable Focus
(Spiral Sink)

A1, A2 are complex
and ReAl, ReA2 are
negative)

Stable Line of
Equilibria
A1=0, A2<0

Unstable Line of
Equilibria
A1=0, A2>0

-

Saddle Point

Saddle Point (always unstable)
A1, A2 are real and
have opposite signs

Center

¥

Center (always stable)
A1, A2 are complex and
purely imaginary

)




-

Stability diagram of linear autonomous system dx/dt=Ax:
phase portraits on (detA,trA) plane

Poincaré Diagram: Classification of Phase Portaits in the (det A, Tr A)-plane

degenerate sink

spiral sink

det A

~

spiral source

®

uniform
motion

center

sink

line of stable fixed points

.
W

A0

A= (Tr A)?- 4det A

A=0: A>0

l

degenerate source

source
> Tr A

saddle line of unstable fixed points

Figure: https://en.wikipedia.org/wiki/Autonomous_system_%28mathematics%29
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Phase trajectories and direction field for a linear autonomous first-
order ODE system with given initial conditions (using the
phaseportrait command )

;> restart, with( DEtools)

> P=3x(t) +y(f) : Q=-x(f) +y(1):
d

s sys:Z%x() P, E y(t) =0

s =5 x(0) =3x(0) + y(0), 5 p(1) = x (1) + p(0)

> phaseportrait( [sys], [x(2),v(#) ], t=-10.10, [[0, 1, -2],
[0, -3, -3], [0, -2,4],[0,5,5],[0,5, -3], [0, -5, 2],
[0,5,2], [0, -1,2]], x=-30.30, y= -20..20, stepsize
—01 coiour—blue linecolor = black)

N \RREA ' | > with(Lineardlgebra)
> A, b= GenerateMatrix([P=0,0=0], [x(1),¥(8)])

N

A, b

=> Eigenvalues(4)

This is unstable degenerate node, as
eigenvalues are equal and positive

')




Solution of partial differential
equations

» pdsolve
» PDEtools package
» PDEplot command




pdsolve command

Solution of an equation or system of partial differential equations
(PDEs)

* pdsolve (PDE, f, other_options)
e pdsolve (PDE_system, funcs, other_options)
e pdsolve (PDE_or_PDE_system, conds, type=numeric, other_options)

Checking the found solution
e pdetest (sol,pde)

_‘:.:* PDE := x*diff{f(x,v),y)-y*diff{fi{x,v),x) = 0;
d d
PoE =z (4 f(n3) | =y (5 Fl59) ] =0

> sol:=pdsolve({PDE)
sol =1 (x, v) =_Fj(.x2 +}’2]

| F1 - npoH3poibHAA QYHKITHS

IIporepka pele HUA
> pdetest{sol,PDE}




e

ndsolve command: using options

=Solve therrﬁal conductivity problem
2

0
> heat = —u(x,t) = o u(x, 1) :
ot Ay?

' Search for solution as a product
> pdsolve(heat, HINT="*")

(u(x,t)= Fl(x) F2(t)) &where Hd—zFI(x] =_¢, _Fl(x), i_FQ{I) =_¢, _F2(1)
dx ds
=Bu;ild solution in explicit form
= sol = pdsolve (heat, HINT =X (x) T (1), build)
—_— oot
cox ot -1
sol =u(x,t)=e Locre ! C2+ Cle 3

 Find particular solution for specific values of parameters
> const = {—61 =-4, Cl= %, C2=-1, C3=1 ]
const = {_C] = % I, C2=-1, C3=1, ¢

=> simplify (eval(rhs(sof), const) )




4 N
PDEtools package: PDEplot command

e PDEtools - a package for working with partial differential equations

(PDEs), contains commands for studying and finding analytical solutions to
PDEs, visualizing PDE solutions, etc.

e PDEplot (PDE, inits, srange, options) - solution and plotting of first-
order PDEs (linear or nonlinear)

| Solve nonlinear wave equation

0 0
> pde = Eu(x, t) + u(x, f)-ﬁu(x, t) ini =[5, 0,05+ 0.5 sn(s) | :

:> with( PDEtools) :
= PDEplor(pde, x=0.4-w,t=0.3, 11, s =0 ..4 1, style = patch, orientation= [ -70, 15], axes = normal)

Wiz
w2 e e

W
/ Q’a‘r';r
0,@6% Yol
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