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PaccrossHusa MexXay BCEMU IapamMu BEPIIUH

3agaya 0 KpaTyamwiem nyTm

[aH B3BeweHHbIV rpad G(V,E), w:E - R.

Bec nyTn onpegennm Kak CyMmy BeCOB BXOAALLNX B HEFO AYr.
Kpatuanwmn nyTb = NyTb MMHUMaAbHOIO Beca.

BO3MOXXHbI TP GOpMYyAMpPOBKK 3aja4n:

1) 3aaaHbl BepwuHsbl s, t € V. Hantm kpatyamwmnm nyTe n3 s B L.

2) 3apaHa BepwuHa s € V. Hantn kpatyamwine nyTm n3 s BO BCE OCTajlbHble
BEPLWMUHbI rpada.

3) Hawutu KpaTuanwme NyTn A4NA BCeX Nap BepLUUH Ha rpade.

OTBET XOTUM B BMAE n X n MaTpuubl D = {d;;}, rae d;;- pacctosiHue OT v; A0 ;.



PaccrossHusa MexXay BCEMU IapamMu BEPIIUH

OueBnAHbIV anropuT™M: n pas NPUMEHNTb aaropntm AenkcTpbl (ecam Het
oTpuuateneHbix Ayr) nan beanmana-®opga (B obiem cayyae), Kaxkabln pas
BbIOMpas ouepesHyro BEPLUMHY B KavyecTBe CTapTOBOMW.

Mony4ynm BpeMEHHYIO C/I0XKHOCTb:

e O(nm-logn)~0(n3-logn) ana cnyyaa HeOTPULLATENbHbBIX BECOB AYT;

« 0(n*m)~0(n*) B obwem cnyyae.

Ho ectb 6bonee 3pPekTUBHbIV aNnropnuT™M, MPUMEHUMbIN B Cay4vae OTCYTCTBUA Ha
rpade oTpuLaTenbHbIX KOHTYPOB (OTpuLaTeNbHble AYr MOTYT ObITh).



PaccrossHus MEX1y BCEMU IMapaMu BEPIITUH

Anroputm ®novipa-Yopwanna (Floyd-Warshall)

Anropntm ®@nonga-Yopwanna takxke (kak bennmana-dopaa) ocHoBaH Ha MeToAe
AVHAMMNYECKOro nporpaMmMmnpoBaHma. Ho ncnonb3yer Apyrov npuHLmMn
pa3breHnsa 60abLION 3a4a4n Ha MaieHbKNE NoA3adaun.

[IpoHyMepyeM Bce BePLUMHbI rpada B Npou380/16HOM NOPAAKE.

Yepes (u, v,7) 0603Ha4YMM KpaT4anLLni NyTb U3 U B U, NPOXOAALLMIM TONbKO Yepes
BEPLUMHbI C HOMepamun < 1. To ecTb, BCE MPOMEIKYTOYHbIE (OT/IMYHbIE OT HaYyabHOM U
KOHeYHOW) BepLmnHbl NyTH (U, U, T) AOKHbI UMEeTb HOMepa 1..7.

MPOMEKYTOYHbIE BEPLUNHbI S I



PaccrossHus MEX1y BCEMU IMapaMu BEPIITUH

Kaknmn xapaktepuctnkamm obnagaroT Takme nytn?

* [lytb m(w,v,0) HEe MOXeT cogep>kaTb MPOMEXYTOUHbIX BEPLUMH, MO3TOMY OH
coBnagaert c ayrou (u, v). Ecam takon gyrun HeT, nyTb m(u,v,0) He onpeaenéH.

« [na nroboro yenoro r > 0, nytb m(u,v,r) AMOO NPOXOAUT Hepes BEPLLUNHY C
HOMEpPOM 1, INBO He NPOXOAMT.

o Ecaum m(u,v,r) npoxoanT Yepes BepLUNHY C HOMEPOM 7, OH COAEPXUT NYTb
M3 u B 1, N 3aTeM NyTb U3 r B v. Oba 3TNUX NyTW NPOXOAAT TO/NbKO Yepes
BEPLUMHBI C HOMepamu < r — 1. bonee TOro, No NpUHUMUNY
ONTMManbHOCTM 06a 3TK NYTU ABAAKOTCA KpaTyauLlLMMK Cpean nyTeu,
YAOBAETBOPAOLMX AAHHOMY OrpaHNYeHunto. [1o3ToMy 3TN NyTU AOXKHbI

obiTb T(u,r,r—1) v w(r,v,r-1).



PaccrossHusa MexXay BCEMU IapamMu BEPIIUH

« [na nroboro yenoro r > 0, nytb m(u,v,r) IMOO NPOXOAUT Yepe3 BEPLLUNHY C
HOMEpPOM 1, B0 He NPOXOANT.

O

o Ecan m(u,v,r) He NpoxoanT Yyepes BepLUNHY C HOMEPOM 7, TO OH NPOXOAMUT
TOIbKO Yepes BepLUMHblI C HOMepamu < r — 1, 1 ABA4eTCA KpaTyanwmm
cpeaun nyTen, yA0BAETBOPAOLWMX AaHHOMY OrpaHuyeHunto. lNMostomy B
3TOM caydae w(uw, v, r) = n(u,v,r — 1).

NPOMEKYTOYHbIE BEPLUNHbLI < 7'-1

NPOMEXKYTOYHbIE
BepwuHbl <17 — 1

NPOMEXKYTOYHbIE
BepwuHbl <17 — 1



PaccrossHusa MexXay BCEMU IapamMu BEPIIUH

Nostomy ana paccroanuin 6 (u, v, r) cnpasennmsbl CAeayoLmne PeKyppeHTHbIe
COOTHOLLEHMUS:

(W(u, V), ecaiur = 0
6(u, D, 7‘) = < ) S(u; v, T — 1))

\mln Stur,r—1)+6(r,v,r—1| i

Anroputm Pnoinaa-Yoplanna sBnaercs, no cyTu, peanmsaumen nocaenoBaTeIbHOro
pacuyéta stux BenmunH ghar = 0, ..., n.



PaccrossHusa MexXay BCEMU IapamMu BEPIIUH

// UNENIManmsamms
IJ1d BCexX BepUMH U:
719 BCeX BEPUMH V:
dlu,v,0] := wlu, V]
// Banonnenme maTpuus D
g r or 1 mo n:
IJ1d BCeX BEpUMH U:
IlJ1d BCeX BEPUMH V:
if d[u,v,r-1] < d[u,r,r-1]+d[r,v,r-1] then
dlu,v,r] := d[u,v,r-1]

else

dlu,v, r] dlu,r,r-1]+d[xr,v,r-1]



PaccrossHusa MexXay BCEMU IapamMu BEPIIUH

// VHuUumManmusaims
IJ1d BCexX BepUMH U:

719 BCeX BEPUMH V:

dlu,v,0] := wlu,v] |PeanbHo 3¢ namepenune D He ncnonbsyetcs.

// Banonnenme maTpuus D
Inga r or 1 mo n: [TopAAOK He BaXKeH.

IJ1d BCeX BEpUMH U:

IlJia BCeX BEpPUMH V:
if d[u,v,r-1] < d[u,r,r-1]+d[r,v,r-1] then
dlu,v,r] := dlu,v,r-1]

else

dlu,v, r] dlu,r,r-1]+d[xr,v,r-1]
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PaccrossHusa MexXay BCEMU IapamMu BEPIIUH

AnropurM $nomna-Yyopumasniia
// VHUUManmusaums
IJ14 BCeX BepUMH U:
IJ1d BCeX BEPUMH V:

dlu,v] := w[u,v] // IlpocTo komnmpoBaHmMe: D = W

// Banonnenme maTpuus D
Irna r or 1 @mo n:
IJ1d BCeX BEpUMH U:
IlJId BCeX BEPUMH V:
if d[u,v] > d[u,r]+d[r,v] then
dlu,v] := df[u,r] + dl[r,Vv]

BpemeHHasa cnoxHoctb: 0(n).
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PaccrossHusa MexXay BCEMU IapamMu BEPIIUH

[nsa TOro utobbl MOCTPONTL COOCTBEHHO KpaTyauwure nyTn, HeobXoa4MMo As
Ka>XAou napbl (U, v) 3aNOMMHATb MaKCMMaAbHbI HOMEP T BEPLUMHbDI, Yepes

KOTOPbIN MPOXOANT KpaTyanwmnm NyTb. T HOMepa byaemM coxpaHsaTb B Tabanue
p[u, v] n 0OBHOBAATb Ha KaXXA0M UTepaymw.
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PaccrossHusa MexXay BCEMU IapamMu BEPIIUH

AnropurM $nomna-Yyopumasniia
// VHUUManmusaums
IJ14 BCeX BepUMH U:
IJ1d BCeX BEPUMH V:
dlu,v] := w[u,v] // IlpocTo komnmpoBaHmMe: D = W
pl[u,v] := NULL;
// Banonnenme maTpuus D
Ing r or 1 mo n:
IJ1d BCeX BEpUMH U:
IlJId BCeX BEPUMH V:
if d[u,v] > d[u,r]+d[r,v] then
dlu,v] := df[u,r] + dlr,v];

plu,v] := r;
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PaccrossHusa MexXay BCEMU IapamMu BEPIIUH

YT0OBI MOCTPOUTH KpaTUANIIUMN ITyTh U3 U B

V' HAYWHAEM C I1apbl KOHIEBBIX BEPIIUH: U, VU
Y UTEPATUBHO J00ABJISIEM MPOMEKYTOUHBIE b
BEPLIKHBI, B COOTBETCTBUE C MACCUBOM

pl.,.].

[Ipumep MOCTpOEHUA KpaTYalIero IMyTH S «w 10

a
S, a; pls,al = f

s,f,a; pls, f1 = NULL,plf,a] = b; d
s, f,b,a.
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TpaH3uTUBHOE 3aMBIKAHHUE

BapuaHT anroputma ®nonga-Yopuanna MoxeT 6biTb MPUMEHEH ANA
NOCTPOEHNA MPAH3UMUBHO20 3AMbIKAHUA N5 3a4aHHOro rpada.

Onpeaenenue. TpaHumusHsiM 3ameikaHuem rpada G (V, E) Ha3biBaeTcd rpad
G*(V,E™), B KOTOPOM Ayru onpeaenatorca no npasuay: (u,v) € E* < Ha rpade G
ecTb NyTb U3 U B V.

[lo cyTn, MaTpumua CMEXXHOCTM TPaH3UTMBHOIO 3aMblKaHUA ABAAETCA Mampuyeu
docmuxkumocmu rpada G.

Ana nocTpoeHna MaTpuLbl JOCTUXKUMOCTY MOXHO BbINOJIHUTL aAropuTMm
dnonpa-Yoplwanna, n 3aMeHUTb BCe 3HaUeHMs < oo Ha 1 1 BCe 3HaYeHUs +oo
3ameHunTb Ha 0. CnoxHocTb: 0(n3).

Ho MOXXHO NpMMeHNTb N MOANDULMPOBAHHbBIN aJiTOPUTM C TOM XKe CIOXXHOCTbIHO.
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PaccrossHusa MexXay BCEMU IapamMu BEPIIUH

AJITOPUTM INOCTPOEHMUSI TPAaHBUTUBHOI'O SBaMHIKAHUS
// UHnumanmusauuss MaTpuusl T
IJ14 BCeX BepUMH U:
IJ1d BCeX BEPUMH V:

t[u,v] := alu,v] // A - maTpuua cMexHOCTU G.

// Banonnenme mMmaTpuus T
Irna r or 1 @mo n:
IJ1d BCeX BEpUMH U:
IlJId BCeX BEPUMH V:
t[u,v] := tlu,v] OR (t[u,r] AND t[r,v])
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TpaH3uTUBHOE 3aMBIKAHHUE

3ameuyaHue. OTOT BapuaHT aaropmtma paktnyeckm asaaetca bynesoun Bepcment
BbIUMCEHNA N-W CTEMEHN MATPULLbl AOCTUXXUMOCTMW.
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AJroputm J>KOHCOHA



PaccrossHusa MexXay BCEMU IapamMu BEPIIUH

CpaBHWM BpeMEHHbIE CIOXXHOCTU aNrOPMUTMOB A5 PacyE€Ta KpaTyanmnx nyTen
MeXAY BCEMW MapaMun BEPLUVH.

1)  OueBnAHbIN aNropuTM: n pa3 NPUMeEHUTb anroputMm [enkctpel (ecam HeT
oTpuuaTenbHbix Ayr) nan bennmana-®opga (B obwem cayyae), Kaxabiv pas
BblIOMpas ouepesHyrO BEPLUMHY B KayeCTBe CTapTOBOMW.

« O(nm-logn)~0(n3-logn) gna cnyyas HeoTpuLaTebHbIX BECOB Ayr (Ha
OCHOBe anropuTtma [enKerpsbl);

« 0(n’*m)~0(n*) B obwem cnyyae (Ha ocHose anroputma bennmana-®opaa).

2) YHuBepcanbHbIn anropntm ®aomnaa-Yyopuwanna: 0(n3).

Y10 appekTmBHEE?
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PaccrossHus MEX1y BCEMU IMapaMu BEPIITUH

[na paspe>keHHbIx rpadoB (m~0(n)) anropnT™M Ha ocHoBe [lenKCTpbl UMeeT
cnoxHoctb O(nm - logn) = 0(n? - logn), a 3T0 MeHbLUE, YEM C/IOXHOCTL
®nomnga-Yopwanna 0(n?).

[loaTomy ans paspexeHHbIx rpadpoB bonee 3pdekTMBEH aAropuTM Ha OCHOBE

[enkcTpbl. HO ecTb HHOAHC: 3TOT aAropuTM KOPPEKTEH, TONIbKO eCaun Ha rpade
HET OTpULLATENbHbIX AYT.

Mo>HO nn paspaboTtatb yHMBEPCaNbHbIW (MPUMEHUMBIN U K Tpadam C
OoTpuLATENbHbIMM BECAMU AYT) aNrOpPUTM, KOTOPbIV ANA pa3peXXeHHbIX rpadoBs
byaeT Tak e 3ddeKTMBEH, Kak aArOpUTM Ha ocHoBe [enKkcTpbl?
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AjaroputMm J>KOHCOHA

Npea anroputma [>KOHCOHA

1. Ecawv Ha rpade HeT ayr oTpuLaTeNbHOrO Beca, TO n pa3 NPUMEHUTb aAropuTM
AenkcTpsl.

2. Ecnm ectb ayrn oTpmuatenbHOro Beca, TO NonbITaTbCsA NMOCTPOUTb HOBYHO
BECOBYO QYHKLMIO W', TaKytHo, UTO

a) Bce Beca w'(e) HeoTpuuUaTENbHbI.

b) [na ntobon napbl BEPLUMH KpaTyanlime NyTm OTHOCUTENbHO W'
ABNAKOTCA KpaTHaULWMMKM NYyTAMU N OTHOCUTENBHO W.

3. Ecan He yaanock cgenathb (2), TO Ha rpade ecTb OTpMLATENBHbBIN KOHTYP.
[1pekpaTTb BbIMOAHEHWE aNropnuTMa 1 BePHYTb NPU3HAK «eCTb
oTpuLaTeNbHbIV KOHTYP».

4. VlHaue: pewnTb 3agauy A5 BECOB W', n pa3 NPUMEHUB anroputm Jenkcrpei.
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AjaroputMm J>KOHCOHA

Kak nocTpontb HOBYO BECOBYHO QYHKLINIO W'?
a) Bce Beca w'(e) HeoTpuuUaTENbHbI.

b) [na nobon napbl BEPLUMH KpaTyanime NyTm OTHOCUTENBHO W'
ABNAOTCA KpaTYanLLIMMK MYTAMU N OTHOCUTENBHO W.

CHauana noctponm PyHKLNIO homeHyuasioe BeplvH ¢:V — R. Kak eé cTpounTb
— paccMOTpPUM MO3XKe.

Onpeaennm HoBble Beca gasa ayr (u, v) € E no npaswnay:

Wgo(uﬂ U) = W(ur 77) + QD(U,) _ (p(v)

[loka>kem, UTo Takme Beca COOTBETCTBYHOT yciosuto (b).
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AjaroputMm J>KOHCOHA

Nlemma 1. na aroboro nytm  Ha rpade, m ABAAETCA KpaTdaumnM NyTeEM
OTHOCUTENIbHO BECOB W < T AABAAETCA KpaTyauLLMM NYTEM MEXAY TEMU Xe
BEPLUMHAMM OTHOCUTENIbHO BECOB W,,.

[loka3aTtenbCTBO
PaccMOTpMM NociesoBaTeNbHOCTb BEPLUNH NYTU TT: U, Uy, ..., Uk, V.
Toraa: wy, () = wy, (1, v1) + wy, (v1, v3) + - wy, (v, v) =
=w(w,v1) + o) — 9(w1) + wwy,vz) + e(v1) — @(W2) + - wy, v) + () — () =
= wy, (W, 1) + Wy, (v1,v2) + - wy, (v, v) =w(m) + p(u) —p(v).

Takum 0bpasom, pasHOCTb wy, () — w(ir) He 3aBUCUT OT KOHKPETHOrO MyTu
OAMHaAKOBa AN5 BCeX NyTen u3 u B v. VI3 3TOro ciepyet yTBEPXKAEHNE NEMMDbI.
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AjaroputMm J>KOHCOHA

Jlemma 2. [pad G coaep>Xnt oTpuLLaTeNbHbIAN KOHTYP OTHOCUTEIbHO BECOB W <> OH
COZEPXMNT OTPULLATE/IbHBIA KOHTYP 1 OTHOCUTENIbHO BECOB Wy,

[loka3aTtenbCTBO
Mo npeabigywen nemme, anasa aroboro KoHtypa C = u, vy, ..., Vg, U CNPaBEAIMNBO

w,(C) = w(m) + ¢(u) —p(u)= w(C). N3 31Or0 Cnesyet yTBEpXAEHNE IEMMBI.

Jlemmbl 1 1 2 cnpaBegavBbl na A060N GYHKLMM NOTEHUMana .
Ho Ham Hy>Ha Takas ¢, UTobbl Beca w,, BCeX Ayr Oblv HEOTPULLATEIbHLIMM.
Kak 3To caenatb?
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AjaroputMm J>KOHCOHA

Kak noctpontsb ¢ TaK, 4tobbl BECa w,, BCEX AYT ObINN HEOTPULLATENbHBIMU.
[Noctpounm HoBbin rpad G'(V', E") Ha ocHoBe ncxogHoro rpada G (V, E):
v' [106aB1M HOBYHO BEPLLUHY S.

v' [lobaBnMm fyry HyneBoro Beca (s, V) A0 KaXAOW BepPLUNHbI MCXOAHOrO rpada.

Ana rpada G'(V', E") npumeHum anropmut™m bennmaHa-®opaa 13 ctapTtoBOn BEPLLUNHbI
s. B pe3ynbTaTte Mbl inb60 nonyumm oteeT, Uto Ha G'(V',E') ecTb oTpuLaTeNbHbIN
KOHTYpP (< oTpuuatenbHbI KOHTYP ecTb Ha G(V, E)), inbo NoCTpoum KpaTyanmne
NyTW U3 S BO BCE OCTa/ibHble BEPLUMHbI v, U HANAEM nx Beca §(s, v).

Ha ncxoaHowm rpade G (V, E) onpeaenym noTeHumanbHyo GyHkumto: @ (v) = §(s, v).

[Toka>xkem, UTo 3TO NoaxoaAw,an yHKLUNUA.
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AjaroputMm J>KOHCOHA

Teopema. Eciin Ha rpade G(V, E) HeT oTpuuaTe/ibHbIX KOHTYPOB, TO A4
noteHuvanbHon GyHkunn @ (v) = §(s, v) 1 BecoBon QyHKUUM w,(u, v) = w(u,v) +
o) — @(v) cnpaseannso: V(u,v) € E:w,(u,v) = 0.

[loka3aTtenbCcTBO
PaccmoTpum npownssonbHyto ayry (u, v) € E, HO Ha paclwumpeHHom rpade G' (V' E").
wo (W, v) = w(u,v) + o) — o) =w(,v) + 6(s,u) — §(s,v).

B a3Tom BbipaxkeHun w(u, v) + §(s,u) - BEC KGkK020-mo Nyt n3 s B v, a 8(s,v) — BecC
Kpamyadwezo nyt n3 s B v. lNMoatomy w(u,v) + 6(s,u) = §(s,v) n, cnegoBaTenbHo,
wy,(u,v) = 0.

TeopeMa AOKa3adHa.
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Anroputm JIKoHCOHA

Anropuntm 1)>XOHCOHa

Ecan BCe Beca ayr HeoTpuuaTebHbl, TO MPUMEHUTb anroput™M [enkcTpbl n pas,
BblOMpasa KaXkabl pa3 HOBYHO BEPLUMHY B KauecTBe CTapTOBOW. Bbintu.

[Noctpoutb HOBbIV rpad G'(V', E"), sobaBnB HOBYHO BEPLLUHY S.

BoinosiHWTL anroputm bennmana-®opga. Ecav anropntm BepHyn npusHak «EcTb
OTpULATENBbHbBIV KOHTYP», NPeKpaTuTb PaboTy 1 BEPHYTb TAKOM Xe NPU3HaK.
NHaue — nonyumntb pacctosaHus §'(s, v).

[MocTponTb HOBYO BecoByto dyHKUMIO ans ayr: w'(u,v) = w(u,v) + 6'(s,u) —
d'(s,v). Bec kaxgomn ayrn byaet HeoTpmLuaTeNbHbIM.

Ana G(V,E) v BecoB w' BbINOAHUTb aaropntm [enkctpbl n pas, Bbibnpas Kaxabiy
pa3 HOBYHO BepLUMHY B KaueCcTBe CTapTOBOW. Pe3ynbTat: KpaTyanwme nytm Mexxay
BCEMUW Mapamu BepPLUMH 1 nx Beca §(u, v).

PaccumTtaTtb Beca KpaTtyauLmx nyTem OTHOCUTENbHO MCXOAHOM BECOBOU QYHKLNK:
S(u,v) =o(u,v)-8(s,u)+ 6'(s,v).
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AjaroputMm J>KOHCOHA

BpemeHHasa cnoXHOCTb anroputMa [>KoOHCOHa ans pa3pexkeHHbIX rpados:

0(n? -logn + nm).
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